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1. Introduction

1.1 Background

Jamming of navigation systems is a current threat since Global Navigation Satellite
Systems (GNSS) became a key component in modern navigation systems. The use of
the United States’ Global Positioning System (GPS) is expanding, and recently the
European Union has approved funding of the Galileo project, which is the European
equivalent to GPS.

Generally, new demands are being solved by using more advanced navigation sys-
tems. The demands from the US defence, the American program Common Guidance
Inertial Measurement Unit (CG-IMU), and also from car manufacturers, to design
small, cheap and well performing integrated sensor systems based on GPS and Mi-
cro Electro Mechanical System (MEMS) sensors, are important driving forces for the
development of future navigation systems.

For the development of personal positioning technologies, the most important
force is the United States Federal Communication Commission Enhanced 911 ser-
vice (FCC-E911 service). FCC-E911 sets explicitly defined requirements on position
accuracy of emergency calls made from mobile phones: 67 % CEP 50 m (Circular
Error Probable, i.e. 67 % of the measurements within a circle with radius 50 m) and
95 % CEP 150 m. GPS is the only globally applicable technology that meets the
FCC-E911 requirement. The European Union is promoting, but so far not requiring,
an equivalent E112 service.

The robustness of navigation systems is crucial and can be achieved in many
ways. One way is to protect the GPS receiver by using different software and hard-
ware solutions. Another is to support the GPS system with external complementary
measurements. Two efficient methods have shown to be, see [9]:

e supporting the GPS receiver with a complementary jamming robust sensor sys-
tem, e.g. integrating GPS and Inertial Measurement Unit (IMU). This is treated
in [6] and [7].

e protecting the GPS receiver by using smart antennas (adaptive beamforming
antennas and switched beam antennas), thereby achieving spatial null steering
or spatial beam forming, [5].

There are of course also other interesting sensors to support the navigation sys-
tem during GPS outages and intentional jamming. An interesting example of sensor
combination in order to achieve a robust navigation system is the use of an INS and
a radar altimeter in combination with a height database to determine the position by
correlating height profiles.

However, the terrain navigation system has poor performance at high altitudes due
to the radar maximun mesuring range and/or lack of information in the terrain due to
flatness, eg. sea surface. In [§] the problem of integrated aircraft navigation is treated
and specifically how to integrate inertial navigation with terrain aided positioning.
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1.2 Aim of work

This report describes how a relatively new type of state estimator, called the Particle
Estimator (PE), has been evaluated and compared with the well established method
based on a linear Kalman Estimator (KE). The GPS receiver position and velocity
are used as measurements to the estimators.

The estimators use different forms of the navigation equations which convention-
ally, and also here, have been expressed in the so called n-frame (local geographic),
[10]. For completeness, and as a preparation for future work, we also present these
equations in a couple of different frames, namely the e-frame (earth centered/earth
fixed, ECEF) and the i-system (inertial). All these frames are derived as special cases
of a completely general frame, called the a-frame.

The task for the KE is to estimate the errors of an Inertial Navigation System
(INS) by using the difference between the GPS measurements of velocity and posi-
tion and the integrated INS velocity and position. For this purpose, the KE uses a
linearization of the INS system as its system model. The error estimates are used as
corrections to the values calculated by the INS, in order to get an optimal full state
Kalman estimate. The PE, on the other hand, uses the GPS values as measurements
that are directly applied to a full state model of the system to be tracked, thereby
producing directly an estimate of the position and velocities that are closer to the
truth than are the INS values themselves.

The KE is continuous and assumes white Gaussian noise and is based on linearized
navigation error dynamics expressed in the n-frame. The PE, on the other hand, is
discrete and also assumes Gaussian noise distribution,

In the original and well cited paper [I] and also in [11], the PE is applied to a
nonlinear tracking problem. A framework for positioning, navigation and tracking
using PE:s (sequential Monte Carlo methods) is developed in [2]. Also [8] mentioned
above uses the PE.

The PE does neither require white Gaussian noise distribution nor linear equa-
tions. This is a reason why the full states can be estimated directly, without use of
the linearized error equations as in the KE case. The computational load for the PE
increases with the complexity of the problem, e.g. the number of states. However,
considering the current development in the computing field, the PE seems to be a
promising method. For example, a combination of both PE and KE can be applied,
as described in [3].

1.3 Results

The two estimators were compared, essentially regarding their robustness against
different types of errors in the three acceleration measurements. At all simulations,
these errors contained a white noise component. If, in addition, constant components
(biases) were added to some of them, the Kalman Estimator gave different results:

e When none of the measurement errors contained any bias, the estimates were
correct within its 3o-limit. They were also substantially smoother than the GPS
measurements, thus showing a low frequency filtering effect.

e Also when the measurement of the first acceleration component contained a
bias, the estimates were smooth, but the estimate of the velocity component
corresponding to the biased measurement were itself biased. This bias could be
decreased by increasing the elements of the process noise matrix in the estim-
ator.

e When all three acceleration measurement components were biased, all three
velocity component estimates became also biased. This effect could also be
reduced by an increase of the process noise matrix elements (note, however,
that such an increase always makes the estimator more sensitive to noise).
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The PE estimates were, on the contrary, independent of biases in the acceleration
measurements, indicating that the external measurements of the velocities and posi-
tions from the GPS had a dominating influence, since these measurements themselves
contain no bias. This is also confirmed by the fact that they had essentially the same
noise characteristics as the estimates.

1.4

Suggestions for Future Work

The Particle Estimator used in this work uses the simplest form of importance
sampling distribution, namely the state prior distribution, that does not de-
pend on the measurements. Investigate what type of more general importance
sampling distribution that could be used in order to improve the Particle Es-
timates in our application. For a treatment of the case with such a general
sampling, see [13].

Analyze the PE performance theoretically using the Cramer-Rao bound, [§].

Investigate the possibility of using so called Rao-Blackwellization, which is a
method of exploiting the existing linearities of the system as much as possible.
The KE is used for the linear parts, and the PE only for the remaining nonlinear
ones. This method is described in [12].

A natural continuation of the PE/KE-comparison could be to replace the KE
with a discrete version of the Extended Kalman Filter (EKF), which is a non-
linear generalization of the KE, utilizing linearization of the system equations
around the estimate. This would possibly be a more fair comparison as regards
the Kalman method. The use of non-linear estimation methods is still more
motivated by the need to investigate the use of smart antennas (adaptive beam-
forming antennas or switched beam antennas), because this necessitates the
use of GNSS raw observables (pseudo range and phase), giving rise to further
non-linearities.

Use the Earth Centered Earth Fixed (ECEF) reference frame instead of the
navigation frame for the navigation equations (derived in this report).
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2. Navigation Equations

2.1 Reference Frames.

The estimators use different forms of the navigation equations which conventionally,
and also here, have been expressed in the so called n-frame (local geographic), [10].
For completeness, and as a preparation for future work, we also present these equa-
tions in a couple of different frames, namely the e-frame (earth centered/earth fixed,
ECEF) and the i-system (inertial). All these frames are derived as special cases of a
completely general frame, called the a-frame.

2.2 Navigation equations in a fixed inertial i-frame.

Inertial navigation is basically integration of inertially sensed acceleration with re-
spect to time. In an inertial frame the differential equations needed to be solved
are

ﬁx' = & =g4"(")+ 1, (2.1)
%xi = ii,

where ' is the position vector coordinates in the i-frame, qg' (ac') is the acceleration
components due to the gravitational field and f' the signals sensed by the accelero-
meters.

2.3 Navigation equations in an arbitrary concentric rotating a-frame.

Let the a- and the i-frame be concentric. The a-frame rotates with respect to the
i-frame with the angular rate components in the a-frame wi, (the superscript a denotes
the used reference frame). The transformation of a position vector from the a-frame
to the i-frame is given by

o' = Cla?, (2.2)

using the transformation matrix C} , whose the corresponding time derivative is given
by

Ca = Ca0,, (2.3)
where QF is the skew-symmetric matrix with elements from w®, = (wl,wg,wg)T
according to

0 —Wws3 w2
O =[whx]=| ws 0 —wi |. (2.4)
—wy W1 0

For the general case the second time derivative is also needed:

Cl=ClO2 + ClO2 02 (2.5)
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Differentiating (2.2]) twice with respect to time and using (2.3)) and (2.5)) yield

d - .
%x' = Ciz?+ Cii?,
%:1':' = Ciz?+2CL% + CLi?

= (Qiaa + Q?aQ?a) 2® + 20008 33 4 ClR, (2.6)

Solving for #® and combining with (2.1]) gives the navigation equations coordinatized
(mechanized) in an arbitrary a-frame

d .
it = —2050% — (O + ORO%) %+ 2+ ¢ (7). (2.7)
%xa = i

where f2 and ¢? (2®) are the specific force and gravity vector components in the
a system, i.e., f& = C2f' and ¢ (2®) = C?g' (C;xa). In this strapdown inertial
navigation system the accelerometer signals, f®, are the specific force components in
the vehicle’s own system (b). In order to be used in , they need to be transformed
as

f2=Cgrr, (2.8)
where the transformation matrix is given by the differential equation
C2 = CRO5y. (2.9)

The elements in the skew-symmetric matrix ng = [wgbx] are based on the inertially
sensed angular rotation, expressed in the b system, W?b~ wgb can be split in two parts

as

b _ b b
Wap = Wijb — Wja

= b —CRuB, (2.10)

where w, is a constant if a is the e-frame (depends on earth rate alone) and depends
on the navigation solution if a is the n-frame (earth rate and transport rate).

2.3.1 Navigation equations in the e-frame. The following derivation is based
on ([2.7), where all indices a are substituted by e. Then, assuming that the angular

velocity of the earth relative to inertial space, QS , is constant, i.e. Q% =0

%:’ge = 202i° — Q2022° + f°+ ¢° (2°), (2.11)
d e _ -e
at T

The accelerometer signals are transformed from the body frame b to the earth frame
e as

1o =G, (2.12)
where Cf is determined by the differential equation
Ce = CEQL,. (2.13)

The elements of the matrix Qf = [w§,x] are based on the measured angular rates

b
wip as

wgb = Wlin — ng‘?e. (2.14)
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2.4 Navigation Equations in the e-frame in component form.

With the definitions

2 = (a8 e a), (2.15)
# = (o8 g )", (2.16)
T
=085 5. (2.17)
and the expressions

- 0 —we O
wie=(0 0 we) or Qp=|we 0 0 (2.18)

0 0 O

and

e xe xe T
ge ((Ee) — _ k]\i( ] 22 3 2) s (219)
(@) + @8+ @39)°)

for the earth’s rotation rate and gravitation, respectively, (2.11)) can be written in
component form as

GMz§
0 = 2wert + wlat + fF — al . (2.20)
2 2 2
(@) + @8+ @3)°)
GM xS
= —2werf +wlef + f§ - 1]
2 2 2
(@) + @97 + (5)°)
. kGa$
0 o= f5- N 23 N
(@) + @9+ @3)°)
2 = 5,
:'ES = US,
r§ = s

where G is the constant of gravitaion and M is the mass of earth.

2.5 Navigation equations in the n-frame.

The n-frame serves to define local directions for the velocity vector determined in the
e-frame. The components in the n system for the movement relative to the earth
is expressed as a transformation of the same vector’s components in the e system
according to

o = CRis. (2.21)
Note that, in general, v" # ", where 2" is defined as
2" = O, (2.22)

Indeed, differentiating this expression gives
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" = CRi® 4 CNa® (2.23)
" 4+ CO% 2

= "+ OO Chx"

v+ Qpaz"

— N n .n
= v —Qgnz.

Substituting ¢ = Cgv" in the navigation equations coordinatized in the e-frame,

(2.11)), and using (2.23) together with

(") = CR 2 (07 + 7 (CR) o = 08 (™) + C2" = C (d“” + ﬂ) ,

dt N dt Ndt dt
. (2.24)
gives
d
Ca (G0 + i) = 2GS - 0RO+ 14 o (o).
d
S = 00" — CR205CR" — CRO80%a® + CLf* + CLg° (a),
d
SO = = (O, +200) 0" - CROLDR® + g7 (@"), (229)

where ¢g" (2") = Cg¢® (Ca™).
It is common to introduce a gravity vector g" (") which consists of the centrifugal
acceleration and the gravitational vector as

9" (") = —CQUQCRa" + ¢" ("), (2.26)
leading to the following differential equation for the velocities:

d
—v
dt
The accelerometer signals are transformed from the body frame b to the earth
frame n as

M= —(Qn +2) " + "+ 3" (2.27)

=GR (2.28)
where C' is determined by the following differential equation:
Ch=0orab,. (2.29)

The elements of the matrix Qp, = [w}, ] are based on the measured angular rates

b .
wjp according to

b b b
Wnhp = Wip — Cn(.dPn. (230)
2.6 Navigation Equations in the n-frame in component form

In order to write (2.27)) in component form, we introduce the components of v" as

n

=(oy ve vp ). (2.31)
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Now, the latitude (L), longitude (\), and the height above the earth (h) can be
defined through the differential relations

UN

L= 2 (2.32)
QS

(R+ h)cosL’
h = —up.

The angular rate components used in (2.27)) are easily realized to be

wip = (wecosL 0 —wesinL )T (2.33)
. _ . . T
wh, = ( AcosL —L —AsinlL )

in vector form, or in matrix form:

0 we sin L 0

o= —wesin L 0 —wecosL |, (2.34)
0 we cos L 0
0 Asin L —L

Qon = —Asin L 0 —AcosL

L Acos L 0

Also, define the components of the specific forces and the generalized gravity according
to

-
fn = (fN fE fD ) ) (2-35)
_ N
" = (o8 9 9o ) -
Then (2.27)) can be written
N = fnFIn — 2wevg sin L+ Lup — Mg sin L, (2.36)
Vg = fe+ g + 2wevy sin L + 2wevp cos L + /.\’UN sin L + )'\’UD cos L,
p = fp+Jp —2wevgcosL — }\vE cos L — LUN,

or, with the above expressions for L and )\,

2
. _ . N, v
Un = SNt IN — 2wevg sin L+ RN—l—?”L — thtanL, (2.37)
tan L
Vg = fe+ g+ 2we(vysinL +vpcosL)+ vg Unton L +vp ,
R+h
vE + v
p = Jp — 2 L--E—N
Up /o + 9p — 2wevg cos ETh

. . T T .
By introducing wgb = ( Wx Wy Wz ) and w?b = ( p q T ) and by using wj}, =
wiy, + way, the following expression can be derived

- VE UN . ve tan L

= - L+ ——— —_— sin L + ———— |2.38

Wx P c11<wecos +R+h>+812R+h+C13<blﬂ + R—l—h) )
tan L

wy = g—c2 (we cos L + Rvih) + 022% + ¢o3 (sinL + Uljz%inh>(239)
tan L

wy; = r—cs3 (we cos L + vah> + 032% + c33 <sinL + m)(ZZLO)
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If the elements of the transformation matrix C' from the body coordinate system to
the n-system are called cjj, 7,7 = 1,2, 3, then the differential equation for this matrix

can, according to (2.29), be written in component form as

C11 = Clawz — Ci3Wy, C12 = C13Wx — C11Wz, 13 = Cl1Wy — Clawx,  (2.41)
Ca1 = CWz — Ca3Wy, Cog = Ca3Wx — C21Wgz, (23 = Co1Wy — CooWx,  (2.42)
(31 = C32Wz — C33Wy, (32 = C33Wx — C31Wyz, (33 = C31Wy — C3owWx.  (2.43)

10
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3. Error dynamics

3.1 Nonlinear System Error Dynamics

The navigation equations expressed in the general a-frame are differential equations
for velocity and positions where the forcing functions are the sensed acceleration
components. The error dynamics equations describe how the sensor errors affect
the position and velocity errors. These equations can be derived by perturbing the
navigation equation . Subtracting the equation that results from driving
with the measured accelerations f# and the angular velocities Q%, from the one driven

by the corresponding true values (f2 and Q‘{"a, respectively) results in

d (x . x) _ (meQfg (fﬂ)

—f (2%,3%, 0%, O, £, 6% (%)) (3.1)
— % (7 — 2?) + % (:?a — :'ca) + a?;;a (Q?a - Qiaa)
¥ 8?;; (Q,aa - Q?a> + g—;; (fa - fa) + %a @ = g% + s
A

where the function f is the right hand side of the upper equation in . The “tilde”
entities correspond to the solution with measured driving funtions, and the “tilde-free”
to the true solution. Observe that the gravitation error g2 () — g2 () depends on
two error sources, namely 2 — 2 and error in the model of the gravitation, i.e. the
function g2 itself.

The expansion can be interpreted as a Taylor expansion around the approximate

value. Differences with respect to the “Taylor expansion point ” (i‘a, 72, Q?a, Q‘i"‘a, fa, g®

represent negative errors and partial derivatives are evaluated in this point. In the
sequel the error dynamics for higher order terms are neglected.

3.2 Linear Error Dynamics in the a-frame

Applying (3.1)) to (2.7) with the perturbations denoted by the prefix “4”, we have the
linearized error equations

d .

T0it = —20050% - 20500 - (m?a FOOROR + Q‘?aéQ?a) 2 (3.3)
- (Q?a TR0 ra) 522 + 62 + 5P

d

—iz® = §i?

dt ’

11
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where Fa:gga . The dg®-term arises as a consequence of possible modelling errors of

the gravitation vector and is equal to g2 () — g2 (22). The perturbation d 2 consists
not only of accelerometer errors but also orientation errors. Taking the differential of
the relation f2 = C2fP gives

53 =0CRf° + CRofP. (3.4)

The differential §C? is caused by errors in the orientation of the b-frame relative to the

general a-frame. A vector of small error angles are introduced as ¢ = (¢2, ¢3, 62)"
and the skew-symmetric matrix equivalent is

0 —¢5 ¢
=1 ¢35 0 —o7 |. (3:5)
—¢3 61 0

The transformation from the true a-frame to an erroneously computed a-frame can
be expressed as

CR = (I -3 C2. (3.6)

Then the differential of CZ is

6CR = CR — O3 = —93C3, (3.7)

and when substituted into (3.4)), it gives the acceleration error

5f2 = —PRCRfP + CRofP (3.8)
= -4 CRof°
= —[¢*x] fA+CRof°
f2x ¢ + CR5fP.
Next, the dynamics of the error angles will be derived by first taking the differential
of (2.9)):

SCR = 6CROY, + CROOY, (3.9)
where (5ng = ng — ng is the perturbation in angular rate. If l} is differentiated
with respect to time and set equal to (3.9)), this leads to the expression

— 9302 — ACROL, = SCROL, + CR50N5,, (3.10)

where also the expression for C{;" according to (2.9) is used. Substituting (3.7) results
in the matrix equation

P2 = —CRON5,CE, (3.11)
and the corresponding vector equation

- a

O = —Cpoub, (3.12)
The gyros sense
Wy = Wha + Wiy = Cawih + whp- (3.13)

Perturbing this equation and using (3.7) as §C2 = —®3C2 = (6C8)T leads to

12
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owl = 0CPWR + CP5WR + 6w, (3.14)
= (7(I)acl?)T w?a + Cgéw?a + 5wgb
= CPD3WR + CROWd, + duby,

where we also have used the skew-symmetry of ®2, i.e. ®3T = — @2,
Then ([3.14) is solved for 5wgb and then substituted into (3.12)):

¢ = —CRou, (3.15)
= —Cf (6uh — CRP2wd, — CRowd)
= _Cl?éw?b + q)aw?a + 6w?a
- 7Oba§wlinb + [¢ax] w?a + 6‘”?&1
= —CRIWE — Wi, x ¢% + dwl,.
Using , , and some vector matrix manipulations, we can summarize

the dynamics of the error states ( ¢* 632 Ja® )T as

d
%d’a = —wd X ¢* — CROLY + 6w’ (3.16)
d . . :

Z0i% =[] ¢ - 20%,00" - (Q?a roa0a ra) §2°

+CRSf° + 6g° + 20 x dwl, + 208, [22x] 0w, + [22x] W,

%(ha = 2,

which also can be written in block matrix state space form as

a —0a 0 0 a
d 10} ia ) 10
o | = | 1 20 - (Q?a+Q?aQ?afFa) sit |(3.17)
ox? 0 I 0 ox?
-C& 0 0 Swb,
+ 0 Cg I SfP
0 0 0 5g°

I 0 s
+ | 2[#3x] + 208 [22x]  [27x] ( ‘f’ga>.
0 0 &Uia

3.3 Linear Error Dynamics in the i-frame

Substituting i for a in (3.16) and using Q}; = 0, QL =0, dwl, =0, 60k = 0 leads to

d .

%d = —Chouh, (3.18)
%5;& = [f'x]¢' + -Tlsz' + Clof' + o4,

%&vi = i,

and the same substitutions in (3.17)) lead to

13
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il 0 00 ¢
il B = [f'x] o T o' (3.19)

ox' 0 I 0 ox'

-Cy 0 0 Suwh,

+ 0 G I 5/

0 0 0 5g'

3.4 Linear Error Dynamics in the e-frame

The constant earth rate w§, implies dw§, = 0 and wf, = 0 as well as dwf, = 0. The

. . . T .
resulting dynamics of the error states T = ( ¢° 6i® oz° ) can be written as

d
W)e = —w§ x ¢° — CEOLY, (3.20)
d

%5339 = [fex]¢°® — 208,6i° — (8,05, — ') 62° + CE6f° + d¢°,

%(ire = i,

and in block matrix form

g ¢ Q% 0 0 ¢°
p di® = [fex] —208 — (805 —1I°) di® (3.21)
ox® 0 I 0 ox®
-C¢ 0 0 Suwh,
+1 o cga S
0 0 0 58

3.5 Error Dynamics in the e-frame on component form

Below are the explicit linear error dynamics of the navigation equations. Here we use
the relaxed notation where the superscript e is neglected for the position

* =, x, wxy )T (3.22)

and the equivalently for the error angles, the position error and velocity errors as

= (¢ ¢y ¢3) ,00°=( 06z, bxy Swy ) ,8i°=(0i, Ok, Ok, ) .
(3.23)
respectuively.

The earth rate is constant, giving Q?e = ( 0 0 O )T . Writing the gravitation
vector in 1) g% (z°) as ( 91 9o s )T and taking the partial derivative leeds to

99, 99, 99, _ x? X, X X, X
i ox, ox. = +3zk 3742 SRatas
o e (xe) 2 3 R R R 5 R
1’\6 _ g _ 692 692 692 _ GM X2X1 1 X2 )(2)(3
= 9z - oxX,  0X,  0X, - 3 RS R3 3@ 3 R5
ag 9., a9. %2
ax, ox. ox, 3%y 3725 2 +3
Xy X X3 RS RS RS RS
(3.24)

14
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where R = /2% + 23 + x%, and for the case when navigating locally (small z;, and
x, components) then the terms containing R~5 can be neglected, and

-1 0 0
M
rex M0 g ), (3.25)
R3
0 2

The driving terms in the time derivatives of the angles and the translational velocities
are defined as

swhy = (6p oq or ) (3.26)
5f° = (6fy 6fy 6fy )" (3.27)
6% = (09, Ogy 095 )" (3.28)

and then transformed from b- to e-frame with the matrix Cf defined as

CRoud, = C2CNowh, (3.29)
—sinLcosA —sinA —cosLcosA €11 C12 €13 p
= —sinLsin A cosA  —cosLsin A Co1  Coo  Co3 0q
cos L 0 —sin L 31 C32 C33 or
di1 diz dis op d119p + d126q + dy307
= da1 daa do3 0q | = | do1dp + da2dq + dazdr
d31 dsz ds3 or d310p + d326q + d336r

where the following extra variables has been used

diy = —(sinLcosA)ciy — (sinA) cgp — (cos Lcos \) e31 (3.30)
dia = —(sinLcos\)cia — (sin ) caa — (cos Lcos A) 3o

di3 = —(sinLcosA)ciz — (sinA) cag — (cos Lcos \) 33

dyy = —(sinLsinA)cip + (cosA)cap — (cos Lsin ) ca1

dos = —(sinLsin\)cia + (cosA) caa — (cos Lsin A) c39

das = —(sinLsin))cyz+ (cosA)caz — (cos Lsin\) 33

d3; = (cosL)ern — (sinL)cesy

dsa = (cosL)cia— (sinL)cso

dss = (cosL)cis— (sinL)ecss

and ¢ij ,4 = 1,2,3,5 = 1,2,3, are defined by the differential equations ([2.41)-(2.43]).
Inserting the previously defined angular velocities and needed expressions: (3.23) -

(13.30)) into (3.20]) leads to the following time derivatives of the error angles

d

7P = Wedr— d110p + d120q + d1307, (3.31)
d
$¢2 = —Wehy — d210p + da2dq + da30r, (3.32)
d
7% = —ds10p+ d320q + ds30r, (3.33)

and of the velocities

15
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d .. .
£(511 = — [Py + [Sb5 + 2wedis (3.34)
GM
+ (wi - 3/2) 0z,
(23 + 23 +23)
+d110f1 + di2d fo + di3d f3 + gy,
d .. .
afsxz = fsd1 — [1d3 — 2wediy (3.35)
GM
+ | w2 - 0xy
( T (el >>
+d215f1 + d226f2 + d23§f3 + 592,
d .. GM
%51’3 = —f3b1+ figs+2 575073 (3.36)
(27 + 23 + 23)

+d315f1 + d326f2 + d33§f3 + 593,

and of the positions

%(5l‘1 == (5j31, (3.37)
%52 = b, (3.38)
%m = b, (3.39)

3.6 Linear Error Dynamics in the n-frame

Now the objective is to formulate the error dynamics with respect to the geodetic
. T .
coordinates 2" = ( L A h ) . The error state is then defined as

z=(¢" s sz ). (3.40)

pressed in the n-frame (2.27)) is perturbed. The resulting dynamics of the velocity
error state, 6v", can then be written as

Instead of specializing (3.16)), the compact form of the navigation equations ex-

d = _
%611” =—0 (O + Q)" — (U + Q) 00" + 6" +T"62" + 6" (3.41)

—n o agn
where I'" = 3+

The previously derived attitude errors (3.15) for the case of using the general
a-frame follow the equation

-a
¢ = *Cl?awki)b - w?a X ¢a + (5&)?3.

and substituting n for all a results in the expression for the n-frame

.n
¢ = —CPowh, — Wil x @™ + dwih,.

The latitude (L), longitude (\), and the height above the earth (h) are are used as
state variables for the position and defined through the three first order differential

equations || and also v" = (( vy g vp )T are needed and defined by 1)

16
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3.7 Error Dynamics in the n-frame on component form

Below the explicit linear error dynamics of the navigation equations in the navigation
frame are derived. Here as also previously a relaxed notation is used, where the
superscript n is neglected for the components of the angular error, the position error
and the velocity error as

" = (on % dp) (3.42)
s = (dvy v dup ), (3.43)
sz = (6L ox Sh)T, (3.44)

where “6” means, as before, perturbation from true values. The error state vector is
then

z = (¢" 6" 2" )T (3.45)
— ( 6y S oo vy bvg Sup  SL SN Sh ) . (3.46)

Starting with ((3.41)), the explicit expressions in component form are derived term
by term. Taking the partial derivative of the angular rates (2.34]) gives

4 (an + 29?{9) o =4 (an + QPe) "

Rg+h Rp+h Rg+h

(Rn+h)?

tan L& ve (1+tan? L)dL 5 5h
(2wecosL6L+ anldvp E( ) vEtanLéh)vE+( Vo JFVNi)’UD

_ tan LoV vp(1+tan® L)L tan L3h : dv vgdh
(—Qwe cos LOL — “g—pF — RoTh + V(%E+h)2 > UN + (2"”9 sin LOL — g — R th
ov Vv 0h . ov v,oh
(Rvam — ety ) o o+ (—2wesin LOL + kg — i) ve
and
- (an + 2Q?e) o = — (Q?n + Q?e) oo = (3.48)
(2we sin L + & ;Thl_) Ovg — \éeNNéJ\;ﬁ

+h
VN OV

Rein T+ <2we cos L — %) dve
The third termin in (2.34), §f", is derived by substituting all indeices a with
n in (3.8) and substituting (3.26]), (3.27) and (), as for the e-frame and f" =

( In fe Jfo )T , which results in

SN = fMx "+ CRNofP (3.49)
—noE + fedp c119f1 + €120 fa + c130 f3
= Joon — fnoo |+ | 2101+ 220 f2 + 230 f3
—feon + fnPE 316 f1 + €320 f2 + ¢330 f3

where the last term CJ'd f° is the driving term of the acceleration error dynamics
originating from accelerometer errors. Next the term I'"dz" is derived by taking the
partial derivatives of the gravitation vector

-n n 1 T
"M =GM (0 0 i) (3.50)

17
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with respect to z" = ( L X h )T.
29, 99, 99,
_ " L A h
oz = L= @ @ & gz (3.51)
oz" 8, %, &,
9L oAa  oh
0 0 0 5L 0
= omM| 00 0 oA | = 0 (3.52)
00 —2—ler Sh —p Mo
(i) (i)'
Finally the attitude error equations q'bn = —CPswh, —wh, x ¢" + 6wl are treated term
by term starting with —C['éw?,
€11 Ci12 (13 op —c110p — €120q — 1307
—C{,’(Sw?b = — C21 C22 Co3 5(] = —0215]? — C225q — 62357” (353)
€31 €32 (33 or —€310p — €320q — C330T

where the cjj:s are calculated from 1 D and 6w'§’b = ( op b6q Or )T. Then
wit, and wgy, in (2.33) are added together using (2.32) resulting in

we cos L + vah
w?n = w?e =+ Wgn = - R\/ervh . (3'54)
—wesin L — (vah) tan L
and then
we cos L + vah N
—ufx gt = - - < | se (355)
—we sin L — ﬁ tan L oo

3R %p — (—we sin L — g% tan L) e
= - (—we sin L — g% tan L) N — (we cos L + Rv—fh) oo
(we cos L + R"—fh) b + RERON

The last term dwj}, can be obtained by partial differentiation of wj}, in (3.54), with
respect to T resulting in

v . voh
Rth — We SIN LOL — (R+h)2
_Bvy + _vyoh_
dwiy, = R+h ((R+h)22 ) (3.56)
tan L3V Vg (1+tan® L Vg tan L3h
~“Rth + (—We cos L — ~ R¥h oL + (R+h)2

The final collection of the above terms are straight forward.

18
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4. The studied problem

4.1 Navigations equations

The state equations can be written in the following way, where, if not otherwise stated,
all vector components refer to the navigation system (the so called “n system”):

UNUD v% tan L

N = — 2Qug sin L - 4.1
N N vE sin +R+h Rl (4.1)
g = fE+2Q(stinL+UDCOSL)+UEM» (4.2)
R+h
vg N
; = — 20 s L — — 4.3
D /o VE COS R+h R+h+g7 (4.3)
. UN
L = N 4.4
R+R 44
. VE
N = — = 4.5
(R+ h)cosL’ (45)
iL = —Up. (46)

uN, Vg, and vp are the components of the vehicle’s velocity vector relative to the
earth, L and A\ are the latitude and longitude, respectively, for the vehicle, h is its
height over the earth’s surface, ) is the earth’s angular speed, and R is the radius
of the (spherical) earth.

The specific force components (fn, fe, fo) in the n system are considered input
signals.

No attitude is included in this system, i.e. the vehicle is considered as a point
moving in space.

4.2 Error dynamics

4.2.1 Exact The driving terms in the above equations are the components of the
specific force vectors, in the appropriate coordinate systems. In an Inertial Navig-
ation System, the equations are fed with measurements of these quantities, which
necessarily contain errors, which in turn give rise to erroneous results for the integ-
rated velocities and positions. Symbolically, suppose that the navigation equations
in an arbitrary coordinate system are

dx

— = f(x,u), 4.7

= w (4.7)
where x contains the state vector components corresponding to the coordinate frame
in question, and u is the vector of specific force components in the same frame. If
(4.7) is driven by measurements, @, of the specific forces, instead of the true, error
free ones, u, then the resulting state vector, x, follows the equation

dz ..
e f(@,a). (4.8)
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This is the Inertial Navigation System (INS), where, as opposed to the case for
, the resulting state vector is known, because the input, %, consists of the known
(although more or less erroneous) measurements of the angle velocities and specific
forces. Note that the equations themselves, i.e. the function f, is considered to be
correct for the INS. Define the errors of the specific force measurements as

Au=t — u, (4.9)

and the error of the resulting INS state vector as
Ax=% —x. (4.10)

By subtracting (4.7)) from (4.8)), this gives the following equation for the INS error
Az :

%Ax:f(f,ﬂ)—f(a?—A%ﬂ—Au), (4.11)

where the only unknown component is the measurement error Awu.

4.2.2 Linearized If the errors, Az and Au, are small enough that the second
term on the right hand side of (4.11) can be approximated to a first order Taylor
expansion, then this equation can approximately be written

%Am = F(%,0) Axv + G (%,4) Au, (4.12)

where F' (Z,4) and G (&,4) are the Jacobians with respect to & and 4, respectively,
of the system dynamics function f (Z, @) (note that both # and @ are known entities
at each point in time).
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5. Estimation methods

5.1 Kalman estimator

In order to compare the method of using nonlinear estimation methods applied to
the full state equations — with the established method of estimating the INS
error from an error model based on linearization, we will now recapitulate the Kalman
estimation algorithm, both for the discrete and the continuous cases.

5.1.1 Discrete case. Consider the time discrete, linear, time variant, state space
model

Tkt1 = Frak + Gruw, (5.1)

vk = Hyaxw+ v, (5.2)

where k is the time index, xx and yk are state and measurement vectors, respect-
ively. Fk, Gk, and Hy are time dependent matrices of appropriate dimensions. wy ~

N (0,Qk) and vk ~ N (0, Ri) are white noise. Then it is an established fact, see for
example [4], that the recursion

Pc = Pgk-1 — KeHePqk-1, (5.3)

Pk = FPF + GeQiGy, (5.4)
—1

Kki1 = PopwHi (Herr PoscHisy + Be1) (5.5)

Tkt = Fii+ Kt [Yer1 — Hipr Fiedi] (5.6)

minimizes the expected value of (Zx —xk) ' (2k — ok), i.e. the expected sum of
the quadratic estimation errors in all state variables. The matrices Px and Pyk-_1
are the covariance matrices for the estimation error at time k with and without the
measurement yx at that time included, respectively. The algorithm described in
- happens to be linear in structure, but is nevertheless optimal (in the given
sense) among all possible estimators, linear or nonlinear (if the noises wyx and vk are
not Gaussian, the algorithm is still the optimal one in the class of linear estimators).

5.1.2 Continuous case. In the continuous case, we consider the model

z(t) = F(t)z(t) + G (t)w(t), (5.7)
y(t) = H@)z(t) + v(t). (5.8)

Here, ¢ is the time, z and y are the state and measurement vectors. F,G, and
H are the system matrices. w and v are continuous white (Gaussian) noise with
(possibly time dependent) spectral density matrices @ and R. In this case, the
optimal algorithm consists of the two differential equations

P = FP+PF" +GQG" — PH'R™'HP, (5.9)
% = F#+PH' R '[y— Hi]. (5.10)
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5.1.3 Kalman Estimation of INS errors The Inertial Navigation System is
the set of equations (4.1]) — , or, in compact symbolic form, . The output
from this system differs from the true state as given by the “true system”, (4.7),
because of the measurement errors Au, contained in the measurement vector @ as
defined in . One possibility to reduce this error is to introduce so called “external
measurements”, i.e. measurements of the same position and/or velocity coordinates
that the INS system tries to calculate. The INS error, Az, defined in , can then
be estimated by means of Kalman estimation in the following way: the state vector
x is measured by means of an external device, that is independent of the INS. This
measurement and the measurement error are called zext and Axext, respectively, so
we have Text = £+ Azext. According to the definition of the INS error, , we also
have & = z+ Az. Now the difference Ay between these two known entities is the same
as the difference between the corresponding errors, as Ay=F — Text = AT — AZext.
According to (4.12)), if the error Az is small, it follows the dynamics

Az = F (2,7) Az + G (7, 1) Au, (5.11)
Now we can regard the equation
Ay = Ax — Aext (5.12)

as a measurement equation belonging to the state equation . The measurement
is a direct observation of the INS error Az with an error added (or rather, subtracted),
that is exactly the external measurement error, for which we know the error covariance
Rext=F [ATextAzgy] - Therefore, an optimal estimator for Az is the equations ,
with Z replaced by Az, y by Ay, F by F (Z,4), G by G (&,4), H by the identity
matrix I, R by Rext, and @ by QIns.-

5.2 Particle Estimator (PE)

The Kalman Estimator, in the application described above, is an unrivalled tool for
using external measurements in estimating the errors of the INS values, as long as
these values are “small”. When the errors grow in magnitude, however, the underlying
error model according to will no longer be valid, so we will have a good estimate
of a bad model, which is not satisfactory.

A remedy is to go back to the original, nonlinear, equations , used together
with the external measurements of the velocity and/or position coordinates, and apply
some kind of nonlinear estimator. One such estimator is the Extended Kalman Filter
(EKF), which can be regarded as a generalization of the linear Kalman Estimator
to the nonlinear case. However, the EKF is an ad hoc method, for which no general
theoretical convergence results exist, so we have no guarantee that it will work (even
if it does often enough). Therefore we will try to use a completely different method,
based on realizations of discrete random processes, called Particle Estimation.

A complete mathematical derivation is presented in [13]. The idea is to draw
a number of points in the state space (“particles”) randomly, according to a given
initial distribution. For each time step, all the particles are propagated according
to and , with noise terms Aw individually drawn from the distribution of
the INS measurement errors, and then exclude particles that have too large external
measurement residues, so that the particles that are most consistent with the external
measurements will be retained. The minimum variance estimate of the state will at
each time be the arithmetic mean of all the particles’ positions in the state space.

5.2.1 Description A theoretical description is given in [13]. Below follows a brief
algorithmic description. x, u are true state values and INS measurements (i.e. specific
forces), respectively, that follow (4.7): = f(x,u).
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Z,u are the corresponding, noisy, INS entities, thus following : &= f(&,a).
Define the INS state error and the INS measurement error according to : Az 2
T — =z, and : Au £ @ — u, respectively. { Au(t) :t > 0} is supposed to be a
stationary random process with probability density function (pdf) %P(Au <m)=
pratin) (not necessarily Gaussian!).

We are going to work with the system at discrete points in time, and we suppose
that the time step h is long enough for the time discrete process {Au(kh) : k =0,1,2,...}
to be uncorrelated.

For the true state, =, we have @ = f(z,u) = f(z,% — Au), which describes a
random process where () is a known function of time, and Aw (t) is process noise.

External measurements {gx : k =0,1,2,...} are taken at discrete points in time,
according to gk = h(zk) + py, where {u : K =0,1,2,...} is an uncorrelated random
process with pdf d%P(Uk < m) = py, (m), and where zx = z(kh).

The algorithm is described as follows::

Algorithm 1 First, N particles mg),i =1,...,N are drawn from a given initial distri-
bution.

Then, the following is done for k=10,1,2, ... :

Measurement update:

o gk = h(l’k) + Mk

o wi = p(Jk ‘l’k = :C,'() = p, (T — h(a:f()) for1<i <N,

N
o wj:=wj/ > wj for 1 <i< N (resampling probabilities) ,
j=1

e a2 is drawn from a distribution with pdfpx;': () = ZJ[\‘:l wjo (x — r,i) for
1<i< N (posterior values).

Prediction step:
o Aul is drawn from a distribution with pdf prufr) for1<i <N,

o il(7) = flzh (1), a(r) — Awul) is integrated with T from kh to (k-+1)h with initial
value z'(kh) = ) for 1 <i < N.

oz 2at((k+1)h) for 1 <i<N.

e Finally, the minimum variance estimate is calculated as &(kh) £ & Z:\Izl ol
(posterior estimate).

5.2.2 Observations We make the following observations and comments regard-
ing the algorithm described above.

e If the particles at time kh end up in the same point after the prediction step, i.e.
= x,,V%,j , the measurement yx will have no effect, because the resampling
rf( oV th t 11 h ffect, b th 1
never produces any new points, but only removes or copies old ones.

e Furthermore, if the process noise after this point in time remains zero (Awu = 0,
I > k), all particles will also in the future end up in the same point , i.e.
:vf = xi,Vi, j forl >k, as the N prediction equations in that case are identical
and have the same initial value (2'(7) = f(z'(7),a(r)), kh <7 < (k+1)h
with initial value 2'(kh) = k", which thus is the same for all 4). Therefore, the
estimator will in this case and from this point in time (kh) simply be driven
by the same signal {@(7) : 7 > kh} as the INS is driven by. In particular, if all
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the particles right from the beginning, i.e. at the time kh = 0, are initialized
with the same value as the initial value for the INS, then the trajectories for
the estimator will coincide with the one for the INS. This will of course be
the case irrespective of the number of particles, N. Also, in this case not
even the distribution, {ppl(~) > k} , including the accuracy of the external
measurement errors, is of any significance whatsoever.

e If the particles at some point in time, e.g. right from the start, have some
spreading, and the process noise, as in the description above, is =0 after this
time, then the number of points that the particles occupy will (statistically)
decrease at each time step, because the resampling reduces the number of
points, and the prediction will retain this number, as the prediction step will be
completely deterministic. Sooner or later, the particles will assemble in the same
point, and according to the reason described above, we will get an “estimator”
that does not use its measurements at alll A conclusion is that the process
noise, Au, is necessary for the external measurements to have any significance
to the estimates.

e Compare with the Kalman Estimator:

2=F&#+PH R '[y—H 7],

P=FP+PF'" +GQGT — PH'R'HP.
Here, the particle distribution corresponds to the P matrix. The particles oc-
cupying the same point corresponds to P being =0, which in turn implies that
the external measurements have no impact on the estimate. If there is no pro-
cess noise, i.e. = 0, P will remain =0, and the external measurements will
have no effect on the estimate, just as for the particle estimator. Even if P # 0,

P will converge to 0, (if F' is stable). Therefore, the measurements will become
insignificant, just as for the particle estimator.
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6. Simulation Results

The navigation equations in navigation frame as described in (4.1)) - (4.6) have been
implemented in a SIMULINK model, an overview of which is described and shown in

figure[7]

6.1 Simulation model description

The equations are simulated in two identical, green, blocks. One of these is called
“Reality”, and the other “INS”. The first one of these (“Reality”) is fed with exact
(error free) measurements of specific forces as inputs, so that its output will be the
exact state variables for the true trajectory.

The second block (“INS”) is fed with measurements with errors included, thus
simulating an Integrated Navigation System.

These measurement errors also feed a linear error model (“nav_error2slw6”), that
can calculate the INS errors, provided they are “small”. These errors are of course
unknown in a real system, so the error calculations are only done for checking pur-
poses.

The same linear model is used in a Kalman Estimator (KE) that estimates the
INS error using the method described in subsection[5.1.3] Exact values of velocity and
position components are thus taken from the output of “Reality”, and measurement
errors are added from the block “GPS error”. These simulated external measurements
(also called “GPS measurements”) are subtracted from the corresponding INS values,
and the result is used as input to the estimator, which is implemented in continuous
form.

The KE is split into two parts: “errTNK_innov6”, that calculates the innovation
term PRg [Ay — Az] , and “errTNuppdat6”, that adds the innovation to FAZ in
order to get the time derivative of the estimate (see with & replaced by AZ,
H with I, and R with Rext). All inputsignals to the block “errTNK_innov6” are
described in table (7.1).

6.2 Trajectory

The trajectory used in the simulations is shown in figures [6.1] - [6.3] It is nearly flat
and starts 5 km east of the Greenwhich meridian in north direction and moves in a
square with rounded corners. The speed is constant =1000 m/s.

6.3 Generation of Inertial Navigation System measurements

The specific forces fn, fe, and fp to be used in the simulations are calculated from
- , with all other variables known as functions of time.

The measurement errors, added to these calculated, exact, values, are of two kinds:
Gaussian uncorrelated with zero mean (“white noise”) and unknown-but-constant
(“bias”).

The Gaussian uncorrelated noise process with zero mean (or “white noise”) is
impossible to realize exactly in a continuous simulation (and even more so in reality),
because it has infinite bandwidth, and hence infinite power. However, when input
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Figure 6.1: Velocity components vy and ve for the trajectory

lam*R , L*R
6000

4000

2000}/

lambda*R , L*R (m)
o

-2000

-4000

~6000 L L L I I
0 10 20 30 40 50 60 70 80 920 100

time(s)

Figure 6.2: Position components AR and LR for the trajectory

to a system with limited bandwidth, the high frequencies in its power spectrum will
be damped out and thus have no effect on the output. Therefore, white continuous
noise can always be approximated with a discrete sequence of piecewise constant,
independent, random values, where the discretization step and the variance of the
discrete random values are chosen in such a way that the result on the output will
be the same as it would have been, had the white noise been continuous. For a more
detailed explanation, see Appendix A.

If the white noise is the only acceleration measurement error, the KE will give
a mean square optimal estimate of the INS error. If the acceleration measurement
error also contains a constant (“bias”), it can be shown that the Kalman estimate
will contain a static error, the size of which however can be reduced by increasing
the elements of the process covariance matrix QQyns. The price for this reduction is
an increased sensitivity to errors in the external measurements, as the time constant
for the error decreases (a remedy would be to introduce the biases as new states,
b = (b1, b2, b3), with state equation b = 0, but this is not done here).
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Figure 6.3: Trajectory (LR plotted against AR).

6.4 Results

6.4.1 Comments to plots The upper plot in ﬁgure shows vy as a function
of time in a simulation with no bias in the INS measurements (by = by = b = 0)
and optimal covariance matrix @ ns in the KE. Five different calculations of vy are
shown: the true vy, vn calculated by the Inertial Navigation System (INS), the vy
estimated by the Particle Estimator (PE) by means of the external measurements,
and the Kalman estimated vy , also by means of the external measurements.

Because of the absence of acceleration measurement bias in this case, all these
plots overlap in practice, so they look like one single curve. The lower plot of figure
6.4(a)| shows the Kalman estimate of the INS error of the same quantity (vn). Here
is also shown the 3o-limits for the estimation error.

In figure these curves are shown magnified in a small time interval. Here
we can see that the Kalman estimate is close to zero. The estimated value is still
inside the 30- limits. The same conclusions can be drawn from the figures [6.5] and
[6.6] regarding vg and vp, respectively.

In figures|6.18(a)|—6.20(b)|, error plots are shown for vy , vg , and vp , respectively,
for the same specific force measurement case, i.e. without bias. The upper plots of
the (a) parts show four different (true) errors, namely the INS error, the PE error, the
external measurements error, and the KE error. The lower plots of the (a) parts show
the KE innovation terms for the measurements of the velocity components in question,
together with the corresponding 3o-limits (the dashed straight lines). As there is no
bias in the process noise to the KE in this case, these innovations are inside the
3o-limits most of the time. The (b) parts of these three figures show magnifications
of certain chosen time interval of the (a) parts.

In figure vn is shown for the case where the measurement of fy contains
a bias 1 m/s?. Here it is obvious that the INS value is drifting away from the true
value. Furthermore, the Kalman estimate of the vy error shows a constant bias of
approximately 40 m/s?, whereas the particle estimate still is bouncing around near
the true value, which can be seen from the magnification in figure

As a comparison, look at the figures [6.8(a)| and [6.8(b)l Here, the simulation
duration is only 200s, as compared to 1000s in the previous case. The main change,
compared to the earlier case, is, however, that the variances in the process noise
matrix, QyNs, is now made 10 times greater in the KE. This gives a smaller Kalman
estimate bias (= 25m/s). This bias is even smaller (= 15m/s) in the case with 100
times greater (yns-variances, as is shown in figures[6.9(a)| and [6.9(b)}
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Figure 6.4: vn without bias in specific force measurements.

The corresponding results for the vg component are shown in figures ,
[6.10(b)|, [6.11(a)|, [6.11(b)], [6.12(a), and Here, the Kalman estimate bias is
considerably smaller, 0.2m/s with nominal Qns, and practically zero when Qns is
multiplied by 10 or 100.

The results for vp, seen in figures [6.13(a)H6.15(b)[, show that the vp Kalman
estimate error practically disappears when Qyns is multiplied by 10 or 100.

The error plots corresponding to figures|6.7(a)H6.15(b)|are shown in figures|6.21(a)H6.29(b)|
Here, we see biases in estimates and innovations for the vy (which has a bias in the
corresponding specefic force measurement), but not for the other two components (vg
and vp).

Next, we investigated what happens if, in addition to the bias in the fiy meas-
urement, we also introduce biases in the fg and fp measurements. First, it was
observed that no change whatsoever occurred in the behavior of the estimates of vy .
Therefore, no plots are shown for this case. For vg, however, the figures ,
[6.16(b)|, and [6.16(c)| show that an increase of the Kalman Estimator Qjns matrix
elements reduces the estimate bias considerably.

The same thing happens for vp, which is shown in figures [6.17(a)|, [6.17(b)|, and
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Figure 6.5: vg

Figure 6.6: vp
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The error plots for the case with bias in all specific force measurements, finally,

are shown in figures [6.30(a)
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Figure 6.7: vy with bias in fy-measurement.
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Figure 6.8: vy with bias in fy-measurement and QQyns multiplied by 10.
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Figure 6.10: with bias in fn-measurement.
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Figure 6.12: vg with bias in fy-measurement and @jns multiplied by 100.
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Figure 6.14: vp with bias in fy-measurement and @yns multiplied by 10.
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Figure 6.15: vp with bias in fy-measurement and @ns multiplied by 100.
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Figure 6.16: vg with bias in fn-, fe-, and fp-measurements.
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Figure 6.17: vp with bias in fn-, fe-, and fp-measurements.
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Figure 6.18: vy error without bias in specific force measurements.
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Figure 6.19: vg error without bias in specific force measurements.
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Figure 6.20: vg error without bias in specific force measurements.
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Figure 6.21: vy error with bias in fy-measurement.
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Figure 6.22: vy error with bias in fy-measurement and Qyns multiplied by 10.
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Figure 6.23: vn error with bias in fy-measurement and Qyns multiplied by 100.

6.4.2 RMS values In tables[6.1], [6.2], and [6.3 RMS values can be compared in
three different cases of specific force measurement bias: no bias, bias in fy , and bias
in fn, fe, and fp. All the biases are 1.0 m/s?. The “estimation” methods compared
in these tables are: INS, PE with QQyns multiplied with 1, 10, and 100, PE, and the
raw external measurements.

Without any bias, the KE is optimal and gives far better result than the PE. INS
tends to be still better in this realization, which can be explained by the quality of
the external measurements. Bias in fyy affects of course the INS value for vy to a
very high degree, but also the KE estimates, although in lesser extent with increasing
@Qins- It can also be seen that the fy bias affects the KE estimates of vg and vp
somewhat.

With bias in all three specific force measurements, the KE estimates of all three
velocity components seem to be affected by the same amount. The PE estimates, on
the other hand, can be seen to be quite unaffected by the specific force measurements
biases, and always be slightly better than the external measuremetns themselves.
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Figure 6.24: vg error with bias in fy-measurement.

No bias fn-bias | fn, fe, fp-bias
INS 9.7 -107° 2.6 2.6
KE, Q/ns * 1 2.3.1073 0.81 0.81
KE, QINS * 10 - 0.48 0.48
KE, QINS * 100 - 0.28 0.28
PE 4.0-1072 | 4.0 1072 4.0 -1072
Ext meas (GPS) | 4.5-1072 | 4.5 1072 4.5 1077

Table 6.1: RMS values for errors in the vy component.

No bias | fy-bias | fwn, fE, fp-bias
INS 1.7-107* | 1.5 -1071 2.6
KE, Qrns * 1 0.8-107* ] 8.0-107% 0.80
KE, Q/ns * 10 - 8.0-1071 0.47
KE, Qrns * 100 - 8.2.1071 0.26
PE 411072 | 451077 4.0 1072
Ext meas, (GPS) | 451072 | 451077 4.5-1077

Table 6.2: RMS values for errors in the vg component.
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Figure 6.25: vg error with bias in fy-measurement and Qyns multiplied by 10.

(b) magnified

No bias fn-bias | fwn, fE, fp-bias
INS 7.3.107° | 4.3 1073 2.6
KE, Qrns * 1 7.0-107% [ 2.2.1073 0.82
KE, Qins * 10 - 1.5 1073 0.49
KE, Q:ns * 100 - 1.1-1073 0.28
PE 391072 | 40-10°7 3.8 1072
Ext meas, (GPS) | 451072 | 4.5 1072 451077

Table 6.3: RMS values for errors in the

vp component.
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Figure 6.26: vg error with bias in fy-measurement and @ns multiplied by 100.
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Figure 6.28:

b1=1, b2=0, b3=0, Rv:=Rv*10

10 T T T
— ervDINS
sk errvDparpost | |
—— errvDmeasext
— emvDKE
M
UL - AT 1
-5 4
-10 I I I ;
50 100 150 200 250
t
RMSVDKE = 0.0014938, RMSvDpar=0.038865 , RMSVDGPS=0.044602
10 T T T e Y]
5 4
““ R D TR W L e RPN ’ [ A ]
N0 T T
_5 \ ]
~10 1 I I |
0 50 100 150 200 250
t
(a) Qrns *10
b1=1, b2=0, b3=0, Rv:=Rv*10
o[l (AL LTI Ty I
— emvDINS
0.4 errvDparpost
: —— errvDmeasext
0.2 “ — ermDKE
0
-0.2 ‘
-04 I
L0 L
155 160 165 170 175 180 185 190 195
t
RMSVDKE = 0.0014938, RMSvDpar=0.038865 , RMSvDGPS=0.044602
| I T T
Tl ’ ’ 1

i “1

|
| I
— innowD

L L L
170 175 180 185 190 195 200
t

(b) Qrns * 10, magnified

vp error with bias in fy-measurement and @yns multiplied by 10.
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Figure 6.29: vp error with bias in fn-measurement and Qjns multiplied by 100.
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Figure 6.32: vp error with bias in fn-, fe-,
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7. Simulation Environment

7.1 Simulink model of the Inertial Navigation System

The inertial navigation system for the special case with no attitudes is implemented
in simulink, according to figure The assumption of no attitudes means that the
angular rate between the n-frame and the b-frame, w,,,, is zero. All the output signals
from this block are listed in table[7.2] The two green blocks,“INS” and “Reality”, are
identical and contain the navigation equations. The upper green block (INS) simulates
the Inertial Navigations System with its noisy accelerometer input signals. The lower
green block is the “ideal” INS, or the reality, which is fed with the true noise free
accelerometer signals.

The Kalman estimator is based on a linear error model nav_error2slw, which is
the upper red block. All Simulink S-functions are colored red in figure [7.1] and are
briefly described in table [7.I] This model is evaluated by comparing its output with
the true error, i.e. the difference between the outputs navoutTN and realout.

fnmeas

To Workspaces

loisy_acceleration To Workspace3

Navngmgn eqs To Workspace4

Meas. errors

P realout

TTTTTT
True acceleration

To Workspace2
Navigation eqs  GPS
True accelerometer Reality
To Workspace
S-Function

First order Taylor
expansion of error dynamics

L%ij

i

» GPSout

To Workspacel

Clock

y-Hx_tak

S-Function
Calculates
Kalman gain

N S-Function To Workspace5
I Measurment update &

Prediction update
Vector
Selector

7-12 To Workspaces

Vector
Selector|

13-18 To Workspace9

»{  innov

To Workspace7

Figure 7.1: simulinkblock

The simulation parameters used are collected in table[7.I] The performance of the
inertial sensors (accelerometers) are choosen to be in the same class as Litton LN200.
Table [7.5] shows the stochastic parameters and initial variables for the integrated
navigation system simulation model.

(*) Band limited white noise, given as noise power with sampling time 0.1 s.
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S-Function/file | Description Input Output
nav_error2slw6.m | linear error dynamics realout errout
errTNK _innov6.m | continous KE gain K , co- | y — HAZ ,x K (y— HAZ),
variances for the diag(P),
diag(Pinnov)
errT'Nuppdat6.m measurement update and | K (y — HAZ), | errTNest
time update of KE T

Table 7.1: Description of all S-functions,

marked red in figure

Output Description Size
fnmeas noisy accelerometer signals 3
navout TN position, velocity integrated from noisy measurements 14
errnavoutTN | actual errors in position and velocity (navoutTN-realout) 14
realout position and velocity integrated from true signals 14
errout linear errors in position and velocity 6
GPSout noisy GPS measurements in position and velocity 6
Clock simulation time 1
errTNest Kalman estimate of position and velocity 6
P covariance of KE state vector 6
Pinnov covariance of KE innovations, y — HAZ 6
mnov innovations, measurments - predicted measurments, y — HAZ | 6

Table 7.2: Description of all outputs, marked blue, of the simulink block in figure [7.1

Input signal Description
K.innov=u(1:6) | K*(y - H*x_tak)
v_n=u(7) Vel. north
v_e=u(8) Vel. east
v_.d=u(9) Vel. down
L=u(10) Latitude
l=u(11) Longitude
h=u(12) Height
rn=u(13) Earth north radius
r-e=u(14) Earth east radius
fn=u(15) North Specific force expressed in N
f_e=u(16) East Specific force expressed in N
f d=u(17) Down Specific force expressed in N
Table 7.3: Description of the inputsignals of the S-function errTNK innové6.
Description Value
Solver ode45 (Dormand-Prince)
Max step size auto
Min step size auto
Initial step size auto
Relative tolerance | le-3
Absolute tolerance | auto
Table 7.4: Parameters of the simulated Inertial Navigation System.
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Description Variable Value Unit
GPS white mnoise | Cov (AZext) diag(0.04/R?, rad®s, rad’s,
spectral density, po- 0.04/R%, 0.04, | m?s, m/s3,
sition, velocity ™) 0.04, 0.04, 0.04) | m/s®, m/s>
Accelerometer. Cov (Au) (80 * 10‘69)2 , (m/sQ)2 ,
White noise spec- —6 )2 2)2
tral density™*) <80 . 10_69)2, (m/s >27

(80 % 10=%g) (m/s?)
Initial values posi- | L (0), A(0),10,0,0 rad, rad, m
tion, z (0) h(0)
Initial values velo- | vy (0), wvg (0), | 1000, 0,0 m/s, m/s, m/s
city, v (0) vp (0)
Initial INS position | AL(0), AX(0), | 0,0,0 rad, rad, m
error Az (0) (linear | Ah (0)
error model)
Initial INS velocity | Awvy (0), 0,0,0 m/s, m/s, m/s
error Av (0) (linear | Avg (0),
error model) Avg (0)

Table 7.5: Parameters of the simulated Inertial Navigation System.

7.2 Estimator parameters

The Kalman Estimator (KE) is continuous and it estimates the errors AZkg. The
estimator parameters and initial variables are found in table

Description Variable Value Unit

initial estimates | AZkge (0) 0,0,0,0,0,0 | m/s, m/s,
m/s, rad, rad,
m

initial  covari- | Cov (Azke (0)) | 1,1,1,310712, | (m/s)?,

ances 3-10712,3 (m/s)g,
(m/s)27 rad?,
rad?, m?

process noise co- | Cov () = QiNs

variance, INS

measurement Cov () = Rext

noise covari-

ance, GPS

Table 7.6: Kalman estimator parameters.

The Particle Estimator (PE) estimates the full states Zpg and the estimator

99

parameters and initial variables are found in table [7.7}



Description Variable Value Unit
initial estimates zZpe (0) 1000, 0, 0, | m/s, m/s,
0,0,0 m/s, rad,
rad, m
initial covariances | Cov (Zpg (0))[ 1, 1, 1, (m/s)?,
3 10712, | (m/s)?,
310753 (mys)?,
rad?, rad?,
m2
process noise cov- | Couv () =
ariance, INS QiNs
measurement noise | Cov () =
covariance, GPS Rext
roughness
param
param
param

Table 7.7: Particle estimator parameters.
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Appendix A: Band limited white noise

The Simulink model used in the simulations of this report works in continuous time.
This means that all the white noise components, such as measurement noises, should
be specified by means of spectral densities that are constant with respect to frequency.
However, as is well known, such noise has infinite power and is therefore not realizable.
The concept of continuous white noise can nevertheless be useful for modeling noise
sources in continuous simulation models when it is input to a linear system with a
bandlimited transfer function. The output signal from such a system will have finite
power even when driven by continuous white noise.

In order to realize this white noise process in the simulation model, we look for
a corresponding discrete white noise process that gives the same variance on the
output as the given continuous white noise process would do. The great advantage
with substituting the latter process with the former is that it is very easy to realize
a discrete random process with a given covariance matrix. Therefore, suppose a
continuous linear system driven by continuous white noise is given, described by the
state equations

e (t) = Axc(t) +we(t), (7.1)
Yo (t) = Cuac(t), (7.2)

where z¢ is the state vector, wc is the white noise process with a spectral density Q¢
that is independent of frequency. 1. is the random signal vector at the output of the
system, and A and C are constant matrices of appropriate dimensions.

If the process is started at t = 0 with zero initial values, the output can be written

ve (t) = C /0 Ay (2 dr. (7.3)

Using the fact that E [we (7) wd (s)] = Qcd (T — s), we can therefore write the cov-
ariance matrix of the output as

Cov(ye(t) = E[yc(t)yd (1)]

E [C ( /0 t A (1) dT> ( /0 ' w] (s) eAT(tS)ds> C’T}

t ot
= C-E {/ / Ay (1) wd (s) eAT(tS)dsdT] CT
=0 Js=0
t ot .
C- / / AR [we (1) w! (s)] e S dsdr - CT
=0 Js=0
t t .
C- ADQ, (/ 5 (1 —s5)e (t_s)ds> dr-CT
=0 s=0

t
= (At ( / eATQCeATTdT> AT (7.4)
=0

Now we try to find the covariance matrix Qq of a discrete white process {dk },., that,
when driving the same system, will give the same covariance matrix at the output.
Therefore we will analyze the solution yq (¢) to the system
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iq(t) = Axg(t)+wda(t), (7.5)
va(t) = Czq(t), (7.6)

where the input random signal wyq (t) is piecewise constant according to

wy () = dxfor kh<t<(k+1)h, (7.7)
Elded] = Qubi- (7.8)

AT

If the step size h is small enough that e~ can be regarded as constant during a
sampling interval, i.e. when the variation in 7 is less than &, then f(k+1)h ACTdr ~

heAt=KN) if [ ig a positive integer, and for the output signal after N = t/h discrete
steps we get approximately

t
ya (1) = C/ A g (1) dr

(k+1)h
= CZ(/ tT)dT>dk
k=0

N-—1
= hC Y ARG, (7.9)
k=0

The covariance matrix for this signal is

Cou(ya(t) = E[ya(t)yq (t)]
N-—1 N-—1 .
= E|hC (Z eA(t—kh)dk> (Z d;reA (t—|h)> CTh]
k=0 1=0
N—1N-1
_ hQC Z €A(t_kh)E [dkd;r] eAT(t_Ih)CT
k=0 1=0
N—I1gN—1
_ h2C eA(tfkh)QdékleAT (tflh)CT
k=0 1=0
N-1
_ hQCZ eA(t kh)Q eAT(t kh)C
k=0
(Z o—Akh (h-Qq)e ATkh> ATtOT (7.10)
k=

For h small enough, the sum inside the big parenthesis is approximately equal to the
integral inside the parenthesis of (7.4) provided that we choose

Qc

Qd = W
which means that if the continuous white process with spectral density Q)¢ is replaced
with a discrete white process with covariance Q¢/h at the input of the linear system,
the covariance at the output will be unchanged.

(7.11)
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