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ABSTRACT
Many optimization problems that arise in multi-target tracking and fusion applications are known to be
NP-complete, i.e., believed to have worst-case complexities that are exponential in problem size. Recently,
many such NP-complete problems have been shown to display threshold phenomena: it is possible to deﬁne
a parameter such that the probability of a random problem instance having a solution jumps from 1 to 0 at
a speciﬁc value of the parameter. It is also found that the amount of resources needed to solve the problem
instance peaks at the transition point.
Among the problems found to display this behavior are graph coloring (aka clustering, relevant for multitarget tracking), satisﬁability (which occurs in resource allocation and planning problem), and the travelling
salesperson problem.
Physicists studying these problems have found intriguing similarities to phase transitions in spin models
of statistical mechanics. Many methods previously used to analyze spin glasses have been used to explain
some of the properties of the behavior at the transition point. It turns out that the transition happens
because the ﬁtness landscape of the problem changes as the parameter is varied. Some algorithms have been
introduced that exploit this knowledge of the structure of the ﬁtness landscape.
In this paper, we review some of the experimental and theoretical work on threshold phenomena in
optimization problems and indicate how optimization problems from tracking and sensor resource allocation
could be analyzed using these results.

1. INTRODUCTION
Optimization problems occur frequently in fusion research. Perhaps the simplest example is the association
problem when observations from multiple sensors are to be assigned to various tracks in a multi-target
tracker. System performance depends on solving this problem fast and accurately. Similar problems arise in
the weapon-to-target matching problem, were we are asked to assign the most appropriate system to deal
with diﬀerent enemy objects.
In this paper, we review recent work on phase transitions that occur for many important optimization
problems and discuss some possible ways of exploiting the phase transitions to solve important optimization
problems more quickly. The subject was touched upon in our paper here last year,1 were we used the
extremal optimization algorithm to solve problems that were ﬁrst transformed to involve fewer constraints.
This paper expands considerably on both the background needed to understand the transformation and the
description of how to transform the problem.
Further author information:
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The paper is outlined as follows. Section 2 gives a brief introduction to computation complexity and some
model problems that display the phase transition phenomenon and that can be mapped to a variety of fusion
optimization problems. Section 3 explains the phenomenology behind the phase transitions in detail, giving
details on an approximate theory for locating the threshold value and describing some work on analyzing
the dynamics of algorithms. Section 4, ﬁnally, outlines some possible ways of taking advantage of the phase
transitions in order to solve fusion optimization problems more quickly.

2. BACKGROUND ON COMPUTATIONAL COMPLEXITY
Computer scientists classify problems according to the maximal amount of resources needed for their solution.
The most important resource is time, but it is also possible to distinguish between problems that require
qualitatively diﬀerent amounts of memory. For example, a list of N elements can always be sorted in time
less than kN log N , where k is some constant.2 The problems whose running time on a universal Turing
machine (e.g.,3 ) is bounded by a polynomial in their size are said to be in the class P. The important class
NP (for non-deterministic polynomial) consists of those problems where it can be checked in polynomial
time whether a proposed solution actually solves the problem. (A non-deterministic Turing machine would
be able to solve NP problems in polynomial time.) It is obvious that P ⊆ N P , but there is no proof
that P = N P . However, most people believe that there are NP problems whose worst-case instances take
exponential time to solve on a universal Turing machine.
The class NP-complete (or NPC) are the most important problems in NP. A problem of size N is in
NPC if all other NP problems can be transformed into it in time at most polynomial in N . A method to
solve an NPC problem eﬃciently can thus be used to solve any NP problem eﬃciently. It is known that if
P = N P then there are problems in NP that are in neither P nor NPC. A problem is called NP-hard if it
is at least as diﬃcult as the most diﬃcult NP problems; NPC is the intersection of NP and NP-hard. A
modern reference on complexity theory and NP problems is,4 while5 has an extensive list of NPC problems.
Two important problems in NPC are graph coloring ( K-COL) and satisﬁability testing (SAT). Graph
coloring is the problem of coloring a graph with N vertices and M edges using K colors so that no two
adjacent vertices have the same color.
The most natural application of graph coloring is in scheduling or association problems. For example, a
school where each teacher and student can be involved in several diﬀerent classes must schedule the classes so
that no collisions occur. If there are K diﬀerent time slots available, this is K-COL. Similarly, a multi-target
tracker that should assign N reports to K targets solves the K-COL problem.
Satisﬁability was the ﬁrst problem shown to be in NPC.6 It is the problem of ﬁnding an assignment of
true or false to N variables so that a boolean formula in them is satisﬁed. In K-SAT, this formula is written
in conjunctive normal form (CNF), that is, it consists of the logical AND of M clauses, each clause being
the OR of K (possibly negated) variables, where the same clause may appear more than once in a formula.
For example, (x ∨ y) ∧ (y ∨ ¬z) is an instance of 2-SAT with two clauses and three variables. Applications
of K-SAT include theorem proving, VLSI design, and learning. Important fusion applications of K-SAT
include resource allocation and planning.7 Resource allocation problems that can be mapped to K-SAT
occur, for example, in problems where there are several active sensors and several targets and where each
sensor can view several of the targets. In order to minimize the number of sensors that are active (to protect
them, or to conserve energy), we can form a boolean expression that includes constraints so that all targets
are viewed and seek a solution where the minimum possible number of sensors are used.
In K-SAT, each clause forbids one of the 2K possible assignments for its variables. In the same way,
an edge in a graph forbids K of the K 2 diﬀerent colorings of its vertices. For both problems, there are M
constraints on the solutions. The energy  of a problem instance is deﬁned as the number of unsatisﬁed
constraints per variable. Both K-SAT and K-COL are in P for K = 2 and in NPC for K ≥ 3.5 The
related problem (MAX-K-SAT) of trying to minimize the number of unsatisﬁed clauses in K-SAT is in
NPC even for K = 2.
Many important problems are such that the number of constraints is of the same order as the number of
variables, M = αN . The scheduling problem described above fulﬁlls this condition, for example. For graph
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Figure 1. This ﬁgure illustrates the phase transition in solvability that occurs at α ≈ 4.3 for the 3-COL problem.
The plot shows the fraction of colorable graphs for system sizes ranging from 10 (leftmost curve) to 100. The Brelaz
algorithm was run on up to 50000 diﬀerent graphs for each value of γ. The gradual sharpening of the transition as
system size increases is indicative of ﬁnite-size scaling. Note the restricted range on the x-axis.

coloring, α = γ/2, where γ is the connectivity of the graph. The connectivity (or average degree) is deﬁned
as the mean number of edges exiting each node. For a graph with n vertices and e edges, it is 2e/n. Below,
we will use α for K-SAT and γ when we talk of K-COL. We will concentrate on K-COL; most results for
K-SAT are similar.

3. THE TRANSITION
For some optimization problem, it is possible to deﬁne a constrainedness parameter so that a randomly
chosen problem instance that has a low degree of constrainedness is always solvable, while one that is highly
constrained never has a solution. This is of course in a sense trivial, but it is surprising that the boundary
between the two cases is sharp. Kirkpatrick and Selman8 have shown that this transition sharpens as
problem size is increased and that ﬁnite size scaling can be used to describe it. Friedgut and Achlioptas9, 10
have shown rigorously that there is a sharp transition for all problem sizes. Note that some of the methods
commonly used to generate more complicated random constraint satisfaction problems have been shown not
to have a transition in the thermodynamic limit.11 The transition can be seen in ﬁgure 1, which shows how
the fraction of solvable problems changes from 1 to 0 for several diﬀerent problem sizes.
Related to this phase transition in problem solvability, there is a transition in how diﬃcult it is to solve
a problem or show that no solutions exist.12–14 This transition is sometimes referred to as the “easy-hardeasy” transition. Is it very easy to ﬁnd a solution for underconstrained problems — since most variable
assignments do not lead to conﬂicts with others, not much backtracking will be needed. For overconstrained
problems, on the other hand, the increased number of constraints makes the search methods quickly run into
inconsistencies and not many nodes of the search tree will have to be examined. For problems in the region
between over and underconstrained (termed critically constrained), the search method will have to spend a
long time searching through dead ends that it can avoid in the other phases.
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By treating all the constraints in the problem as independent, it is possible to make an approximation
for the number of solutions of a problem with M = αN constraints and N variables (see, e.g.,15–17 ). The
approximation is exact for graphs without loops and for satisﬁability problems where no variable is contained
in more than one clause.
For simplicity, consider K-SAT. Each constraint here involves k variables and forbids one of the 2k
possible combinations of assignments to these variables. Approximate the probability that a constraint is
violated in an assignment by pv = 21k . Similarly for K-COL, pv = K/K 2 = 1/K
Assuming that the constraints are independent now gives (1 − pv )M as the probability of a formula
with M clauses having no clause that is violated. This approximation ignores all correlations between
constraints, such as loops in a graph. Multiplying with the number of possible assignments, 2N , then gives
an approximation to the number of solutions for K-SAT
Nsol = 2N (1 −

1 αN
) ,
2k

(1)

1 γN/2
)
.
K

(2)

while the appropriate expression for K-COL is
Nsol = K N (1 −

Using the inclusion-exclusion principle it is possible to write an exact expression for Nsol .15
inclusion-exclusion principle is the generalization of the simple formula

The

P (A ∪ B) = P (A) + P (B) − P (A ∩ B)
from mathematical statistics. If we let Ai be the event that constraint i is violated, it expresses the probability
that any (i.e., at least one) constraint is violated in terms of the probabilities of one, two, three or more
constraints being violated simultaneously
P (∪i Ai ) =

M


(−1)r+1 Sr ,

(3)

r=1

where Sr is the probability of exactly r constraints being violated simultaneously. The number of solutions
can now be found as
(4)
Nsol = Ntot (1 − P (∪i Ai )),
where Ntot is the number of possible assignments of the variables, Ntot = K N for K-COL and Ntot = 2N
for K-SAT. For K-COL, S1 = M K −1 , since there are M edges and each of them eliminates K N −1 (of the
K N ) solutions. For
 S2 ,we need to express the number of states that are eliminated by each of two edges.
M
This is given by
K −2 , while the expression for
2

S3 =

M
3



K −3 + (K −2 − K −3 )t,

(5)

requires knowledge of the number of triangles, t, in the graph. Expression (5) can be understood by noting
that if two edges in a triangle are frustrated, the third is always frustrated too. It can be shown that t is
Poisson-distributed with mean γ 3 /6. To calculate Si for i ≥ 4, we also need to know the distribution of more
complex sub-graphs.
The critical value of the parameter can now be approximated as that γ which gives Nsol = 1 in (2),
giving
log K
γc = −2
(6)
1 .
log (1 − K
)
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For K = 3, equation (6) gives γc = 5.4 for K-COL and αc = 5.2 for K-SAT. These values are larger than
the experimental values of γc = 4.6 and αc = 4.21. For K-SAT, this approximation has been independently
introduced several times.18
This calculation of the critical value of γ ignores all correlations between diﬀerent constraints in the
problem. It gives an upper bound for γc and is analogous to studying a forest, a graph without cycles, in
which all edges are violated with a probability p. Taking correlations into account reduces the number of
solutions.15
This annealed approximation gives qualitative explanations for both the solvable-unsolvable transition
and the easy-hard-easy pattern of the amount of resources necessary to solve the problem. Mammen and
Hogg19 have found that the size of the smallest minimal unsolvable subproblems shows a behavior that
coincides roughly with that of the search cost, and also that search cost appears to be a strictly increasing
function of this size. A minimum unsolvable subproblem is a subset of the problem that is unsolvable but
becomes solvable if any variable and the constraints in which it appears are deleted from the problem.
Obtaining the minimal unsolvable subproblem would thus be a very good heuristic for search algorithm.
However, this problem is in general as diﬃcult as ﬁnding the optimum solution itself. In recent years, there
has been quite a lot work on determining better exact bounds for the phase-transition, see, e.g.,.20–24
The K-SAT problem has been studied in detail by Monasson and Zecchina25–29 and others30–32 who have
found interesting analogies between it and various models from theoretical physics. Among other things,
they have found that the entropy stays ﬁnite at the transition. This means that the number of solutions of
the problem has a discontinuous jump at the transition point, i.e., there are several approximate solutions
to the problem at the transition.
It has been established that the occurrence of the sat-unsat-phase transition is due to a ﬁnite fraction
of the variables in the problem becoming over-constrained, that is they must have the same value in all
solutions of the problem.33 The set of all fully constrained variables is called the backbone and has been
compared to percolation. The backbone vanishes in the sat-phase — the presence of any ﬁnite number of
fully constrained variables could otherwise be used to add an inﬁnitesimal number of clauses that would
cause the problem to become unsat. The fraction of sites in the backbone is the proper order parameter for
SAT and has been shown to have diﬀerent behavior for 2-SAT and 3-SAT. For 2-SAT, the fraction smoothly
increase above the threshold αc = 1, while for 3-SAT there is a discontinuous or ﬁrst-order transition. The
2 + p- SAT problem (in which a fraction p of the clauses have three literals while the rest have two) has a
continuous transition for p ≥ 0.4. It has been shown that even though this problem is in NPC for all p > 0,
problem instances do not become exponentially hard until p > 0.4.33, 34 This led to some early speculation
that there could be a relation between the order of the phase transition in a problem and its worst-case
computation properties. Recent results however indicate that this is not the case. Achlioptas et al35 are the
ﬁrst to calculate the exact position of the threshold for an NPC problem. The problem they analyze is the
1-in- K-SAT problem, which is normal satisﬁability but with the added constraint that each clause should
have exactly one true literal. They also show that the transition here is second order, thus showing that the
order of the transition is in general not related to the problem complexity. This is a very important result,
since it means that the hopes of physicist to connect the P = NP question with the order of the transition
have been shown to be futile.
Another problem in NPC that also shows a transition36 is the traveling salesperson problem (TSP),
where the objective is to ﬁnd a tour of minimum length visiting N given distinct cities. A diﬃculty in
studying this problem is that there is no natural parameter (like α and γ) that distinguishes between underand overconstrained problems. To get one, the TSP must be reformulated as a decision problem: is there a
Hamiltonian path of length less than l? The parameter l plays the same rôle as α — for a given distribution
lc
of problems there is an lc such that if l  lc , almost all instances have a tour with length < l, but if l
practically no such tours exist. Traditionally, most NPC problems are formulated as decision rather than
optimization problems.
There are also many NPC problems that contain no obvious parameter which makes it diﬃcult to say if
the solvability phase transition (and also the relaxation transition found here) exists in all NPC-problems or
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in just a few. There have been attempts to formulate a more general parameter (e.g.,37 ), with the drawback
that it requires us to approximate the number of solutions.
Phase transitions have also been found in problems beyond NPC, e.g., in QSAT,38 a harder version of
satisﬁability where the boolean variables are quantiﬁed by either ∀ or ∃ (in ordinary SAT, all variables are
existentially quantiﬁed). This problem is known to be PSPACE-complete,4 meaning that it is at least as
hard as all problems that can be solved by a universal Turing machine without time limits but using memory
at most polynomial in problem size.
Walsh39 has made an interesting comparison between search methods for constraint satisfaction problems
and renormalisation group ﬂows from the theory of critical phenomena. Walsh has studied how the constrainedness changes during search using a variant of the Davis-Putnam algorithm. this algorithm changes
the clauses as it traverses the search tree. This means in particular that the ratio α between clauses and
variables will change as the solution is approached.
By plotting the constrainedness as a function of search depth and for diﬀerent initial values of α, an
interesting picture is found. For problems that are critically constrained, the constrainedness does not vary
much as search progresses. For overconstrained problems, the constrainedness increases rapidly, while for
underconstrained problems it decreases just as rapidly. That is, the constrainedness parameter α shows
much the same behavior as the coupling constant of a critical system. Here, starting at the critical coupling
temperature means that the coupling constant is constant, while starting above or below the critical temperature will cause the coupling constant to be drawn towards either the high or low temperature ﬁxed point
representing the disordered and ordered phase, respectively. The comparison is of course to be expected,
but is nonetheless interesting, since it provides a qualitative comparison between search procedures and
renormalisation group ﬂows.
A similar — but much more complete — analysis of the phase space of a search method has been
performed by Cocco and Monasson.40–42 In these papers, the authors study the phase diagram of 3SAT, also using the Davis-Putnam algorithm. Since some variables are also removed from the problem,
some clauses might change character from involving three variables to just containing 2. This, too, can be
captured using the terminology of the 2 + p- SAT problem — instead of describing a problem instance using
just α, we add p and hence get a two-dimensional phase-diagram. The evolution of α and p can now be
tracked as the search-algorithm progresses and we thus get a dynamical trajectory in (α, p)-space. Cocco
and Monasson ﬁnd that the DP-algorithm ﬁnds a solution very quickly for all α < 3.03.
Trajectories in this phase diagram follow three diﬀerent behaviors, depending on their starting points.
Those that start at large α quickly ﬁnd their path to the unsat ﬁx-point, while those that start at small α
ﬁnd the sat ﬁx-point. For intermediate α, the DP-algorithm need to spend time backtracking before it can
decide whether a problem instance is satisﬁable or not; thus the trajectories for α > 3 go back-and-forth a lot
before ﬁnally reaching either a solution or exhausting the search-tree. The hardness of the problem instance
is in part determined by the number of times that the DP method must cross the sat-unsat-phase border.
Cocco and Monasson also manage to get quantitative results for the time needed to solve the problem based
on where the trajectory ﬁrst crosses the border.
In43 a similar analysis is made for analog computation for a linear programming problem. Their model of
analog computation in this case consists of the solution of a diﬀerential equation. Majumdar and Krapivsky44
have performed an extensive analysis of the binary search problem. While this problem is not NP-hard, the
analysis is nevertheless interesting since it allows calculation of the height of the tree for an arbitrary dis
tribution of elements to sort.
The approximate values where the transition for K-COL happens are shown in table 1 for 2 ≤ K ≤ 5.
The values were obtained using a non-optimized backtrack-search program with the Brelaz heuristic.45

4. EXPLOITING PHASE TRANSITION THEORY
There are several possible way of actually exploiting the phase transition phenomenon in optimization
problems. Last year, we brieﬂy mentioned one way of solving the report-to-track association problem more
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K=
γcexp

3
4.6

4
8.7

5
13.1

Table 1. The approximate values of γc determined by using the Brelaz algorithm.

quickly. Using the notation xi = a when report i is placed in cluster a, the problem can be written as
min C({xi }),
{xi }

(7)

where C denotes the cost of a conﬁguration. The cost includes terms that give the cost of placing reports
together, and also the cost of not placing reports together. Most often, all but the pair-wise costs are ignored
and the object to minimize is instead written as

C(xi ) ≈
C(i, j)δxxij .
(8)
i<j

If the N 2 items in equation 8 are hard to compute, it would be beneﬁcial to only need to compute some of
them.
This goal can be obtained by approximating the problem described in equation 8 by another, which we
construct so that it has the same solution. We do this by assuming that the problem has a solution. (This
is an approximation which might not be valid in cases where there is a large amount of clutter.) If the
problem has a solution, can we ﬁnd another problem instance, belonging to a diﬀerent ensemble, that has
the same solution but a diﬀerent C(i, j) matrix, with a smaller number of non-zero entries? We assume that
by calculating only γN
2 randomly chosen entries from the matrix in equation 8, we get such a problem. By
choosing γ as close to γc as possible, we get the beneﬁt of using the most constrained possible version of the
original problem.
The phase transitions have also inspired new algorithms. In particular, the analogy between the so called
“cavity method” and belief propagation has led to new message passing algorithms (see, e.g.,46 and references
therein). An amusing example of how to use problem structure when developing an algorithm is,47 while48
presents results for choosing appropriate parameters for some diﬀerent approximation algorithms.

5. CONCLUSIONS
We presented a fairly detailed overview of the phase transition that has been observed and (partially)
explained in a number of NP-complete problems. The area is important for fusion research for a number of
reasons:
• Approximate solutions to fusion optimization problems could be obtained by mapping them to more
simple versions, using the phase transitions as guide to determine how much simpler these could be
while still retaining the important properties of the original problem;
• Analyzing algorithms in the manner described in section 3 could provide important clues to improving
them;
• Algorithms such as the improved message passing method could be used.
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