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Abstract

In this paper, electromagnetic wave propagation close to a material dis-
continuity have been simulated. We have used summation by part (SBP)
operators of second, fourth and sixth order accuracy. The boundary con-
ditions have been imposed by the simultaneous approximation term (SAT)
procedure. Stability has been shown and the order of accuracy have been
verified numerically.
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1 Introduction

When developing a modern fighter aircraft, not only the flying properties
but also the visibility of the aircraft is important. The radar equipment
sends out electromagnetic waves which propagate towards the aircraft,
where it is reflected back to the radar equipment that detects the aircraft. To
make the aircraft less visible to radar, these reflections must be minimized.

One approach to minimize radar reflections is to introduce one or sev-
eral layers of absorbing materials at the surface of the aircraft. In this report
we simulate how an electromagnetic wave behaves close to such material
discontinuities.

The approximation of Maxwell’s equations, which describes electro-
magnetic wave propagation, is done by using finite difference operators
that satisfy a summation by parts (SBP) rule. We will use SBP operators
of second, fourth and sixth order accuracy in space and the classical fourth
order Runge-Kutta in time.
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2 The physics

To describe the physics of electromagnetic fields we have the Maxwell
equations

v-B="L (1)
OH

E=—pu— 2

V X Iz o (2)

V.-uH =0, 3
oE

H = — 4

V x J +e ETR 4)

and the equation of continuity
dp
5% +V.-J=0. (5)

Here E is the electric field, H the magnetic field, J is the electric current
density and p is the charge density. ¢ and . are permittivity and perme-
ability respectively. e and p can be written as € = ¢€,ep and g = g, puo.
€o 1S the permittivity in free space (a material independent constant) and
e 1S the relative permittivity (a dimensionless constant which describe the
electrical properties of the material). The same goes for x which describes
the magnetic properties.

Our goal is to compute a solution in a domain with a material dis-
continuity. In particular we need to know what interface conditions will
represent the physics of the fields close to the discontinuity.

2.1 The divergence and the normal compo-
nents

Let us consider a general vector field F' (7). We can write its source equa-
tions in the form

V-F=0br) and V x F = c(r). (6)

Gauss divergence theorem combined with eq.(6) yields
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Figure 1. Cylinder used to find
boundary condition from Gauss
divergence theorem.
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st-da:/vv-FdT:/vb(r)dr. @

We apply this to a small cylinder of height ~ and cross-section area Aa
placed over the surface of discontinuity as shown in figure 1. This is done
to get a contribution from both region 1 and 2. We choose the area Aa to be
small enough so it will be a good approximation to take F' to be constant
over these faces. The surface integral in eg.(7) can then be written as.

%F-da:F2-Aa2+F1-Aa1+W, (8)
S

where F'; and F'; are the values on the faces in respective region and W is
the contribution from the curved wall of the cylinder. We see from figure
1 that n, = n and n; = —n so that we can write eq.(8) as

- (Fy— Fy)Aa+ W = / bdr = (hb)Aa, ©)
1%

where again Aa is so small that we can take b to be approximately constant.

Now let us shrink the height of the cylinder by letting ~ — 0 while
we keep Aa constant. Since W is proportional to h, W — 0 as h — 0.
However b might increase in such a way that lim,_.o(hb) survives. Since
n - F = F, is the normal component of F', we have the final expression
for the normal component through a surface of discontinuity.



FOI-R-0120-SE

Figure 2. Area used to find
boundary condition from Stokes’
theorem.

h—0 h—0
If this difference is nonzero, we have a discontinuity in the normal compo-
nent of the vector field F'.

2.2 The curl and the tangential components

Stokes” theorem combined with eq.(6) yields

jl{CF-ds:/S(VxF)-da:/sc('r)-da. (11)

We apply this to a small rectangular path placed perpendicular to the sur-
face of discontinuity as shown in figure 2, so that the sides of length As
will give us contributions from both regions. The path of integration C is
taken counter clockwise, ¢; and ¢, are unit vectors in their directions re-
spectively and are parallel to the surface of discontinuity. The vector n’ is
the normal to the area enclosed by the path C' and is parallel to the surface
between region 1 and 2, thus n’ is perpendicular to n, the normal to the
surface of discontinuity. We also define a vector ¢ so that ¢;, = —¢ and
t, = t. The vectors, n, t and gqn’ are a set of mutually perpendicular unit
vectors and satisfy the following properties

 /

n=nxt t=n"xn n=txn’ (12)

The vector area of this rectangle is da = n’hAs. Eq.(11),(12) leads to

11
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F-ds=F-t;As+ F5-t;As +W
?{c 1- b 2 -t (13)

=t-(Fy— F)As+W =c-n'hAs,

where F'{, F5 are the values of F' in region 1 and 2 respectively, WV is the
contribution to the line integral from the ends of the path. Again As and
hAs are so small that a good approximation is to take F'; and F', to be
constant in the area. Now we again let h — 0 while we keep As constant.
W is proportional to h and will therefore vanish. With use of eq.(12) we
write eq.(13) as

h—0

The orientation of the path of integration is arbitrary, so n’ can correspond
to an arbitrary direction in the surface. The only way to make sure that
eq.(14) is satisfied is to let

h—0 h—0
If we now cross both sides with n from the right, and use vector analysis,
we get

Fy — Fyy = lim [h(e x n)] = lim {A[(V x F) x n]}.  (16)

If the righthand side of eq.(16) is nonzero, we have a discontinuity in the
tangential component of F

We have now obtained a way of finding how the vector F' changes as
we go across a surface of discontinuity. Suppose we know F'; we then split
it into its normal and tangential components F',, and F';;. We then get the
normal component of F'; from eq.(10), and its tangential component from
eq.(16). By combining these components we get F'.

2.3 Interface condition for the electric field
Let F be the electric field E, eq.(2) and eq.(16) leads to

po s [(25) ]l @

As we let h — 0 we expect that ‘96—’;’ will remain finite. This means that the
tangential components of E are continuous over a surface of discontinuity,
i.e.
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Egt - Elt =0. (18)

Now follow the procedure in section 2.1 and let F' be the electric field E.
eq.(1) and eq.(7) leads to

%E-dazl/pdfzpm“:ﬁ, (19)
S 1%

€ € €

where Ag is the total charge inside the volume hAa. As we let h — 0, the
total charge A¢ must be conserved. In the limit, the charge is described as
a surface charge of density o. Therefore we get

Aq=0cAa = (lim hp> Aa, o = lim(hp). (20)

h—0 h—0

Eq.(10) now gives us the interface condition for the normal component

B, — By, = lim(hV - E) = lim <h£> - % (21)

h—0 €

There will be a discontinuity in the normal component of E only if there
is a surface charge on the surface separating the two regions. However
charges can be divided in two classes, bound charges p, and free charges
ps, and it is only the free charges we can control. The bound charges
depends of the material. We have

p=ps+p=p;—V-P (22)

where P is the polarization. When this is substituted into eq(1), we get

V- (eE + P) = ps. (23)

And we define a vector, D = ¢,E + P, called the electric displacement.
In linear isotropic dielectrics we can write D = ¢,.cgE. Now let F' be
the electric displacement vector D. We get the interface conditions from
eq.(10) and (20)

D, — Dy, = 6260 Es, — €160E1, = af. (24)
The interface condition for the normal component of E becomes

By, — e By, =L, or By, = <€1E1n + U—f> : (25)

€0

If there are no free charges at the interface there is a discontinuity in the
normal component of E only if the two regions represent materials of dif-
ferent electric properties.

13
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2.4 Interface conditions for the magnetic field
Let F' be the magnetic field H, eq.(4) and eq.(16) leads to

oE

As we let h — 0 we expect that % will remain finite. In the limit, the cur-
rent density J ; is described as a surface current of density K. Therefore
we get

Hzt—Hlt:flLig(l)[h(fon)]:K- (27)

There is a discontinuity in the tangential component of H only if there is
a surface current density at the interface.

To find the interface condition for the normal component of H, let
F in eq.(10) be the magnetic field H, according to eq.(3), the interface
condition for the normal component becomes

paproH o — praprod, =0, or Hy, = Z_;Hln- (28)
The normal component of the magnetic field H will be discontinuous over
the interface only if the two regions represent materials of different mag-
netic properties.
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3 The continuous problem

In a lossless medium we can write the 2D maxwell equation in TE (trans-
verse electric) mode as

(29)

Sl’u,t—i—le—f—Gyl:O
Srvt+Fxr+Gyr:07

where F; = Au, G; = Bu, F, = Av, G, = Bv and

N
I
N
gg&m o oo
S~————— o O
- N———
o
o I
I /l\
Am o Lo
& &
S 8 3y ooL
N———
- o oo
~_ —
@ 2
I I
/\ /\
coF coXE
o N o o0 o©
moo QOO
N S~ —

Also, the conditions at the material discontinuity are (See section 2)

1 0 0
v(r =0) =Tu(r =0), where T = (0 < 0) : (30)
0 0 1

3.1 The continuous interface conditions

Multiply eq.(29) with ® ,where ®(x, y, t) is a continuous test function that
vanishes on the outer boundaries and at ¢ = 0, co. Integrate in time and
space and add the equations

0

oo 1
/ / / ®( Sy + Fur + Gy ) dudydt

0 0 -1 (31)

1

oo 1
+///<I><Srvt + Far + Gy, ) dudydt = 0.

0 0 0

By making use of the fact that ® is continuous over the interface and van-
ishes at the outer boundaries and at ¢ = 0, oo, we get

15
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Figure 3. The computational do-
main.

16

north
y=1

west u y east

=-1 x=1
south

oo 1 0
/ / / (®:S1w + @.F + ®,Gy ) dedydt

0 0 -1
oo 1 1

+ / / / (25,0 + ®.F, + @,G, ) dedydt (32)
0 0 0

+7/1<I><Fr(x =0)— Fi(z = 0))dydt =0.

F, = Au, F, = Av and the interface condition u(z = 0) = T'v(z = 0)
removes the interface terms.

3.2 The continuous energy estimate
If we define a new vector W = (u,v)?, set F = diag(A, A)W and

G = diag(B, B)W, S = diag(S,, S,), we can write eq.(29) as
SW,+F,+G,=0. (33)

Multiplication of eq. (33) with W7, integration in space and the fact that
the matrices A and B are symmetric, leads to
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1 1
d
CIwi = / / WTSW dady
0 -1
1 1

—— [wireay - [ wrel i
" - (34)
__ / (w” AuR=, + o Avf=h) dy
0
0

1
T y=1 T y=1
—/u Bu|y:0dx—/'v Buvl|,Zydx.
“1 0

After evaluation we get

1 1
d
CIWIE = =2 [ BB dy+2 [ BBy
0 0

N N
-~ -~

east west

0 1
+2 / H.E,|,—1dz + 2 / H.E,|,-1dz )
-1 0

N

~
north

0 1
—2/HzEx|y:0d:p—2/HzEx|y:0dx.
-1 0

N

~
south

The method is well-posed if we specify the F, component at the west
and east boundary and the £, component at the south and north boundary.
Note: by specifying the ingoing characteristics we can obtain a strongly
well-posed method, see [1].

3.3 The divergence of E and H

Consider the continuous problem, away from the interface. The divergence
of eq.(4) and eq.(5) leads to

%,
5 (V- E—p) =0, (36)

and we have
(V-E—£> (t):(v-E—3> (0). (37)

€ €

17
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This means that if V- E — 2 = 0 initially, eq.(1) will be satisfied for all ¢.
The divergence of eq.(2) leads to

(V- pH)(t) = (V- pH) (0), (38)

hence if V - H = 0 initially, eq.(3) will be satisfied for all t. This shows
that eq.(1) and (3) follows from eq.(2), (4) and (5).

18
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4 The discrete problem

Figure 4. The 2D grid.

The spatial discretization is made by introducing a 2D grid, see figure 4,
with node points (z;,y;), where ¢ = 0,1,... ,Nand 5 = 0,1,..., M.
The unknowns are organized in a vector u with the following enumeration

wo(t) w;o(t)
wi (1) w1 (t) H,

U = : , U; (t) = : y Wi = Ea; . (39)
wn(t) win (1) By

The vector u; ; corresponds to the grid point (z;, y;). At the interface z =
0, uy and v, correspond to the same grid points. To simplify the notation
we also introduce an alternative enumeration of the unknowns

w,;(t)

(t
a;(t) = uf“ , j=0,1,..., M. (40)

un ;(t)

north
=1
west u Vv east
x=-1 x=1

south

We will use SBP (Summation By Parts) operators, for the spatial dis-
cretization. The SBP method [2] is a way of constructing an operator for
discretization of the numerical first derivative. The spatial operator is in-
troduced as

19
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uy = P7'Qu, (42)

where P and () are matrices. If a spatial operator is of the form (41) and
the conditions (z) and (z¢) below are full-filled the operator is referred to as
a Summation By Parts operator.

(7) The matrix P is symmetric, positive definite and bounded, Azpl <
P < Azql, where p > 0 and ¢ are bounded independent of V.

(44) The matrix Q is almost skew-symmetric. Q+Q* = diag(—1,0,...,0,1).

The boundary conditions will be imposed by the SAT (Simultaneous Ap-
proximation Term) procedure, [4]. The semi-discrete equation for the two
domain problem becomes

(S, + (P;}Qxl ® Iy ® A)u + (INZ 2 P;'Q,® B)u — BC,
+ (P;llENZNl @Iy ® 21::0[) <u —eniN ® ((IM ® F)”o))

S, v + (P;:Qm Iy ® A)v n (INT 2 P,'Q,® B)v — BC,

[+ (P;TIEONT Iy ® 2x:0r> ('U —egnr ® ((IM ® F_l)’u,m)>.
(42)

Here I, are identity matrices of size (L +1) x (L + 1), Err and E, are
matrices of size (L + 1) x (L + 1), where L can be NI, Nr or M.

1 0 0 0 0 0
0 0 0 0
Eo = | . . , B = |, . ; (43)
0 0 0 1
and ey, and ey, are vectors of length L + 1
€9, — (1 o --- O)T7 err = (O o --- 1)T (44)

BC, and BC, are the penalty terms including boundary conditions im-

20
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posed by the SAT method.

BC, = (P'Eopni ® It ® B 1) (u — €oni ® gy)
w;;t

+ (I ® P Eoy @ By) (U — gy @ €our)

7

~
south

+(Ini® P By @ i) (u — g3 © €nn)

7

~~

B north (45)
BC, = £Pa} Exine @Iy ® 256:1)('0 — enrnNy © 942

east

+ (I nr ® nglEOM ® By=0) (v — g3, ® €our)

N

~
south

+ (INr X P;lEMM &® Eyzl)(v — g3, & eMM)

[

~
north

Here E; ; and e; ; are defined as in eq.(43) and (44). The boundary condi-
tions are stored in g,.

To visualize how the two regions are connected to each other we can
write the system in the form

W,=M(W + G) (46)

Where G includes the outer boundary data. In the 6th order case, with
M=20, NI=20, Nr=20, the matrix M is depicted in figure 5. The square in
the center of the matrix is the 36 M x 36 M matrix which couples the two
regions.

21
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Figure 5. The system matrix
in 6th order case with M=20,
NI=20, Nr=20. The 36M x 36M
square matrix in the center cou-
ples the two regions.

22

%
7

A\

4.1 The numerical interface conditions

Multiply eq.(42) with P, = (P, ® P, ® I3) and P, = (P,, ® P, ® I5)
respectively. Let ®(x,y,t) be a continuous test function that vanishes on
the outer boundaries and at ¢ = 0, co. We get

(87 P.Siu, + 87 (Q, @ Py® A)u+ &' (Q,© P,y B)a
= &7 (y = 0) (P ® zm,m) (um (In; ® T)v,) )
3"P,S, v, +37(Q, ® P, ®A>v+<1> (Q ® P,, ® B)o

=7 (z = )(Py ® 2x:0r> (’Uo — Iy )UNI)>-
(47)

Using the summation by parts properties of @, and Q. in section 4, we get
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(&7 P,Su; — T( $Z®Py®A><I>—ﬁT<Qy®PxZ®B><i>
— 9T (z =0) (P ®A>um
(

+® (= 0)( P, ® - Ol) (uNz—(IM®1“)vo))

&TP,S, v, — vT<Qm®Py®A><I>—ﬁT<Qy®Pm®B><i>
o7 (z (P ® A)vo
|+ (Py ® zxzw) (vo C(In® r—l)um)).

(48)

Add the two equations, integrate in time, and make use of the fact that @ is
continuous over the interface, this leads to

(@fPlSlu +u'(Q,® P,® A)®+a"(Q,® Py B)<i>>dt

0\8

+ (@fPTSTv +47(Q,, ® P, @ A)® +7(Q,® P, ® B)é)dt
o7 (z = 0) (Py ® (Socor — Secor 1 — A))umdt

o7 (1 = 0) (Py ® (Syor — Syol + A))vodt ~0.

+ +
0\8 0\8 0\8

(49)

Note the close similarity between eq.(32) and eq.(49). The following con-
dition for X,_y; and X,_,, will eliminate the interface terms

Yip—or = (E:L:Ol - A)F =0 (50)

To preserve the conservative character of the problem we require condition
(50) to be fulfilled.

4.2 The discrete energy estimate
With the use of the so called Q-formulation, see [5], eq. (42) can be written
in the following way

PW,+(Q, + =)W + Q,W = BC, (51)

23
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where W = (u, v)” and

j diag((Pm ® P, ® I3)S,, (Py ® P, ® 13)57~)
Q, = diag((Q® P,® A).(Q,, © P, © 4)) (52)
Q, = diag((P.© Q,® B), (P, ©Q,® B)).

BC are the penalty terms including boundary conditions imposed by the
SAT procedure

BC = (El & EONZ X Py X 23::—1) (EUOW —e ey & gl)
E, Q@ Eoy®Py® 23,/:0[) (EaOW —e®gy® 60M>
E@Eyy®Py® 2y:1l> (EaMW —e®gy® eMM>

+(

+(

+ (Br © Eou @ Por @ By ) (Es, W — €, @ 95, @ eour)

+ (B, 0 B @ Py @50, ) (Bo, W — €0 9 g, e
+(

Er & ENT‘NT & Py ® 21::1) (EvNTW — €, ® ENrNr & g4>
(53)

E;; in eq.(53) is defined as in eq.(43), E,, is defined such that the only
nonzero elements in E,, W is the ones corresponding to u;, and

sl i moB Y ol ol e

¥, are the penalty matrices at the outer boundaries. 3;,; is the penalty
matrix at the interface between the two regions. Now let a “tilde” sign
indicate the (6 M x 6M) (for the sixth order case) block that couples the
solutions in the left and right domains.

0 0
Yint = int ) (55)

0 0

- ~P,®%,.0 Py® Ex:ozl“]

Yine = Y - ; ’ 56
' {Py ® oo, I —P,® %, , (56)

- 1[P,®A 0
Q"’U—?{ 0 —Py®A}‘ ®7)
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Now we can split Q, + %, into a symmetric and a skew-symmetric part

as
4 — ~x+2ln - ~x+2ln T
.+ ()@t 5
2 (58)
e 58
+ (Qx + 2mt) + (Qx + Emt
N 2 /
b
We obtain
~ sk 1 " 0 P?J ® (217:01]‘-‘ - I‘_12£:0r>-|
* 2 LPy ® (zx:mr*1 - rzgzw> 0 J ’
(59)
L[ (A S — 252()[) P,® (zx:wr + r*lz:g:()r)

1

2 P, (1“25:01 + zxzwr—l) P,® ( A%, - zfz()r)
(60)

It was shown in section 4.1 that the method preserves the conservative char-

acter if we have ¥,_o, = (X,—0 — A)T'*. By introducing this condition,

requiring X, and X,_o, to be symmetric and add the scaling condition

that om0 = Xp—oL, i.e.

MO 2 0
Yoco= [0 0 0| and Zyo,=|0 0 0 [, (61)
1o 0

we can factorize Qik and D. The final form of the operators becomes

~ sk 1-0 1
@ =30 0}®Py®‘4’
(62)
~ 171 -1
Dzi_—l 1:|®Py®<A_22x:0l>

To get an energy estimate we multiply eq.(51) with W and add its trans-
pose. We obtain

d
WIPW,+ WIPTW = &HWH%, (63)

25
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—wiQwW - ( T

w)" +W'BC,,+ (W'BC,,)"
( 0 ® (B4, o+ 2510))110
+ ( d4®(—B+X,+ 2;0)&
+ 85 (Por @ (B + By + 210) )8 (64)
+ 05 (Per ® (= B+ Ty1 + 1) )b
24, (sz &® Ey—o)gm - 2'&?\14 (Pa:l ® 2y:1)931
-2 g(er ® 2:y 0)g2r 2’6?\14(P$7“ ® 23121)937"

—W(Q, + Zit) W — (WT(Q, + Zint) W)"
+w'BC., + (W'BC,,)"
(P ®(A+ T, 1+ Ex,,1)>uo
+ ok, (Py ®(—A+3, + 2521)>er
+2ul (P, ®2,-_1)g, — 205, (P, ® 2,21)g,
— WL 2DW .,

int

(65)

where W ,.; = (un, vo)”. We now choose our penalty parameters, at the
outer boundary, such that the quadratic terms vanishes, i.e.

00 —1 00 1
$oe1=100 0|, Zymy=1000

00 0 00 0

010 0 —1 0 (66)
S,0=[0 00, Z,=0 0 0

00 0 0 0 0

If we now summarize, the final version of the energy estimate has the form

%HW“% = WTK(W + G) = (using eq.(66)) = BT + IT  (67)

In eq.(67), G includes the boundary values. The structure of K and the
60M x 6M, for the sixth order case, matrix D, with M=20, NI=20, Nr=20,
can be seen in figure 6.

The boundary and interface terms becomes

26
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Figure 6. The structure of the
matrix in the energy estimate.
(a) the total matrix K. (b) the
6M x 6M matrix D in the cen-
ter of K which couples the two

regions.

(@) (b)

BT = —2ul (Py ® E$:,1>gl —2vT <Py ® 236:1)94

N N

B’I?;est Bf‘:ast
_2'&31 (Pwl ® 23/:0)921 - 2'{7%1 (Pwr ® 2y:0>gzr
_ (68)
BT:)uth
_2'&?\14 (Pwl ® 23/:1)931 - 2'{’?\14 (er ® 2y:1>£73r
BT‘nrorth
and
IT = 2W! DW,, (69)

respectively. Note the similarity between eq.(35) and eq.(68). To get a
stable method we must make sure that D is positive semidefinite. We
achieve this by choosing A, A> < 0 in eq.(61). Note: we can obtain a
strictly stable method by setting the ingoing characteristic variables at the
outer boundaries.
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5 Numerical experiments

To evaluate the method we consider a plane wave which propagates over
the discontinuity. The outer boundary data are given by the analytic solu-
tion. For the time integration we use the classical fourth order Runge-Kutta
method.

5.1 The divergence

Figure 7 show the numerical divergence and L, error as a function of time
for different orders of accuracy. If the initial data is approximately diver-
gence free, the divergence error will not dominate over the computational
error. The fact that we do not explicitly satisfy eq.(1) does not seem to
introduce any significant error. In the high order accuracy case, the diver-
gence will stay well below the computational error.

Figure 7. Plot of ||V - E[[z and . 2nd order x10° 4th order
|lerror|l2. (a) 2nd order ac-
curacy, (b) 4th order accuracy, 3r
(c) 6th order accuracy. M=40,
NI=40, Nr=40 0.02
= _2r -——-
0.01f 1 .
L — IV-E|
, ——~ llerror || ’ — IV-Ell
0 - 4 - - |l error ||
0 05 1l ‘
0 0.5 1
t
(@)
(b)
x107° 6th order

o

w

N

;
1f — IV-E|]
i --- || error ||
0 0.5 1
t

(©)

Consider eq.(4) in the semi discrete case. The fact that our SBP opera-
tors satisfy the property D, D, = D, D, leads to
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Figure 8. Plot of ||V - E||2 and
|lerror||2. 6th order accuracy.
M=40, NI=40, Nr=40

30

0
Vd-aEJrVd-J:Vd-deH:O.
We will have the same result in the semi discrete case as in the continuous
case, i.e.

(70)

(vd-E—B) (t):(Vd-E—£> (0).

€ €

(71)

In the computations the analytic solution is used as initial data and p = 0.
Away from the interface, we have V, - E(0) = V - E(0) + O(Az)?. Here
E is the exact solution projected on the grid. This means that V, - E =
O(Ax)? initially, and thus V ;- E = O(Ax)? for all t. In the 2D case, only
the z component of H is present and it is trivial that V - H = 0.

We can not compute the divergence at the interface between the two
media since we have a discontinuity in the = component of E. Therefore
we compute the divergence to the left of the interface. Figure 7 show that
the divergence of E is constant in time. As mentioned above, the analytic
solution at ¢ = 0 is divergence free. Hence the divergence shown in the
figure is introduced by the numerical computation of V - E. In figure 8,
we see the long time behavior of the computational error.

X107
— |V E||

3.5 - ||err0r|| :l‘ ”l\ ¢ b

2.5
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5.2 The order of accuracy

The order of accuracy in space, will be computed by mesh refinement in
space for a given time. The solutions are computed with a very small time
step.

Stability requirements prohibits the use of the same technique to verify
the accuracy in time. In this case we use a technique which eliminates the
exact solution and the error imposed by the spatial integration. We have

uttA = 4 4 e(At) + e(Ax). (72)

Where u2427 js the numerical solution with step size At and Az in time
and space respectively. 4 is the exact solution, e(At) and e(Ax) are the
time and space errors respectively. With accuracy of order ¢ in time and of
order p in space we have

e(At) = O(AY)Y,  e(Az) = O(Az). (73)

To separate the error imposed by the time integration we use a fixed Az
and compute

||uAt,Aa: B u%,Aaz“ B (’)(Atq) _ (’)( )

At\g
2
Ju s —uise O = 05

— 91, (74)

No reflection at the interface

In the first case the wave hits the discontinuity with an angle of incidence
that prohibits a reflecting wave. This special angle is known as the Brew-
ster angle or angle of polarization, ©, and is the result of Brewster’s law

[6]

tan®, = —2. (75)

ny

ny and n, are the refraction index of respective medium. The wave is
depicted in fig.(9). The accuracy in space is given by figure 10.
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Figure 9. The wave in the do-
main, for ©; = ©,. (a) the wave
propagating to the left, (b) the
wave propagating to the right,
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Small reflection at the interface

In this case we use the angle, ©; = %, to accomplish a small reflection
at the boundary between the two regions, see figure 11. The accuracy in
space is given by fig.(12).

Figure 11. The wave in the do-
main, for ®; = %. (a) the wave
propagating to the left, (b) the
wave propagating to the right,
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Figure 12. Error at t=1 for vary- 0 @_ - 112/3
ing Az, with 61 = % 10 T —
[«
107
10"
o
o acc 2
—— acc 4 i
1078 —=— acc6
- - - ref. slope 2
ref. slope 4
I ref. slope 6 )
10 [ N
‘ 1, -1 ‘ —
10" AX Ay 10°

Significant reflection at the interface

The angle ©; = ¢, will accomplish a significant reflection at the interface
between the two medium, see figure 13. The accuracy in space is fulfilled
according to fig.(14).
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Figure 13. The wave in the do-
main, for ®; = . (a) the wave
propagating to the left, (b) the
wave propagating to the right,
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Table 1. Result of evaluation of
eq.(74) for different ©;

Figure 15. Spectrum for matrix
M ineq.(46) for Ay = 0,2 = 0.

36

Accuracy in time

The accuracy in time is obtained by evaluation of eq.(74). The result is
fourth order accuracy in time as shown in table 1.

[ ©; || Evaluation of eq.(74) |

9, 16.0 ~ 21
z 17.4 ~ 2%
z 16.5 ~ 2*

5.3 The spectrum

To analyze the numerical stability we consider the matrix A — 2X,._q; in
eq(62) and the spectrum of the matrix M in eq.(46). Note that a positive
semi definite D or

[—2/\1 0 0 ]
A-28, 4=1 0 0 0 |, M, A<0, (76)
[ 0 0 —2A2J

is required for stability. The spectrum depends on the penalty parameters
in X, _o, X.—o- and is depicted in figure 15 - 18.

The parameter values A\; = 0, A\, = 0 leads to D = 0 which means that
we have zero dissipation. The spectrum is shown in figure 15.

50 T T T

-50 L 1 L
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The parameter values A; = —0.1, A = —0.1 introduces dissipation as
can be seen in eq.(76) and figure 16
Figure 16. Spectrum for ma- 50 T T n T
trix M in eq.(46) for A\;
—0.1,A\2 = —0.1.
i -
: B
Or i
' E
,’-. .. .J
_50 I t ol 1
-8 -6 -4 -2 0 2

The increasing amount of dissipation corresponds to a shift in the spec-
trum towards the negative real axis, see figures 17 - 18.
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Figure 17. Spectrum for ma- 50 T T T T
trix M in eq.(46) for \;y =
—0.5, A2 = —0.5.
Or i
_50 I I L I
-50 -40 -30 -20 -10 10
Figure 18. Spectrum for ma- 50 T T T T
trix M in eq.(46) for \;y =
—1.0, A\ = —1.0.
Or - i
_50 I I L I
-100 -80 -60 -40 =20 20
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6 Conclusions

Wave propagation close to a material discontinuity have been simulated.
The physical interface conditions for the electromagnetic field have been
derived. To simulate the electromagnetic wave we have used SBP opera-
tors of second, fourth and sixth order accuracy. The boundary conditions
have been imposed by the SAT procedure. We have shown that we can
control the stability by the choice of penalty parameters in the SAT proce-
dure.

The simulations was made for several angles of incidence to the ma-
terial interface between the two media. For each case we have verified
the order of accuracy in space and time. The divergence has been shown
to be constant in time for uniform meshes. A material discontinuity will
cause no problem when simulating an electromagnetic wave using SBP
operators.
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Appendix A

The Kronecker product

Definition 1 Let A beap x ¢ matrixand let B be an m x n matrix, then

CLQ’()B v (107q_1B
AgB=| : .. (77)
apfl,OB T anl,OB

Thep x ¢ block matrix A @ B iscalled a Kronecker product.

There are a number of rules for Kronecker products, see [3], we will
present some of them. Let A, B, C and D be matrices of arbitrary sizes,
such that the specified operations are defined.

(A® B)(C® D) =(AC)® (BD)
(A+B) @ C=AC+BxC
(A2 B)Y = A" @ B" (78)
(A B)'=A"1'2 B!
A>0 , B>0=(A®B)>0
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