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Abstract

In this report, Maxwell’s equations are solved for the case of an electromagnetic
wave propagating over a material discontinuity. The numerical calculation of the
solution to the problem is performed with a high-order spectral element method
on an unstructured grid as well as with a high-order finite difference method on a
structured grid. The results and errors of the two computations are compared, and
efficiency, long-time stability and the order of accuracy are analyzed.
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1

Introduction

Technological applications such as stealth design of aircraft, development of high-
speed optical communication systems for computing, and analysis of the radiation
from cellphone antennas all depend on the theories of electromagnetism. The
equations that govern these, and a vast amount of other, physical phenomena are
the Maxwell equations, formulated in the late 1800’s. Since only a small fraction
of the posed electromagnetic problems are analytically solvable, the development
of good numerical approximate solutions of the equations is of significant impor-
tance. There is a variety of different numerical methods that deal with Maxwell’s
equations. Two methods that are used to solve time-dependent problems with high
demands on accuracy are the high-order finite difference time domain method
(FDTD) and the high-order spectral element method. These two methods will in
this report be applied on a simple electromagnetic reflection-refraction problem
and the results of the two will be evaluated and compared. An emphasis will be
put on the efficiency and long-time stability of the methods.

The situation treated in this report, where electromagnetic waves are reflected by
material interfaces, is of uttermost significance when the desired applications are
radar signatures of aircraft and other vehicles. Being able to correctly represent
material coatings in the computations is vital for the radar cross section calcula-
tions in the aim for stealthy moving objects.
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2 Problem Description

2.1 General Formulation of Electromagnetics

The foundations of electromagnetics, upon which all specific applications rest, are
the well-known Maxwell equations

0B
E=—— 2.1
oD
H = - 2.1
vV x I+ (2.1b)
V . D = p7 (2.1C)
V.B=0. (2.1d)

Here, E [V/m] and H [A/m] are the electric and magnetic field intensities,
D [C/m?] and B [T the electric and magnetic flux densities, J [A/m?] the
electric current density, and p [C//m?] is the density of electrical charges.

The electromagnetic quantities are in general distributed in some sort of material
other than vacuum. A material can be electromagnetically characterized by its
permittivity e [F'/m] and permeability x [H/m]. In general, ¢ and p are rather
complicated complex tensors, but for a simple medium, i.e. an isotropic, homo-
geneous, time-invariant and linear material, they simplify to real scalar constants.
The absolute permittivity e and the absolute permeability p are related to the free-
space values ¢y ~ 8.854 - 10712 F//m and uo = 4x - 107 H/m, by the dimen-
sionless constants called relative permittivity €, and relative permeability u, by
€ = ege and p = pou,-. When glancing through tables of material properties, the
relative values, ¢, and p,., are the ones you are most likely to find.

Combining the permittivity and the permeability of a material one reaches another
common parameter that describes a material, i.e. the intrinsic impedance

n= \/g (2.2)

The absolute permittivity and permeability relate the electromagnetic intensities
and flux densities by

D = ¢E, (2.3a)
B =uH. (2.3b)

Another characteristic quantity for a material is its conductivity o [S/m]. This
parameter relates the current density to the electric field strength in a material,

J =oE. (2.4)

To solve Maxwell’s equations generally, boundary conditions are needed. With a
boundary surface S separating the regions 1 and 2 such as in Figure 2.1, where



FOI-R-0489-SE

Figure 2.1. Schematic picture of
two regions separated by a sur-
face S. The normal 7» points out
of region 1 into region 2.

10

the normal unit vector 7 is pointing out from region 1, the following boundary
condition relations evolve:

A x (Ey — E3) =0, (2.5a)
A x (Hy — Hy) = Js, (2.5b)
i (D1 — D) = ps, (2.5¢)
A (Bi— Bs) =0 (2.5d)

Here, J [A/m] is the surface current density on the surface S and ps [C/m?] is
the surface charge density on S.

In perfectly conducting materials the electric charges are totally free, i.e. the con-
ductivity o is infinite. Had we introduced a set of free electrons in the interior of
the material, an electric field would have been set up, repelling the charges. Be-
cause of the unlimited mobility of the charges, they would continue to move away
from each other until they reach the conductor surface. Hence, a perfect conductor
has no interior charges, and all charges reside on the surface of the material. Since
no charges are located within the material, there can be no current flowing there,
but the charges on the surface may conduct a surface current. So, for a perfect
electric conductor

p=0, J=0, (2.6)

however, the charge and current densities can instead be expressed on the surface
of the material by pg and J g.

On the other hand, most real physical materials do not show the property of infi-
nite conductivity. The electric forces from the atomic nuclei in combination with
their electron clouds also interact with the charge carrying electrons. These forces
prevent the mobile electrons from being totally free, and hence the conductivity
becomes finite. This allows the mobile electrons to distribute themselves within
the material, and the charge and current distributions can be described by p and
J only. In the case of such a non-perfect conductor, neither surface charges nor
surface currents will exist in the material, i.e.

ps =0, Js=0. 2.7

2.2 Scaling of Quantities

For reasons of convenience when we are correlating small wavelengths to large
frequencies, it is advantageous to transform all the electromagnetic quantities to
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dimensionless quantities. We will choose a characteristic length L, typically the

size of a wavelength, to scale the coordinates, and the speed of light in vacuum,
1

0= Zeom 3 - 108 m/s, to make time dimensionless
Zq
=2 2.8a
r=, (2.82)
Cotd
t=—. 2.8b
7 (2.80)

The subscript d indicates the physical quantity in the correct dimensional unit.

Making the material parameters non-dimensional is simple, we just divide them
by the vacuum values, i.e. € = E—g =e¢-and pu = % = w. This together with the
transformations

= g—(‘j, (2.9a)
H

H = % (2.9b)
JuL

J= % (2.90)

E

where Ej is a characteristic electric field amplitude, make all the entries in Maxwell’s
equations dimensionless. Equations (2.1a) - (2.5d) remain true as long as we use
the scaling factors described above. These equations should have had all quanti-
ties indexed by the subscript d had we wanted to be stringent, but they have been
left out in order to conserve the usual appearance of Maxwell’s equations.

The relation between the dimensional speed of light ¢4, the dimensional wave-
length \; and the dimensional frequency f; is cq = fyAq. Wavelength scales as
A= % since it is a length measure, and frequency scales as f = % since it has

. . . —1 . _ _ C_ _ 1 . . .
the dimensions of [time] ™. This means that c = fA = &4 = e 1-€- in practice

we have a scaled dimensionless speed of light ¢, where 0 < ¢ < 1, and the case
where ¢ is unity is where the light travels in vacuum.

The remainder of this report will contain these dimensionless, scaled electromag-
netic quantities only.

2.3 Problem Specifics

In order to compare two different numerical schemes, and to be able to relate these
to an analytical solution, it is necessary to construct a simple sample problem. It
is possible to include the non-trivial physical processes of reflection and refrac-
tion of an electromagnetic wave in a simple geometry and still keep an analytical
pen-and-paper solution as reference. Hence, we let the physical problem to be
solved in our case be a two-dimensional reflection-refraction situation where a
plane electromagnetic wave encounters a material discontinuity. As aircraft often
are coated by different reflection absorbing materials, this is a significant problem
when thinking in terms of radar signatures.

11
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Figure 2.2. Schematic setup
of the physical problem. The
two materials are connected at
z = 0, and part of the incoming
EM-wave penetrates material 2,
while another part bounces off
the material discontinuity.
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In Figure 2.2 our incoming plane wave first propagates in material 1 in the left
half-plane = < 0. The domain =z > 0 on the other hand, is made up of material
2, with its own properties. Hence, at x = 0, there is a material discontinuity. The
incident angle of the incoming plane wave to the normal of the material disconti-
nuity is ;.

Material 1. Material 2.

X

The discontinuity will split the incoming wave into two different wave compo-
nents, one part of the wave will be reflected and the other refracted. The reflected
wave leaves the discontinuity at an angle 6, to the normal of the discontinuity
while the refracted wave continues to travel in the forward x-direction at an angle
6, to the surface normal.

In this particular problem we choose to deal with dielectric materials where the
relative permittivities and permeabilities are e,, = 1, pu,, = 1, ¢, = 4, and
ur, = 1. Since dielectrica support no free currents, o; = o9 = 0. Utilizing the
scaled dimensionless quantities described in Section 2.2, this means that we will
have a speed of light ¢c; = 1 in material 1, and a speed of light c; = 0.5 in the
second material. We choose a dimensionless frequency of 1 and remember that
the frequency of a wave is constant independent of material (see Section 2.4.1),
so that f1 = fo = 1. This gives a constant angular frequency w = w1 = wy = 2.
This choice of frequency leads us to a dimensionless wavelength of Ay = 1 in
medium 1, and a wavelength of Ay = 0.5 in medium 2.

To make this problem suitable for computational purposes, we will size the com-
putational domain according to our choice of wavelengths. We restrict ourselves
to the dimensionless region —1 < z < 1, 0 < y < 1, the length scale of which is
one wavelength A\; in medium 1, and two wavelengths A, in medium 2.

We have now described the problem in dimensionless terms. For the remainder
of this report, all quantities used will be dimensionless and based on these dimen-
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sionless premises.

The full set of Maxwell equations, (2.1a)-(2.1d), can be reduced to the first two
equations (2.1a) and (2.1b) in combination with the continuity equation,

dp
- L 2.10
V.-J+ 5 0, (2.10)

by making the physically reasonable assumptions that
B(r,t = —o00) = D(r,t = —00) =0, p(r,t=—o0)=0. (2.11)

(2.11) states that space is chargeless and free of fields at the beginning of time,
which is a sensible assumption. At some later time ¢ > —oo, electromagnetic
events may occur and change the values of the field strengths and charge density,
but before this happens, the electromagnetic variables above are zeroed out.

The redundancy of (2.1d) can be seen by taking the divergence of (2.1a),
(V- B)
ot

The divergence of B is obviously constant, and since (2.11) indicates that B(r, ¢t =
—o0) = 0, the result is that

V- (VXE)=-— —0. (2.12)

V .-B(r,t)=V - -B(r,t = —o00) =0, (2.13)
which means that (2.1d) follows directly from (2.1a).
Taking the divergence of (2.1b) yields

o(V-D)

V(VxH)=V-J+——

= 0. (2.14)

. —_— . o e
Using the continuity equation (2.10) we know that V - J = —%7. Substituting

this into (2.14) leads to

%(v D p)=0. (2.15)

In general we have
V-D(r,t)—p(r,t) = V-D(T,t: —oo)—p('r,t: _OO)

+/t 3(V-D— )dt'
O pyat-

(2.16)

The physical assumptions in (2.11) together with (2.15) amount to vanishing terms
on the right side of the equal sign, which means that using (2.1b) and (2.10), we
reach V - D = p, and we make (2.1c) redundant.

This shows that the latter two of Maxwell’s equations, i.e. the divergence relations
(2.1c) and (2.1d), can be viewed as consistency relations arising from the curl
relations (2.1a) and (2.1b) and the continuity equation of charge conservation,
(2.10).

Having reduced the vital number of Maxwell equations to two, it is also favorable
to reduce the number of unknown fields to two instead of four. This is where

13
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the constitutive material relations, equations (2.3a) and (2.3b) come in. When we
deal with simple media, this becomes particularly easy. To get the total picture
of how all the electric and magnetic field variables; E(r,t), H(r,t), D(r,t)
and B(r,t) propagate in space and time, it suffices to look merely at the field
intensities, E(r,t) and H (r,t), in combination with the material parameters.

All that needs to be done for simple media such as ours, is to rewrite the first two
equations, i.e. (2.1a) and (2.1b), and then solve for E(r,t) and H(r,t) in what
becomes

eaa—]f —V xH, (2.17a)
OH

with proper initial and boundary conditions.

In two dimensions, the equations (2.17a) and (2.17b) above decouple into two
independent sets of three scalar equations. These sets are usually referred to as
modes. The transverse electric mode (TE-mode) involves the quantities E,, E,
and H, and is written as

0E, OH.,
€ = y (2.18a)
0E,  OH.

OH. _ 0B, O, 2189

F ot =~ oy ~ oz’

while the transverse magnetic mode (TM-mode) encapsulates the H,, H, and
E,-variables with the equations

OH, OE,
H o = oy (2.19a)

OH, OE,

— V- 2.19b
Bt = oz (2.19b)
eaEZ _ofy aH””. (2.19¢c)

ot ox Jy

These two modes exist simultaneously and independently without mutual interac-
tion. For a general case, we need to solve both of the modes to get the complete
field information. However, it is convenient to choose the coordinate system so
that only one of the modes is of importance. For our particular case, where we
have the propagation of a plane wave, we will let the incoming wave exist only
in the transverse electric variables, £ = E,é, + E,é, and H = H,é,. Such a
situation where the E-field lies entirely in the plane of propagation is called par-
allel polarization. If we were to use the transverse magnetic mode, we would be
utilizing perpendicular polarization instead.
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2.4 Analytical Solution

Since we have defined our problem in two-dimensions and in the transverse elec-
tric mode, we are aiming for the solution of

OE, OH.
TR (2.20a)
0E,  OH,

OH. OE, OF, 2200

Hor = oy ~ oz
The entire purpose of this report is to evaluate how well two different numerical
algorithms solve this problem. The problem is nevertheless analytically solvable.

We will compare the numerical solutions to this analytical solution and analyze
the numerical errors that arize through discretization.

In the derivation of the analytical solution, let us not restrict ourselves to two di-
mensions for a while. The full three-dimensional equations of interest for simple,
non-conducting media are equations (2.17a) and (2.17b). Taking the curl of these
equations, and combining them, using some standard vector relations, yields the
wave equations

1 0’°E

V2E — T2 =0 (2.21a)
1 0°H

Here, c = \/% is the wave’s speed of propagation.

Real time-harmonic solutions to the wave equations are

o
3
~

) = Re[E(r)el], (2.22a)
H(r,t) = Re[H(r)e!"], (2.22b)

where we have used the standard phasor notation, splitting the time-harmonic
fields into factors that deal separately with the variations in space and time.

E(r) = Ege7*7 and H(r) = Hoe 7% are the complex phasors describing the
spatial part of the fields and e/ is the factor describing the wavelike nature of the
field as in propagates in time where j is the imaginary unit. w = 27 f is the wave’s
angular frequency, A its wavelength, and k = ké. is its wave vector, é; being the
unit vector pointing in the direction of propagation and k = w,/ji€ = 27“ the wave
number. The real part of the phasor gives the initial condition of the field. The
wave’s angular frequency w is material independent, i.e. it will be the same in
both region 1 and 2. The wavelength A\ and the wavenumber & are on the other
hand material dependent and will hence vary between the two regions.

If solutions (2.22a) and (2.22b) are substituted into equation (2.17b), then the
relation between the phasors turns out to be

1
H=-é, xE, (2.23)
"

15
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Figure 2.3. Electrical field vec-
tors E;g, E,o and E,g, as well
as the wave vectors k;, k- and
k, shown schematically.
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where n = \/g is the intrinsic impedance of the medium, see equation (2.2).

(2.23) is of course the familiar perpendicular field property pertaining to plane
electromagnetic waves in lossless materials.

This allows us to define the incoming (index ¢), reflected (index r) and refracted
(index o) waves that all are solutions to Maxwell’s equations as

E; = E;jpe 7k (2.24a)
H; = %ek x Brge 0, (2.24b)
E, = E,ge krm), (2.24¢)
Hy = - &y, x Bpge i), (2.24d)
E, = Ezooe*ﬂko-’“), (2.24¢)
H, = = &, x Eoge ik, (2.24)

o

We keep in mind that the actual fields are achieved by utilizing the phasor relations
in equations (2.22a) and (2.22b).

x=0

X

With our geometry, where we look at the TE-mode in parallel polarization, the
incoming, reflected and refracted amplitudes become E;y = E;o(—sin6;é, +
cosb;éy), E,g = E,o(—sinb,.é; — cosb,é,) and E,y = Ey(—sinby,é; +
cos 6,€,). To completely solve the problem we need to determine the reflected
and refracted amplitudes. To do this, we need to dig into the gory details of the
material interface at z = 0.
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2.4.1 Interface Treatment

At z = 0 we have our material discontinuity. There are several boundary con-
ditions, namely (2.5a) - (2.5d), that apply to this interface. Let us first examine
boundary condition (2.5a). Putting in the complex representation of the E-field
using the electric field phasors in (2.24a), (2.24c) and (2.24¢) we get

A x ( Eye—ikir—wit) | o o=ilkrr—wrt) _ Eooe—j(ko-rfwm) — 0. (2.25)

z=0

In order for this to hold at all points and all times on the interface = = 0, the phase
factors of the different waves must be equal on 2 = 0, i.e.

efj(ki-rfwit) — efj(kr-rfwrt) — efj(ko-rfwot) (226)
=0 =0 =0
These equalities can only be satisfied for all y, z and ¢ when
(ki - T —wjt) o (k- — wyt) o (ko - 7 — wot) » (2.27)
At r = 0 this is true for all ¢ only if
Wi = Wyp = Wp. (2.28)
With the angular frequencies equal,
(ki-r)| _=(kr)| =(kor)| (2.29)

remains.

Therefore, (2.28) indicates that the frequency of the wave will be independent of
material. With the wave vectors k; = k;(€é, cos 6;+&, sin6;), k, = k,(é, cos 0,+
é,sinf,) and k, = k,(é, cos b, + é,sin f,) equation (2.29) simplifies to

yk; sin0; = yk, sin 0, = yk, sin 0,,. (2.30)
This holds for all y if

k;sin@; = k,sin6, = k,sinb,. (2.31)

Since the angular frequency as well as the permittivity and permeability are con-
stant in material 1, and the relation between angular frequency w and wave number
kis k = w,/ep, the consequence must be that k; = k,. and hence that the incident
angle is equal to the reflected, i.e.

0; = 0,. (2.32)
Equation (2.31) indicates that the incident and refracted angles are related by

kisinf; = k,sin 6, (2.33)

17
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which is Snell’s famous law of refraction. With these relations, we can express all
the angles in the problem in terms of the angle of incidence.

What remains now is to somehow relate the scalar amplitudes E,q and E, to the
incoming amplitude E;q. For this we use the boundary conditions at the interface
x = 0. Equations (2.5a) and (2.5b), where we apply the properties of dielectrica
to set Jg = 0, together with the equality of the phase factors at the interface,
yield the reflection and refraction coefficients, I',, and 7,, for parallel polarization

_ Eyo  micost; —mngcosb,
Eiy  micos; +nycosb,’
Eo 219 cos 6;

 Eiy  mcosb; +mnacosb,

(2.34a)

(2.34b)

Here, n; and n- are the intrinsic impedances in material 1 and 2 respectively, see
equation (2.2).

Putting all of this together, we reach the analytical solution

E;(z,y,t) = FEj(—sin6;é; + cosb;é,) -
- cos(wt — ki(x cosb; + ysinb;)), (2.353)
Ei Az .
H;(x,y,t) = 1;)6 cos(wt — k1(zcosb; + ysinb;)), (2.35h)
1
ET(IL‘, Y, t) = F”Eio(* sin Hléx — COS Hléy) .
- cos(wt — ki(—x cosb; + ysinb;)), (2.35¢)
FnEi Az :
H,(z,y,t) = p 0¢ cos(wt — ki1 (—z cosb; + ysinb;)), (2.35d)
1
E,(z,y,t) = m7,Ejp(—sinb,é, + cosb,é,) -
- cos(wt — ka(x cosb, + ysinb,)), (2.35¢)
Ei Az .
H,(z,y,t) = TnZi0Cs cos(wt — ka(zcosb, +ysinb,)),  (2.35f)
T2

with k1 = w./u1€1, ko = wy/pz€éz and 6, = arcsin(,lj—i sin 6;).

As mentioned in Section 2.3 about the problem specifics, the material parameters
inourcasearee; = 1, uy = 1, e2 = 4, and ps = 1. In our computations we
will use the incoming angles 0; = %, 6; = ¢ and §; = 0p, where 0p is the
Brewster angle that yields a reflection coefficient I';, = 0. We will also normalize
the amplitude of the incoming wave to E;o = 1.

In the left domain, i.e. in material 1, we have two waves, the incident and the
reflected. To obtain the total field in this region, we just need to add the incident
and reflected fields by means of superposition.

In equations (2.35a) - (2.35f) we have an exact solution that will serve as a guide-
line for the numerical schemes to strive for.
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3 Numerical Methods

Figure 3.1. Unstructured grid
for spectral element method with
grid spacing Az = 0.1 at the
boundaries. At z = 0, the ma-
terial transition occurs.

To solve problems in electromagnetism, we need a framework that deals with
the Maxwell equations in a general fashion. One has to be able to model different
settings, such as geometries and materials, and this is impossible to do analytically
for all possible cases. Therefore, the focus turns to general numerical methods.
The purpose of this report is to evaluate how well a high-order numerical spectral
method performs in electromagnetic calculations in comparison to a high-order
finite difference method. The simple test case described in the previous section
will provide a setting where we will be able to compare the numerical results to
the true analytical solution, i.e. expressions (2.35a) - (2.35f), yielding a measure
of the error of the methods.

3.1 High-Order Spectral Method

Our objective in this section is to briefly introduce a high-order spectral method
on unstructured grids for time-domain electromagnetics. A more complete de-
scription of the method can be found in [3]. Solving differential equations, an
agile handling of complex geometries comes almost invariably from the use of
unstructured grids. This spectral method does indeed rely on and use the powers
of such an unstructured mesh.

The computational domain, upon which the spectral framework is to be active,
is divided into non-overlapping elements called simplices. In the case of a two-
dimensional domain, these simplices are triangles. With a three-dimensional ge-
ometry in mind, tetrahedrons fill out the domain.

1
0.9 \ —
0.8

0.7 \ |

0.2 0.4 0.6 0.8 1

I
s
I
)
o]
I
)
)
I
)
I
I
)
N
x 0

Rather than seeking a globally continuous solution of the Maxwell equations, con-
tinuous solutions are sought on the separate simplices, allowing for discontinu-
ities over the element borders. The equations are still satisfied, but in the weaker
Galerkin sense.

On each simplex, a set of interpolation nodes is defined. For the exact placement
of the nodes, we refer to [8]. The purpose of the nodes is to serve as interpolation
points for an elementwise continuous solution. The more nodes we use, the higher

19
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Figure 3.2. Examples of nodal
sets in triangles when the inter-
polation is carried out to the 10"
order.

20

order interpolation polynomials we can utilize to get a better numerical approxi-
mation of the solution. The number of nodes per simplex is directly related to the
order of the interpolation polynomial by

| —

d
NE = (n+1), (3.1)
=1

QU

!
where d is the geometrical dimension of the computational domain, n the maxi-

mum order of the interpolation polynomial and N¢ is the corresponding number
of nodes in the simplex.

3.1.1 Computational Scheme

Let us first treat the computational scheme in a general three-dimensional fashion.
The connection to our specific, two-dimensional problem can then be reached by
introducing a set of suitable simplifications.

3.1.1.1 General Description

Our problem gives rise to the reduced Maxwell curl-equations (2.17a) and (2.17b),
ie.

ﬁ%%Q:VXH@ﬁ, (3.2a)
M@%?Q_—Vwa@, (3.2b)

for E and H. Let us reformulate these equations into

oq(r,t
o210 g p(g(r.1) = 0 33)
in order to save some space and labor. We have hereby introduced the state vector
_ | E(rt)
q(’l",t) - |: H(T,t) :| ’ (34)
and the flux r.4)
—éi x H r,t
Fatr) = | S| 35)
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Figure 3.3. Two neighboring el-
ements at the interface.

é; are of course the three Cartesian unit vectors for i = x, y, z. In the full three-
dimensional case, g and F'(q) are vectors with 6 components. In this case, the co-

efficient matrix Q(r) becomes Q(r) = diag (e(r), e(r), (), u(r), p(r), u(r)).

Now, the purpose of this entire business is to seek the field solutions q(r,t). As
hinted above, the spectral method approaches this solution by means of interpo-
lation. We assume that the exact solution g(r,t) can be well mimicked by the
numerical approximation g (7, t) locally on a simplex D in such a way that

N
q(r,t) = gy(r,t) = ZqN(ri,t)Li(r), rebD, (3.6)
i=1

where L;(r) are the Lagrangian interpolation polynomials on the particular sim-
plex of interest. The Lagrangian polynomials span the space in which the numer-
ical approximation resides. The numerical approximation qN(r,t)\D will be a
continuous function inside D, but when many simplices are connected, the global
numerical solution will show discontinuities over the faces of the simplices.

On a single particular simplex D, there are N interpolation nodes, humbered by
the index ¢. Each node gives rise to 6 unknown field variables, so that the simplex
will house 6 N degrees of freedom. In the same way as g could be approximated
by the Lagrangian interpolation polynomials, so can the flux F'(q) and every other
physical quantity. This leads us to choose a scheme that satisfies equation (3.3) in
the following, weak way Vi € {1,2,..., N}:

/D (Qag—év‘FV-FN)LidT:?éDTLiﬁ. [FR]dS(r). 3.7)

In (3.7) we have introduced a penalty term on the right hand side of the equa-
tion. This term deals with the discontinuities that arise from the discrete element
organization and compensates for the flux exiting the simplex D due to these dis-
continuities. Compare this to the discontinuous Galerkin method [9].

=2

Let us take a closer look at the penalty term. First, 7 is a scalar parameter that
determines the strength of the penalty term. The larger 7 is, the stronger the
penalty term is enforced. The value of this parameter will be discussed later. 7 is
the normal vector to the element border, pointing away from the simplex. [F'] is
the difference in upwind flux at the interface between the present simplex D and
its neighbor cell. The flux F'x described earlier can be decomposed into upwind
and downwind fluxes, F', and F'};, by Fx = F+F;. These fluxes are related
to the characteristics of Maxwell’s equations. The upwind flux F"; is the part of
the flux that can be written using only the incoming characteristic variables and

21
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Figure 3.4. Two neighboring el-
ements split apart graphically to
show the notion of the " and 'n’
superscripts. The values E! and
E™ are calculated for the same
geometrical point », but E' is
computed in element '’ whereas
E™ is computed in element 'n’.
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is basically the flux entering the local simplex from the neighbor cell. The flux
splitting will be discussed in detail in appendix C.

If we let the left simplex in Figure 3.3 be designated / for local and the right sim-
plex n for neighbor, then the explicit form of the jump in the normal component
of the upwind flux over the cell boundary used in the penalty term becomes, (see
appendix C)

7 17 x (Z”[HN} A [EN])

Y 1a ( —Y"[EN] - X [HN]) (38)

A [Fy] =
where the bracketed fields denote the jump in the numerical field values over the

element border, i.e.

[Ex] = B} — B, (3.93)
[Hy] = HY — HYy, (3.9b)

with the superscript 'n’ referring to fields calculated in the neighboring simplex
while ’I” denotes the field values of the present element, see Figure 3.4.

Z is the material impedance and Y the material conductance

1 l,n

In _ ln _ e

and Z and Y are the sums of them over the interface
Z=z+2", (3.11a)
Y=Y 4+Yy™ (3.11b)

Returning to the main issue, we have discretized the simplex into N interpolation
nodes. We need to find the values g (7;,t) for all indices i in order to be able to
interpolate to a continuous solution. Making use of our interpolating assumption,
fa(rt) = Zf\il fn(ri,t)Li(r), where fx(7,t) is arbitrary, we can write out
the semi-discrete form of equation (3.7)

N 8qj ' Nop
> My N 4 Sy Fy) = Y Qui - [FR] (312)
j=1 =1

Vie{l,2,...,N}

where ¢y = gy (r;,t), Fiy = Fn(an(r;,t) and [Fy] = [Fy(an(ri,1))]
and [ runs over all the interpolation nodes on the boundary, 9D, while i and j
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run over all the nodes in the entire simplex D. Here we have introduced the mass
matrix M;;, the stiffness matrix S;; and the face-based mass matrix €2;; as

Mij = (Li(r), Q(T’)LJ‘(T’))D (3133.)
Sij = (Ll(T’),VL](T‘) D (313b)
Qy = (Li(r)aT(r)Ll(r))ap (313C)

where we have used the inner product representations
(Fr)am)p = [ Flatryar, (3143
(f(r).9()op = [ f(r)g(r)dS(r). (3.14b)

oD

Relation (3.12a) is a system of IV equations, each separate equation being a vector
equation with six components in three dimensions. This system can be written in
matrix notation as

0
M% +8 . Fy=Qn-[Fyl. (3.15)

With this in place, a system of ordinary differential equations with respect to time
emerges,

0

% = -M7'S-Fy+M'Qn-[Fy], (3.16)
and a well-known method such as the Runge-Kutta scheme can be used for the
time integration. We only need to initialize the mass and stiffness matrices, which
can be done once and for all. To solve the problem in the entire computational
domain consisting of many simplices, one such system of equations has to be
solved for each element. Apart from the penalty terms were field values from
two elements are needed, the simplices decouple fully, and this makes parallel
computations easily implemented and favorable.

To completely describe the scheme, we need to specify the interpolation polyno-
mials, L;(r). We recall that they were defined as

N
q(r,t) = qn(r,t) =Y qu(rit)Li(r). (3.17)
i=1
It is convenient to first expand g (r, ) in an orthonormal basis ¢, (r). This basis
spans the polynomial space
P, = span{z®y’2¢| a,b,c > 0; a + b+ ¢ < n} = span{e;(r)}Y, (3.18)

where n is the maximum polynomial order and N = dim(P,,) is the number of
nodes per simplex given by (3.1). A proper orthonormal basis {v;}¥, can be
found in [5], [6]. For a standard tetrahedron I,

I={(&n{) eR|&n, > —1; E+n+ (<1}, (3.19)
this takes the form of

Vi(§) = (3.20)

23
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where

Di(€) = Daranas (&) = POy L2y

2
1—t 21
,p(gaﬁLO)(S)( 5 jorten, (3.21)
. P()(é:23a1+2042+1,0) (t)
and the normalization factor
9 22a1+2 22(a1+a2)+3
Vi = Yaraoasz = (322)

200 +1 2(a1+a2)+2 2(a1+ag+a3) +3°

Here, P7§°‘7m (x) represents the classical Jacobi polynomial of order n, and we
have introduced the substitutions

_21+¢§
r= — 1, (3.23a)
. 2(147)
s=-T—¢ - 1, (3.23b)
t=C. (3.23¢)

The index i on ; reflects some chosen ordering of a1, s, and ag so that ¢ €
{1,2,..,N}and

Py, = span{t¢a,asas | 1, 2,3 > 0; a1 + a2 + a3 < n}. (3.24)

This basis can then be transformed from the coordinate system & = (&,7,() in
the standard tetrahedron I to the appropriate basis in the coordinates r = (x, y, z)
in tetrahedron D by the transformation & = W (r).

The basis v;(r) allows us to write

N
an(r.t) =Y 4;()e;(r). (3.25)
Jj=1

Evaluating this at the location r;, inserting it into equation (3.17) and comparing
it to equation (3.25) using orthogonality yields

N
pi(r) = i(ri)Li(r) Vi, (3.26)
=1
or in matrix notation
Y =VTL, (3.27)

where ¢; = 1;(r), V;I = ¢i(r;) and Lj = L;(r).

By utilizing this defined basis 1); (), we can now solve for the interpolation poly-
nomials,
L=v") "y, (3.28)
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and with these computed, we can precalculate the matrices M, S and 2 for the
scheme in equation (3.16).

Now, €2 is somewhat different from the others since it is a semi-face-based matrix
with NV rows and Ngp columns, while M and S both are N x N-matrices. The
elements Q;; = (L;(r), L;(r))sp contain the Lagrangian interpolation polyno-
mials on the face, L;(r). In the case of a two-dimensional face, these follow the
exact same conditions as above, with the exception that the basis functions are
given by

@Zl(& 77) = 1/~Ja1a20(€, m, _1)' (329)

If the face were one-dimensional, then this would in the same fashion lead to the
face-based basis functions

V(&) = Pay00(E, =1, —1). (3.30)

With these matrices initialized, we are all set to get the scheme in equation (3.16)
rolling. We use the 4*" order, 5 stage low-storage Runge-Kutta scheme to solve
the differential equation for the unknowns q,;. The unknowns are in fact the
electric and magnetic fields at the discrete interpolation nodes 7,

dy a0 = | g | (331)

If we have the desire to construct a continuous solution for E(r,t) or H(r,t),
then we just have to utilize the prescribed Lagrangian interpolation approximation

N
q(r,t) ~ qy(r,t) =D an(ri t)Li(r) (332)
=1

with our calculated point values g (7, t).

3.1.1.2 Problem Specific Scheme

Since we are dealing with a simple two-dimensional model-problem, we can eas-
ily introduce a number of simplifications to the general scheme above. First of all,
instead of the full three-dimensional problem in equations (3.2a) and (3.2b), we
can look at the reduced transverse electric mode equations (2.18a), (2.18b) and
(2.18c). This brings down the size of all vectors and matrices from 6 to 3. The
interpolation polynomials in each simplex will be two-dimensional, whereas the
face polynomials will have only one spatial dimension. The total number of inter-
polation nodes residing in each triangular element will be N = (n + 1)(n + 2),
and Nyp = (n + 1) nodes will be spread out on each face of the triangle. In
addition, by using merely straight-sided triangles, the transformations from the
standard triangle become simple as the coordinate transformation Jacobian turns
constant. A case with these simplifications has been implemented in a MATLAB-
code, and the results will be discussed in chapter 4.

25
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Figure 3.5. Structured grid with
spacing Az = Ay = 0.025.

26

3.2 High Order Finite Difference Method

The name of the game for finite difference methods is to approximate spatial
derivatives by finite differences. Performing a finite difference calculation, one
needs to discretize the computational domain into nodes. The values of the solu-
tion at the different nodal points will be used in order to calculate the differences
that approximate the actual derivatives in the differential equation at hand. In or-
der to do this effectively, it is convenient to use structured grids that make it easy
to build the differences in a general fashion for all points in the domain.

1~
0.9
0.8

0.7

i
-1 —0.8 —0.6 —0.4 —0.2 o 0.2 0.4 0.6 0.8 1
x

A finite difference method is fairly straightforward to implement into a computer
code, at least for a simple geometry. However, for complex bodies and different
materials, sophisticated mapping procedures are required. The metric coefficients
of these mappings might introduce instabilities, see [10].

For a structured, Cartesian, equidistant grid such as the one given above, the
straightforward way to approximate a spatial derivative of second order of ac-
curacy is

OBCibi) o X (Blwinuy) ~ Blairm)). (3.33)
This estimate will be used in our finite difference code, but in an attempt to in-
crease accuracy, we will also go to higher-order methods. We will concentrate on
orders 4 and 6 in this work. The fourth-order centered differentiation approxima-
tion will be

OFE(x;,y; 1 /-1 2
OPGy) | (g )+ 2B )

or  Ax\12 3
T ‘)) (3.34)
3 Ti—1,Yj 12 Li-2,Y5) )
and we will use
——— =~ — | =E(%i43,Yi) — —=E(xit2,Y;
O A:p(60 (wiv3,95) = 55 B (@is2,95)
3 3
+ 1 B@irn, ) = B (zio1,y5) (335)
3 1
+ %E(wi—%yj) - @E(xi—?”yj))

as our centered sixth-order approximation.
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Figure 3.6. Discretization of a
computational region for the fi-
nite difference scheme.

3.2.1 Computational Scheme

For a detailed discussion of the computational scheme of the finite difference
method, we refer to [4]. Here, we just briefly summarize the topic.

We start by looking at the equations that we want to solve for our particular prob-
lem set-up. Maxwell’s equations in the transverse electric mode are given in equa-
tions (2.18a), (2.18b) and (2.18c). Writing these in matrix form yields

Su; + Au, + Bu, = 0, (3.36)
with
w 0 0 H,(r) 0 0 1
S=|10 € 0|, a(r)=| Ex(r) |, A=|0 0 0 |, (337
0 0 € Ey(r) 100
and
0 -1 0
B=| -1 0 0 (3.38)
0 0 0
Ynm
Y
yO

We first discretize the computational, two-dimensional region into node points
(xi,vj),1€0,1,...,N,j€0,1,..., M as shown in Figure 3.6. We construct a
vector u where the entries themselves are vectors w; () with the vector values at
the nodes being ; ;(t),

UO(t) ﬂ@o(lf)

u(t u;1(t Hz@:i’yj)
u= 1:( ) ;o ui(t) = 1( ) y o U(t) = gz(xiayj)

UN (t) ,ai’M (t) y(xza y])

(3.39)

27
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The vector u;(t) stores all the field values from a column of grid points, i.e. it
only looks at nodes placed on a specific x-value. In a similar fashion, we can
define a vector

g ;(t)

v;(t) = f“’{(t) (3.40)

an,;(t)

that only handles the field values from a row of grid points, i.e. the nodes situated
at a single y-coordinate.

Using the finite difference approximations of the derivatives according to expres-
sions (3.33), (3.34) and (3.35) above, we can construct a differential operator D,
that acts on the vector u;(¢), and in the same way an operator D, that differen-
tiates with respect to y and that acts on the vector v;(¢) described above. These
operators are constructed as Summation By Parts operators, which means that
D = P~1Q, where the matrix P is symmetric, positive definite and bounded,
i.e. Axpl < P < Axql where p > 0 and ¢ are bounded independent of the
size of the grid, i.e. independent of N and M. The matrix Q is to be almost skew-
symmetric, i.e. Q7 + Q = diag(—1,0,0,...,0,0,1).

With these operators in place, we would like to be able to write the system of
differential equations in (3.36) acting on w in its entirety. This is accomplished
through Kronecker multiplication by large identity matrices, and the result be-
comes

I @ S)ur + (D @ Ing ® A)u+ (In ® Dy ® B)u = 0, (3.41)

where we have introduced the identity matrices I, Ix and Iy, x with sizes (M +
I)x(M+1), (N+1)x(N+1)and (M+1)(N+1)x (M+1)(N+1) respectively,
as well as the Kronecker product of matrices, ®, see appendix A. Through this
composition, the differential operator D, only acts on the x-components of u
while D, operates merely on u’s y-components.

A way of imposing the boundary conditions is through the so-called Simultaneous
Approximation Term (SAT) procedure, [7]. This is a penalty procedure entirely
similar to the one used in the spectral method in Section 3.1. In the same fashion
as we did there, we would like to base the boundary treatment on the notion of
characteristic variables and upwind fluxes, see appendices B and C. We set the
ingoing characteristic variables as the boundary data, and we will compare the ac-
tual solution at the boundaries to these given data. If the numerical solution differs
from the boundary data, the scheme will be penalized. The SAT procedure affects
the numerical scheme by replacing the zero on the right hand side of equation
(3.41) by a term from each boundary, yielding

(Inn @ S)wr + (D2 @ Iy @ A)u+ (In @ Dy @ Blu =Y _BCj,.  (3.42)
b

For a rectangular geometry such as ours, we will have 4 boundary terms. If we
utilize a geographical orientation where we call the borders east, north, west and
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south, we will get the following boundary terms:

BCeust = (Py'Enn® Iy © Seast)
(N © Tt © Keqo)t — exn @ gast ), (3:430)
BCuest = (Py'Bon ® Iy © Suest)
: ((IN ® Ing ® Kyest)u — egn @ gwest>, (3.43b)
BCsouth = (In ® P, Eon ® Ssouth)
((In © Ing © Koot )t = Goouan @ €onr ), (3:430)
BCporrn = (IN ® Py Exia @ Snopen)

’ ((IN ® Iy ® Knorth)u ~ Gnorth @ eMM) . (343d)

Here, Pg;1 comes from the Summation By Parts operator D, = Px—lQm and Py—1
likewise from D, = P,"'Q,. The matrices and vectors that make sure that the
operators apply on the right things are Egg, Eri, eox and egi. I is an identity
matrix of size (k+1) x (k+1), Eo, and Ej, are matrices of size (k+1) x (k+1)
where

1 0 0 0 0 0
Eop=1]. . . v Ee=1 . . L ; (3.44)
0 0 0 0 0 1

and e, and ey, are vectors of length k£ + 1 defined as

1 0
0 0

€k — : y €L — : . (345)
0 1

The framework for the boundary terms in (3.43) is based on the notion of charac-
teristic boundary conditions. Analysis shows (see Appendix B) that the character-
istic variables at the eastern boundary become

c§st(r) = aﬁ‘”t% (n(r)Hz(r) + Ey(r)>, (3.462)
CSGSt(’I‘) — agastEx(r>’ (3.46b)
50t (r) = af}f”“%( —n(r)H,(r) + Ey(r))7 (3.46¢)

where a$t, a5 and a$°*! are arbitrary constants. Variable c¢%*¢ corresponds to
the positive eigenvalue A\; = \* = ¢ of equation (B.9) and this is the characteris-
tic variable that remains constant on characteristic curves moving in the positive
x-direction, i.e. out of the computational domain. cgast on the other hand corre-
sponds to the negative eigenvalue A3 = A~ = —¢, and this is the variable that is
connected to the ingoing characteristic curve, i.e. the one that we will make use
of in the boundary condition on the eastern border, z = 1.

29
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In the same way but at the other three outer boundaries, the characteristic variables
are

o) = agt (= HL) T By). (3473
(WSt ()  qWeSt (). (3.47b)
et () — avivest% (n(r) H.(r) + Ey(,,)), (3.47c)
(ot () — a?mh%( —p(r)H.(r) + Ew(r)), (3.48a)
eorth () — qnorth g (), (3.48b)
ot () — agmh% (n(r) Ha(r)+ Ex(r)> (3.48¢)
erouth (1) agouth%<n(,’,)Hz(r) n Ex(r))7 (3.49a)
csouth () — g3 7 (), (3.49b)
SOt () = aiouth%( —n(r)H(r) + Ex(r)), (3.49¢)

where a1, ao and ag are arbitrary constants. Again, variable ¢; corresponds to the
positive eigenvalue \; = \™ = ¢ of equation (B.9) and c3 belongsto A3 = A\~ =
—c. Because of the general coordinate system in (B.9) where é is the outward
pointing normal, this means that cs will be the ingoing characteristic variable at
any boundary. We choose a; = 1 and denote the transformation from the field
variables to characteristic variables K. This gives

cr(z,y) H,(z,y)
c(z,y)=| ca(z,y) | =K | Ex(z,y) | = Ku(z,y) (3.50)
63(1"?/) Ey(CL‘,y)

where in particular the transformation matrices at the boundaries become

LR o)

Keast - O 1 O 5 Ku)est - 0 1 0 5 (351&)
BIRE oo ]
(i 3 o] S

KSOUth = O 0 1 9 Knorth == 0 0 1 (3.51b)
L —3m 5 0] s 5 0

Now, in (3.43), g are the vectors containing the boundary data. With the explana-
tion of characteristic variables above,

C1 (1'1‘7 Zl/j)
gi,j (t) = | ca(i, yj) (3.52)
03(%‘, yj)
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as the boundary data at grid point (x;,y;), our g’s become

QO,M(t) go,o(t)

Gnorth = 91,1\:4(15) v Ysouth = 917?@) ) (3.53)
gna(t) gno(t)
E:IN,O(t) go,o(t)

Geast = gN7:1 g v Gwest = go1 g (3.54)
anu(t) Go.m (1)

Finally to be explained in (3.43), the matrices 3 are 3 x 3 penalty matrices that
should pick out the proper characteristic variable at each of the boundaries. Also,
the choices of X determine the stability of the scheme, more on this topic in Sec-
tion 4.6. Our choices of X are

1

[0 0 —1 7 00 3

Yinorth = 00 _% y Usouth = 00 _% ’ (355)
00 0 | 00 0
[0 0 3 ] 00 -1

Yeast =10 0 0 |, Spest=/0 0 0 |. (3.56)
[0 0 —g | 00 —g5

Now that we have the framework for the boundary terms, all we have to do is to
solve for u; in equation (3.42), and let a standard Runge-Kutta method take care
of the time-stepping required to yield EM-field values at different times ¢.

3.2.1.1 Problem Specific Scheme

In the previous section, we outlined a scheme that dealt with the case of a one-
material domain. Our main interest is to look at the material discontinuity between
our two materials. To do that we must connect two such single material regions.
This requires a bigger grid matrix, and a set of interface conditions between the
regions. These interface conditions can be handled much like ordinary boundary
conditions, only with a slightly different penalty matrix. For specific choices of
interface conditions and penalty matrices pertaining to these we refer to Section
4.6 where stability will be considered, and penalty matrices chosen.
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4 Numerical Results

Figure 4.1. Spectral method
10" order solution for the to-
tal E-field at ¢t = 1. A wave
with amplitude 1 is incident from
the left at an angle 6, = w/3
to the discontinuity normal. The
graphs show the E, and E,
components respectively.

Figure 4.2.  Finite difference
method 6t order solution for the
total E-field at ¢ = 1. A wave
with amplitude 1 is incident from
the left at an angle 6; = w/3
to the discontinuity normal. The
graphs show the E, and E,
components respectively.

The methods outlined in chapter 3 have been implemented into computer codes.
The program for the spectral element method was written in MATLAB, and the
finite difference method implemented in FORTRAN. With these codes, a few sim-
ple tests were carried out to test the performance of the methods. Although the
problem set-up was identical for the two cases, and the numerical schemes both
utilize characteristic boundary conditions, the codes were implemented in differ-
ent computer languages, and consequently the comparisons must be taken with a
pinch of salt. They might however be able to show some general tendencies.

4.1 Total Field Solutions

What one ultimately seeks, are the electric and magnetic fields in space and time.
Here, we first take a look at the electric field E(r, ).

E, E,
« y

e
04" T "

02 T~ -os
0

¥

In the plots in Figure 4.1 we see the x and y-components of the electric field solu-
tion with the spectral method scheme at time ¢ = 1. A polynomial order of 10 has
been used in the interpolation, and the wave is incident at the angle 6; = . The
base mesh has triangles of edge size 0.1, glance at Figure 3.1 for this grid. We
notice that £, is continuous over the material interface, as predicted by the inter-
face conditions in Maxwell’s equations (2.5a), while E, shows a discontinuity at
2 = 0 due to the different material constants.

E, E,
" v
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Ha Ny . ~
~. . -~
08 " 08"
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06 — 05 06 T

= e =
04T _—0 04 o
02 i 02 -
X ~—— -0 . o.
0 -1

¥ x y

The results of the finite difference calculations can be viewed in Figure 4.2. These
calculations were performed with a 6/ order scheme, on a Az = Ay = 0.01
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Figure 4.3. Spectral method
10" order solution for the re-
flected E,-field travelling to the
leftatt = 1. a.) The incom-
ing wave with amplitude 1 is in-
cident from the left at an angle
0; = m/3 to the discontinuity
normal. b.) The wave is incident
at the so-called Brewster angle,
0, =6p.

Figure 4.4. Finite difference
method 6t" order solution for
the reflected E,-field travelling
tothe leftat t = 1. a.) The
incoming wave with amplitude 1
is incident from the left at an an-
gle 8; = /3 to the discontinuity
normal. b.) The wave is incident
at the so-called Brewster angle,
0; = 0p.
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structured rectangular grid. Both the E, and the E, components of the electric
field show the same properties as previously discussed for the spectral method
calculation.

E scattered
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E, scattered
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A characteristic physical property of our setup is that a wave entering the second
material refracts and changes direction as well as amplitude. This can clearly
be seen in the solutions in Figures 4.1 and 4.2. The material discontinuity also
produces a reflected wave, which is of variable magnitude depending on the angle
of incidence 6;. Figure 4.3 shows the scattered fields, i.e. the part of E that
travels to the left, calculated by means of the spectral method. For 6; = 7 /3 there
is a significant reflection, but for the Brewster angle, there is a vanishingly small
reflection, which is clearly indicated by the scale factor of 10~ on the vertical
axis in Figure 4.3.b. This is as it should be since the Brewster angle is defined as
the angle that produces a reflection coefficient I, = 0, see relation (2.34a).

E, scattered E, scattered

o P 02 e~ g5

Finally, by looking merely at the scattered fields for the finite difference method
in Figure 4.4, we can see that the code accurately reproduces a reflection of the
wave at the material discontinuity. The case where the incident angle is the Brew-
ster angle, is also handled well. The scale factor on the vertical axis in Figure
4.4.b is 10~ which indicates that there is essentially no reflection. The Brewster-
reflections in 4.3.b and 4.4.b have different structures and are of different size.
Worth mentioning in this context is that the spectral scheme and the finite differ-
ence schemes are of different order, and also of different grid size. Nevertheless,
the schemes do have in common that the Brewster-reflections are very small.
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Figure 4.5. Spectral methods
of the 274, 6t and 10*" order
schemes att = 1 for 6; = /3.
The E-error in the numerical so-
lution is plotted versus a charac-
teristic sidelength Az of a grid
triangle. The dotted lines are the
theoretical slopes.

4.2 Errors

There are numerous different types of errors to look at, but the perhaps most fre-
quently used measure is the Lo-norm. If the displacement between the analytical
solution E 4 and the numerical solution Ey ise = E4 — E, then the Ly-norm
of this error is

21‘11 e?
lellz, =\ =5 (4.0)
Here, the summation runs over all the N discrete points r; where we have an
approximation to the electric field solution available. In this way, the Ly-error be-
comes a mean value estimate of the local errors in each point of the computational
domain. The Ls-norm will be used for all error estimates in this report.

4.3 Order Verification

o~

,_.
O\
S
T
i

[lerror Il
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10

10 "

0.1

Figure 4.5 shows the error reduction of the spectral method for polynomial orders
2, 6 and 10. With decreasing grid size, the errors of the numerical solution shrink
accordingly. The discrepancy from the theoretical slopes of n‘* order methods
in general, i.e. the dotted curves that show |le| ., = O(Az)", is small, which
indicates that the schemes are performing as they should.

One reason why the numerical results do not show completely straight lines is
most likely because the calculations are performed on unstructured grids where it
is difficult to get a good estimate of a “characteristic triangle length” Ax. Here,
Az is chosen as the edge length of all the mesh triangles at the outer boundary.
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Figure 4.6. Finite difference
methods of the 274, 4th and
6th order schemes at t = 1 for
0, = m/3. The E-error in the
numerical solution is plotted ver-
sus the grid point spacing Az.
The dotted lines are the theoret-
ical slopes.
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The finite difference scheme also performs properly as we change the grid spac-
ing, which can be seen in Figure 4.6. As the grid spacing Ax decreases, the
E-errors decrease as predicted by the theory, whose results are depicted by the
dotted lines.

4.4 Memory Consumption

A vital point a large scale calculation is the one concerning the memory require-
ments. To store the electric and magnetic field values in each discretization point
requires an amount of computer memory proportional to the number of discretiza-
tion points. The memory of our particular computer limits the discretization den-
sity of the problem at hand, and therefore it is interesting to analyze how the error
of the calculation varies with degree of freedom, i.e. the number of discretization
points.

In Figure 4.7 the E-errors of the spectral calculations are graphed related to the
degrees of freedom. Naturally, increasing the number of discretization points
shrinks the error, but more importantly, by increasing the order of the calcula-
tion it is possible to reach a smaller error with fewer degrees of freedom. This
means that by using a higher order method it is possible to use less computer
memory and still reach the same error level as with a lower order method.

The same type of results, i.e. how the error varies with the number of grid points,
are drawn in Figure 4.8 for the finite difference calculations.

Figure 4.9 shows a comparison of the spectral method and the finite difference
method in terms of degrees of freedom. Spectral method results are the dotted
lines whereas the finite difference results are drawn in solid lines. Ideally, one
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Figure 4.7. Spectral methods
of the 24, 6" and 10" order
schemes at ¢ = 1 for §; = /3.
The E-error in the numerical so-
lution is plotted versus the de-
grees of freedom.

[lerror_|l.
=
o
T
Il

10 L L L L P | . L L L L P |
10 10 10
Degrees of freedom

seeks small errors and few degrees of freedom. A spectral method and a finite
difference method of the same order show similar growths in error as the number
of discretization points is decreased. There is however a small but noticeable
difference for the lowest order methods. Here, a given error value can be reached
with slightly fewer degrees of freedom with the spectral method.

A major difference between the methods is that the finite difference method can
raise the order of accuracy and keep the degrees of freedom constant. The dis-
advantage of the spectral method is that the number of discretization points auto-
matically increases as the order grows.

4.5 Efficiency

An efficient calculation would compute an accurate solution quickly. One would
therefore be interested in the elapsed total computational time needed to reach
a certain accuracy level. We would like to compare the efficiencies of our two
different schemes, and since we in both cases use the same Runge-Kutta scheme
to do the time integration, it suffices to look at the time needed to perform a single
time step. However, the computer programs used in the calculations were written
in FORTRAN for the finite difference method and in MATLAB for the spectral
method. They were also coded by different people, making it unfair to just clock
the calculations and compare the results straight off. Another approach would be
to estimate the number of floating point operations needed for the two methods.
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Figure 4.8.  Finite difference
methods of the 274, 4t and 6"
order schemes att = 1 for §; =
/3. The E-error in the numeri-
cal solution is plotted versus the
degrees of freedom.
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4.5.1 Finite Difference Operations Count

Let us first try to count the number of floating point operations needed to advance
one time step in the leanest, most efficient form of a possible finite difference com-
putational code. Such a code is somewhat of a utopia because there are usually
extra organizatory functions needed. In addition, the more efficient a code is writ-
ten, the more fancy tricks it uses, and hence the program becomes less clear and
lucid. In order not to leave an incomprehensible code contribution to posterity,
a slightly simpler but also slightly less efficient program might be the preferable
choice. However, in order to make a simple comparison for our purposes, these
theoretical high efficiency limits will do.

For both the finite difference and the spectral method, we are solving the trans-
verse electric mode equations (2.18a), (2.18b) and (2.18c).

In the case of an arbitrary even n-th order finite difference scheme, a single partial
derivative is written 8{;—3(::1‘) = >, aK(r;), where z; € {z,y,z} and K is
anything differentiable at the discrete point r;, e.g. E,(r;), Ey(r;) or H,(r;).
Such a differentiation is in general going to include n — 1 addition operations
as well as n multiplications. Take a quick peek at equations (3.33), (3.34) and

(3.35) to verify this. So, one differentiation corresponds to 2n — 1 floating point



FOI-R-0489-SE

Figure 4.9. Spectral methods of
the 2nd, 4th 6th and 8" order
schemes and finite difference re-
sults oforders 2,4and6att = 1
for 6; = =/3. The E-error in the
numerical solution is plotted ver-
sus the degrees of freedom. The
dotted lines are from the calcu-
lations with the spectral method
and the solid lines are from the
finite difference computations.
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operations. If we reformulate equations (2.18a), (2.18b) and (2.18c¢) as

OE, 10H.

o <y (4.2a)
OE, —10H.

ot " ¢ oa (4.20)
oH. 1(0E, OE,

ot u( oy Ox )’ (4.2¢)

we need 2n — 1 operations for the derivative in (4.2a), and one operation to include
the multiplicative factor % In the same way, we need 2n operations to evaluate
the right hand side of (4.2b). Because (4.2c) has two derivatives and an extra
subtraction, it takes 4n operations to calculate %. When we add all this up,
we get 8n floating point operations per discretization point and time iteration.
With a total of Nﬁf’ discretization points in the entire computational domain, the

calculation requires
2D \fFD

Hlops = SnNED

pts

(4.3)

floating point operations, i.e. the work effort is linear in the order n and in the
number of grid points. This estimate disregards all influences of boundary condi-
tions, but unless the domain is dominated by the boundary, which is not the case
for our “bulky” rectangle, the boundary flops will only provide a minor contribu-
tion to the total number of operations.

As a generalization of the two-dimensional result (4.3) to three dimensions we
need to remember that the transverse electric and magnetic mode simplifications
do not hold in a general three-dimensional geometry. Instead, we have to solve
the six scalar equations included in (2.17a) and (2.17b). Adding up the floating
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point operations in the same way as above yields

SONGD o =2anNED. (4.4)

Figure 4.10. The number 107
of floating point operations per
time step for the ideal numerical
finite difference method is plot-
ted versus the E-error for differ-
ent orders n att = 1 for ; =
/3.
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Figure 4.10 shows the variation of the number of floating point operations needed
for one time iteration with the finite difference scheme in our specific two-dimensional
case. Varying the grid size of the mesh has produced the results. If we disre-
gard the rightmost points, i.e. where the grid is so coarsely spaced that error
becomes greater than 10%, we see that a specific error level is reached with sig-
nificantly fewer floating point operations when we utilize methods with a higher
order. When the order of the scheme is increased, the need for densely spaced
grid points decreases, and hence the performance of the code is improved.

4.5.2 Spectral Method Operations Count

Counting the number of operations for an ideal finite difference scheme was easy.
For the spectral method outlined in this report, it is slightly more complicated.
Instead of merely looking at a specific discretization point, we have to deal with all
the interpolation points within a simplex, which in our two-dimensional material
discontinuity case becomes a triangle.

The general spectral scheme in equation (3.16) can be simplified to the following
two-dimensional transverse electric mode scheme for straight-sided triangles with
constant material parameters:
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aaEtm _ 1< 5 : IVZu (z” yH.] —ng (- [E]) — [Ex]>8D), (4.53)

O0E, OH, |Vu| n .

ot € < Oz 7 (Z = Hz] —ny (n . [ED B [Ey]>aD)’ (4.5b)
oH, 1 OF, B 0E, n |Vu| (

ot Jy ox Y

VinlB) - Y5 - (1))
(4.5¢)

This spectral scheme consists of two contributions in each triangle, the fluxes
over the triangle edges and the interpolation approximations to the differentiation
operator in the entire triangle. In the flux-facial terms, w is the parametrical de-
scription of the triangle face, 7 is the outward pointing normal to the face w, and
zbn = ﬁ = \/el:" Z =27'+2"Y = Y!'+ Y™ where 'n’ indicates the
neighbor triangle while ’{” refers to the local triangle. In addition, we remember
that [E] = E" — E..

All but the factors including field variables can be precomputed, and they need not
be re-evaluated each time step. Hence, all that needs to be done is to summarize
the precalculated parameters in one constant for each term that will be multiplied
by either the field bracket or the derivative.

The *0D-terms’ only include bracketed field terms, which means that the dis-
cretization points on the triangle faces only interact with a single neighbor point.
The approximation of the spatial partial derivative, on the other hand, is in gen-
eral dependent on all the field values in triangle D. This means that the differ-
entiation will be implemented in terms of a matrix, multiplied by a vector of the
field values at all interpolation points. There are two such differentiation matrices
ij = f) and D}, = aL&(?g) and they are defined on a standard element
1, so that the matrlces operate with respect to the coordinate system £ local to
1. Because of this, a coordinate transformation has to be done to get back to the
Cartesian coordinates.

The partial derivative aHg(”) can be approximated by 3 (g—ngjJrg—ZDZ) H,(rj).

To get all the derivatives in all points r;, this becomes our matrix multiplication
(g—in + g—ZD’?)HZ. If we utilize an nt" order scheme, our triangle will have
n + 1 interpolation points on each face and N = %(n + 1)(n + 2) points total

in the triangle. The differentiation matrix <g—§D’5 + g—ZD’?) can be precomputed
and it will be of size N x NN operating on a vector consisting of N points. This
gives N(2N — 1) floating point operations per matrix multiplication. We need 4
such matrix operations since we have 4 physical spatial derivatives. Hence, in a
total of 4N (2N — 1) operations, we have estimates of the derivatives in all points
of the triangle.

In the flux terms, the brackets [E,], [E,], and [H] are facial differences that
have to be evaluated in 3(n + 1) points each, thus requiring 9(n + 1) operations
altogether in one element. The dot product 72 - [E] can be calculated in all face
points using 9(n+ 1) flops. With these calculated we can multiply out and add the
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factors of the flux terms. In each of (4.5a), (4.5b) and (4.5c) a number of 15(n+1)
operations is necessary to do these multiplications and additions, i.e. 45(n + 1)
in total. Since each face is shared by two elements, we can save some work by
re-using the scalar product 72 - [E] in the neighbor elements, where it will be the
same. This means that we can reduce the effort to compute the three flux terms
from 63(n + 1) to 58.5(n + 1) on average.

Adding the flux terms to the differentiated fields and multiplying by the material
constants costs NV + 3(n + 1) operations for equations (4.5a) and (4.5b) respec-
tively, and 2V + 3(n + 1) operations for equation (4.5c).

Summing up all the floating point operations required for one time iteration in the
spectral scheme in the entire computational domain, we get

NS = (4N(2N — 1) +585(n+1) + 4N +9(n + 1))N§, )
- (2(n+ 1)2(n +2)% + 67.5(n + 1))N§, '

(&2

where NV is the number of nodes per triangle, n the order of the interpolation
polynomial and N5 is the total number of triangles in the whole region.

By the same kind of counting, this can also be generalized to three dimensions
where the work effort will be

3DN]‘§20108 = (%(n +1)%(n+2)*(n+3)% - ;(n +1)(n+2)(n+3)

(4.7)
+100(n + 1)(n + 2)) N5,

n being the order of the method and NV the number of tetrahedra filling out the
domain.

If we vary the interpolation order n as we calculate the number of floating point
operations, and at the same time relate this to the error in the calculation, we get
an estimate of efficiency, represented in Figure 4.11. The graph shows that we
can retain a certain error level by increasing the interpolation order and conse-
guently get a slightly faster computation. The efficiency improvement reached by
increasing the order n of the method, and at the same time reducing the number of
elements Nfl in the grid, grows larger as the requirements on the errors sharpen.

It is worth mentioning that in this theoretical estimate of the floating point opera-
tions for the spectral method, we have represented the differential operators with
general, full matrices ij and D?J In the actual computer calculation, it turns out
that many of the entries in these matrices actually are 0. By using an optimized
matrix multiplication package in the computer code, sparser matrices will not re-
quire the same amount of computational power as full ones, and therefore the total
number of floating point operations can be reduced in reality. This means that the
results in (4.6) and (4.7) probably are underestimates of the actual efficiencies.
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Figure 4.11. The number
of floating point operations per
time step for the ideal numerical
spectral method is plotted ver-
sus the E-error for different or-
dersnatt=1for6;, = /3.
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4.5.3 Comparing the Methods

By putting the previously shown efficiency graphs for the spectral and finite dif-
ference methods on top of each other, we can make a fair comparison.

Figure 4.12 shows what one might have expected, i.e. that the finite difference
scheme is more efficient than the spectral scheme. The largest difference between
the finite difference curves and the spectral curves is about a factor of 6, and this
occurs at the error level 1073, As the orders of the methods increase, the slopes of
the curves tend to increase, and by a careful investigation, the slopes of the finite
difference method appear to be slightly smaller than the slopes of the spectral
method of equal order of accuracy. If we extrapolate the curves toward errors
approaching zero, this means that the spectral methods will eventually outperform
the finite difference schemes. This is only a theoretical scenario however; such
low error levels are never used in practice.

When choosing a scheme for this simple two-dimensional problem, a high-order
finite difference scheme would definitely be the one. However, the present prob-
lem is more or less tailored for the finite difference scheme. A more complicated
geometry would definitely favor the spectral scheme, mainly because of the rel-
ative ease of constructing an unstructured grid. Besides, the performance of the
spectral scheme is in reality better than our theoretical estimates show. This is due
to optimized matrix-multiplying techniques that improve efficiency for the differ-
entiation matrices that are not always full as they have been assumed to be in our
reasoning.
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Figure 4.12. The number
of floating point operations per
time step plotted versus the E-
error for different grid point spac-
ings Az att = 1for 6, = 7/3
as the order n is varied. The
dashed lines correspond to the
spectral scheme while the solid
lines are from the finite differ-
ence calculations.
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So far, we have only dealt with results of the calculations at ¢ = 1. This is fine
for the sake of comparing the schemes’ performances, but what happens when we
need to consider scenarios that elapse much longer in time? This brings out the
question of stability.

4.6.1 Spectral Scheme

From a theoretical point of view, we can investigate stability by looking at the
electric and magnetic energies and how they develop with time. The electric and
magnetic energy densities are

| E|?
pE=—5— and ppg=

p|H|?
2

(4.8)

respectively. If the electromagnetic energy in the system is non-growing, i.e. if

(4.9)

0
I <
BT /(PE + prr)dr <0,

then certainly the system is stable.

We begin by looking at a single element D;. If the E-part of equation (3.12a)
is multiplied by E; = E(r;) from the left, followed by a summation over i and
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using that Ey = Zf\;ﬁ E;L;(r) , then we reach

/ (EN-Eag—tN—EN~(VXHN)>dT=
D X (4.10)
Zn[HN] —n X [EN]

= TEN - | T X ds(r).
/apk N( AR AL > )

Rearranging this with 3 5 [}, eEXdr = [, ¢Ey 9EN dr yields

d 19
= dr = ~= E3dr =
8t/kaEr 26t/DkE Ner

= Ey - (V x Hy)dr (4.11)
Dy,

of (v LR N g,

Zt+ Zn

In the same fashion, but with the H -set of equations,

d 10
— dr = - — H3.d
at/kaH " 2at/Dk“ Ner

= — Hpy - (V x Eyn)dr (4.12)
Dy,

R Y”[EN]—F’I??,X[HN})
— TH N -TL X dS(r
?ng< N Yigyn (r)

results. The total change in the energy Ep, = ka (pE + prr)dr in element Dy,
becomes

o -~ =

(4.13)

after utilizing the divergence theorem.

The total energy change in the entire computational domain, %E => %EDM
will be a sum of the contributions of the surface integrals over all element faces.
The inner faces will be counted twice, while the outer boundary faces only con-
tribute once each.

Let us first look at the contributions from the boundary faces. At a boundary,
H'y;, and E’; are set as boundary conditions, but it suffices to consider the case
with homogeneous boundary conditions, HY, = E'y, = 0. This means that
[En] = —E!y = —Ey and putting this into equation (4.13) yields

QED]C:% <(HNXEN)-ﬁ
ot oD,

TY ™" TL"
— Hy - x Exy — —
+ v N T N Z

+%HN-7‘7,><7‘1,><HN+%EN-ﬁfo><EN>dS(r).
(4.14)

EN‘ﬁ,XHN
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Rearranging this using some vector identities gives

0 yr zZm
a1 0w ngk<(T Y+Z > N N XEN
T N N T N N
+?HN-n><n><HN+EEN-n><n><EN>dS(r),
(4.15)
but ) z
yr zZn VAD zZ" 7 AL
—t ===+ ==—=+—==1 4.16
vz Lyt z-z 77" (4.10)
so the resulting boundary integral turns out to be

QED;C:% <(T—1)HN-fLXEN
ot oD,

+%HN-ﬁxﬁxHN+%EN~ﬁ><ﬁ><EN>dS(r).
(4.17)

Demanding that the integrand is less than or equal to 0 in accordance with (4.9),
yields an inequality written in matrix quadratic form,

qhAqy = (-~ VHYREy + ZEYR*Ey + CHYRHy <0, (4.18)

that will ensure stability for the scheme. Here R is the rotational operator matrix
corresponding to "7 x’,

0 Ny Ny
R=| n. 0 —n |, (4.19)
—MNy Ny 0
the vector g is defined as
E

moreover, the matrix A becomes

TR  -I(r-1R
= z 2
A [ %<T _ DR %R2 . (4.22)
A quadratic form can always be re-written like g4 Aqy = >, Aildy|% where \;
are the eigenvalues to the matrix A. Here, the eigenvalues turn out to be

A—2=0 (4.22&)

—T(Y +2)+ \/7'2(1_/ +2)2+Y222(1 —1)2 —412Y 7
2Y 7 '

(4.22D)

A3—6 =

Since we have Positivg material parameters ¢ and y, Z and Y become positive,
and therefore, Z and Y will also be positive. To make sure that relation (4.18) is
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Figure 4.13. The limits on
tau as YZ goes from 4 to
oco.  The upper limit =, =
(YZ +2vYZ)/(YZ — 4) and
the lower limitis 7, = (YZ —

WYZ)/(YZ—4).

Figure 4.14. Two elements D,
and D, connected at the face
D, where the surface normals of

the two are A" = —#l.
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fulfilled, we need to require eigenvalues that are less than or equal to zero. The
only way for this to hold for all eigenvalues A\y_g is if

Y2Z%(r —1)2 —4r*’YZ <0, (4.23)
which means that
YZ-2YZ _ _YZ+2/V7 (4.24)
Z —4 YZ -4

A closer examination shows that YZ > 4. WhenY Z = 4, the allowed interval for
TS [%, o0), but as Y Z grows, the interval shrinks continuously, andas Y Z — oo,
7 — 1 which is shown graphically in Figure 4.13.

So, if we choose
(4.25)

T=1,

inequality (4.18) will be fulfilled for all possible choices of real material parame-
ters.

Looking at a single element like we just did, corresponds to the contribution to
the energy growth from the outer boundaries only. Let us now consider the case
when the computational domain consists of two elements D; and D,,.

In addition to the energy contributions from the outer faces described above, the
inner faces will now also contribute. The extra feature of these is that they share
the face with their neighboring element. The total energy growth in this system
will be a sum of the surface integrals over both elements

0
A OO EY ACR Iy N A
D, n faceinner facesouter

(4.26)
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Performing these integrations, there will be outer faces along which the integration
will take exactly the same form as it did in equation (4.13). The difference is the
integration over the inner face. Here, we need to set up equation (4.13) for the
neighbor cell as well as for our local cell and then combine them.

For the local cell which we denote by D;, we have

QEDZ :}[ (HY x EY) -l
ot oD,
yn El A H"™ — Hl
—rHY Al x (ER )+§_:LX( N N)
Z"(HY — HY) — E% — E!
+7EY -l x (Hx x) Zn X N)>dS(r),
(4.27)
while the neighbor cell D,, has the following energy estimate:
9p _j[ (H?, x EY) - "
at Dyp — oD, N N
YYEY — E%) + HY, — H?
—THT]{/ A ( N ) ;” ( N)
Z{(HY — HY) — 7 E, — E%}
LB A x 2 v) Z” x (By N))dS(r).
(4.28)

Keeping in mind that 2™ = —#/!, we can add the contributions to the integral over
the common edge 9D, from element D; and D,, and reach

/ap ((Hé\,xElN— %XE’]‘V)-ﬁl

yn ryn
TY HY -7l x EY + YHl Al x El

zn zn
+TZ Bl Al x T]@—TZ Bl -al x HY,

y! y!
JrTTHT;V.ﬁl><E§V—771517V-ﬁle7V

A A 4.2
—%E% Al x HY +T7E” Al x HY (429)
—%Hﬁv-ﬁlxﬁle%qL?HlN-ﬁlxﬁlelN
f%ElN'ﬁlxﬁle"+%E§V-ﬁlxﬁlelN
—%H?V-ﬁlxﬁlxﬂ +YH" Al x il x HY

- %Eﬁ, Al xal x By + %EY;V Al xal x E;LV)dS(r).
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Rearranged, (4.29) becomes

Yyn Z"
[, (e s
oD,
! 1
+<1—%—%) K- alx EY
A aL A vl ooz A
(5 — 5 HN A X By 4 (o — o) HY Al x Bl
+%H§V “lxﬁleﬂv—k%ElN Al x Al x Bl
+% oAl x Al x BN+ =HY Al x Al x HY,
_2% n il xdl x E —Q%H% ﬁlxnlxﬂﬁv>d5(r)
(4.30)
Simplifying this using
yroozn A A
zrn T 7t
y! 7l % 7l n 7l
=+ %+%+ = +tZ=L (4.31b)
yn Zl % Zl Zl Zl
Zr T 71
y! gn 1 gn AL gn
e e (4.31d)
Y 7 E+L 7 Z Z
yields
/ <(T_1)(H§V.ﬁlel _HY Al x BY)
oD,
+%H§V-ﬁlxﬁlelN+%ElN-ﬁlxﬁleﬁv
+%H7V-ﬁl><ﬁlxﬂ?v+%mv-ﬁlxﬁleT]{,
—2yHl sl x HY, —2ZEN Lxn xE”)dS(r).
(4.32)

Representing this in a quadratic matrix form where R is the rotation matrix corre-
sponding to the operation 7! x” in (4.19) we get

| (<T C)(HEY)TREY — (r — 1)(HY)REY,

(HY)" R Hly + —(B\)" BBl
Z (4.33)

*<|| 3 ~<‘| 3

(Hn)TR2 ?V+Z(En)TR2En

- 22<H5V>TR2H7V -2 (BT R )dS(r)

).<
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If we can make sure that the contribution to the energy growth from the edge 9D,
is not larger than 0, then we know, due to the prior analysis of the energy growth of
the outer boundary faces, that there will be no energy growth in the multi-element
system. This can be accomplished by requiring the integrand in (4.33) to be < 0.
In the same fashion as for the single element we express the integrand as g% Aqy
where we have designed g as

By
_ EN
H'y
which means that the matrix A becomes
TZ7'R? —1Z7'R* TFR 0
—7Z'R* TZ7'R? 0 ~AR
A= -5*R 0 TY'R? 7Y IR? (4.35)
0 T—glR —7Y1R? 7Y 1R?

A quadratic form can always be re-written like g% Aqy = >, Aildy|% where \;
are the eigenvalues to the matrix A. Here, the eigenvalues \; turn out to be

AM_a =0, (4.36a)
1 —
Nos = 5= (=27 \far2 4 22(r - 1)2), (4.36D)
1 _
— _ 2 2 _ 2
Ao_12 = 2?< 2r £ /472 + V2(r - 1) > (4.36¢)

The only way we can make all the eigenvalues less than or equal to O is if

=1 (4.37)

With this choice of 7, the quadratic form q%AqN will be < 0, which means that
the contribution to %E from the common face 0D, is < 0. We previously showed
that the contributions to the energy growth from the outer boundaries are < 0 if
7 fulfills the requirements in (4.24). This interval takes different forms depending
on the material properties at hand, but = = 1 always meets these conditions. This
means that the spectral computational scheme is semi-discretely stable for the
two-element system with 7 = 1. A larger computation consists of more elements
with more boundary faces and shared faces, but the same reasoning holds. The
total energy will still not grow and the scheme will remain stable.

Enough theoretical reasoning, let us look at some results from our calculations
instead.

The error development for the spectral scheme that is displayed in Figure 4.15 is
truly astonishing. The methods show no signs at all of error growth. They all
seem to converge to a certain error level, around which there is a small amount of
controlled fluctuation.

The transient course of events, i.e. the error development for the first units of
time, is shown in Figure 4.16. Here it is clearer that methods of order 4, 6, 8 and
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Figure 4.15. Development of
the Lo-error of E during calcu-
lations to t = 250 for 274, 4th,
6th, 8th and 10** order spec-
tral element schemes with Az =
0.5and 0; = /3.

Figure 4.16. Development of
the Lg-error of E during the
early stages of the calculations
for 2nd, 4th gth, 8th and 10"
order spectral element schemes
with Az = 0.5 and 6; = /3.
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10 have the same error fluctuation frequencies, in fact the frequency 2 f, when f
is the frequency of the wave itself. Significant is that all orders converge to the
maximum error level very quickly.

4.6.2 Finite Difference Scheme

Just as in the stability analysis of the spectral scheme, we construct an energy
measure and see how this develops with time. If the total energy of the system
does not increase with time, then the computational method is certainly stable.

The scheme for the finite difference method in equation (3.42) needs to be modi-
fied in order to handle the multiple materials we have in our problem. If we denote
the solution in z < 0 u; and likewise by u,- mean the solution in 2 > 0, then we
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can introduce

[ w = [S o i [A o0 - [ B 0
“’_{uj’ S‘[o SJ’ A‘[o A]’ B_[o B |
(4.38)
and in this notation the continuous problem becomes
Sw; + Aw, + Bw, = 0. (4.39)
We observe that by taking
\'wH2E/wT5’wda:dy (4.40)
Q

we automatically get the electromagnetic energy, apart from a factor 2,

w? =2 /Q (s + prr)dady, (4.41)

2 2
where p(r) = %e(r)’E(r)‘ and prr(r) = %u(r)‘H(r)‘ .

If we multiply (4.39) by w from the left and integrate over the entire computa-
tional area 2 we eventually get

d 1 1
—||w|? = - 2/ H,E,dy +2/ H,E,dy
dt 0 =1 0

r=—1

(4.42)

1 1
+2/ HZExdx‘ —2/ HZExdx‘
-1 y=1 -1 y=0

Using the results of (3.46) - (3.49) where we have chosen a; = 1, we can express
the energy norm in terms of characteristic variables which will come in handy as
we will see shortly.

Sl =2 [ @y - @] +2 [ H(@r-@r)a|_

X 2/01 %<(cg)2 B (C?f)2>dx’y:1 _ 2/11 %((C?)Z - (cg)2) dfr‘y:().
(4.43)

Now, as we leave the continuous formulation and switch to the discrete numerical
approximation, our multi-material problem formulation becomes in the language
of block matrices

BC; + 1T, _-INZ®IM®SZ 0 w
BC, +1IT, | | 0 Iy, @Iy ® S, |
[ PlQu oIy A 0
xl z
il 0 P, ool | v 49
N [ In®P/'Q,® B 01 w
0 Iy, ® P7'Qu@B |

where w = [u; u,|” is the numerical solution in the discrete nodes and w;, u,
Si, Sy, A and B are according to equations (3.37) - (3.39). I, is an identity matrix
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of size (a + 1) x (a + 1) and P, 'Q, and P, 'Q, are the summation by parts
differentiation matrices. BC; and BC, are the SAT boundary terms as given by

BC[ = (P;p_llEONl ® Iy ® Z:west)
((INZ Iy ® Kwest)ul — €N, & gwest)
+ (INl ® szlEOJV[ ® Zsouthl)

(4.45)
((INZ Imy® Ksouthl)'u'l — Gsouth, ® eOM)
+ (INl & Py_lEMM & Enorthl)
((INZ ®Iy® Knorthl)ul ~ Gnorthy ® 6MM>,
BCT = (P‘,;}ENTNT ® IM ® Eeast)
((INT @ Iy ® Keast)ur — €eN,N, ® geast)
+ (In, ® Py Eorr © Ssouth,)
(4.46)

((INT ® Ing @ Koouth, )Ur — Gsouth, @ e0M>
+ (In, ® Py Extar @ Snorth)
((INT ® IM ® KnorthT)uT - gnorthr ® eMM>7

with P, and P, as above and E,;, and e, according to (3.44) and (3.45). The
transformation matrices K to characteristic variables are given by (3.51) and
(3.51b) whereas the exact boundary data g of the characteristic variables come
from (3.52), (3.53) and (3.54). The X’s are the boundary penalty matrices to be
determined.

The part of the scheme that takes special care of the interface between the two
materials is

IT) = (P7'Exn, @ Ing ® Soeo) (eNlNl ® (Ing @ T)(ur, — um)) (4.47a)
1T, = (Pg:rlEONT QR Iy ® Ex:()r) (60Nr & (IM (= F)(’uro — ulNl)> . (4.470)

Here, the vectors and matrices P,, P, Inr, E., and ey, are as above. The conti-
nuity of the tangential fields over the interface is established through the matrix I"
that provides the following:

I'a;(0,y;) =T'a,(0,y;), T = é 8 8 (4.48)
0 0 1
The nodes that this interface term acts on are given by
"ZL'rO,O fbuvl,o
wo=| L = | (4.49)
Up( M UL N, M

Finally, we have introduced the 3 x 3 interface penalty matrices >,_q; and X,—g,.
These have to be chosen suitably in order to yield a stable numerical scheme.
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To simplify further analysis, we multiply equation (4.44) from the right with

le ® Py ® I3 O
0 Py ® P, ® Iy ] ’ (4.50)
which yields
Pw; + (Qo + Zint)w + Qyw = BC (4.51)
where w = [u; u,],
[ (P21®Py®13)55 0
P= 4.52a
I 0 (Pyr ® Py ®13)S, |’ ( )
[ Qu®P,® A 0
- 4.52
Ql’ I 0 Qwr ® Py ® A 9 ( 5 b)
— [ Py ® Qy ® B 0
Qy - I 0 P:Br ® Qy ® B :| ’ (4520)
[0 - o 0]

—Py @ Yp=01 Py ® Xg=qi
o y @ 2 y © 2 4.52d

0 --- e 0

and the boundary terms
BC = (E;® Egn, ® Py @ )
((El ®@ Eon, @ I @ Ky)w — e ® egn, @ gw>
+ (B ® Py @ Egp @ X))
((El ® Iy, ® Eop @ Kg)w — e ® gy, @ 60M)
+ (B ® Py @ Epiy @ )
((El ® In, @ Exn @ Kp))w — e ® g, @ eMM)

(4.53)
+ (Er ®P:Br ® EOM ® Es,«)
<(Er ® 1IN, @ Eoy @ K, )w —e, @ g, ® eoM)
+ (Er ® Pzr ® EMM ® an)
((ET (= INT Q Eym ® Knr)w —e, X an, ® eMM>
+ (Er ® En,N, @ Py ® Xe)
<(Er ® En,.N, @ Iy @ Ko)w — e, @ en, N, ® ge)'
In (4.52d) we have introduced the scaling
Yo—or = Ye=0tl', Zz=or = Xe=orl, (4.54)

and in expressions (4.52) - (4.52d) above, we have also used the block matrix
notation. In X;,; in particular, the only non-zero elements are the ones in the
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center of the matrix coupling the left and right regions to each other. In the term
(4.53) originating from the boundary conditions, we have abbreviated

9w = Guest> 9s;, = Gsouthy 9n, = Gnorth;s
Ew = 2westa Esl = Zsouthla Enl = Enorthla (4 55)
9s,. = Gsouth,» 9n, = Gnorth,» Ge = Geast>

2sr - Esouthra Enr - Znorthm 26 - Eeasta
and we use the matrices and vectors

e[} 8] w0 2] ae (2] - [t]: em

to pick out if the boundary belongs to the left or the right region. Written in this
form, we have assumed the number of grid points in the left and right regions to
be equal, i.e. N; = N,.

To check the stability of (4.51), we will use the energy method and it is convenient
to use a norm that looks like the one in (4.40), only with the difference that we
here discuss the discrete problem. In (4.40), w denoted the field variables at an
arbitrary coordinate (x,y), but here w takes the meaning of the field values at
all discrete points (xz;,y;). Because of this, we can remove the integral from the
norm. We define

|lw|p = w" Pw (4.57)
and we make the following observation about the power 7":
d
T= EHwH% = w! Pw; + w! PTw, (4.58)

since Py, Py, Py, S; and S; are all symmetric which means that P is also sym-
metric.

If we multiply equation (4.51) from the right by w” and to that add the transposed
resulting equation, aided by the help of observation (4.58) above, we reach
d
%Hw\ﬁj = w!'BC + (w'BO)" —w’(Qs + Zint + Q) w
— (’wT(Qz + Xint + Qy)w)T-
The fact that Py, Py, Py, Qu, Qur and @, are summation by parts operators
forces them to have the following properties:

(4.59)

Py =P}, P,=Pl, P,=P], (4.60)
Qui + Qfl = —FEoN, + EnyN,, (4.61a)
Qur + QL. = —Eon, + En, N, (4.61b)

Qy+Qp = —Eom + By, (4.61c)

with Eg, and Ey as in (3.44). This makes some of the terms in (4.59) really
simple, e.g.

wT(Qz + Qy)w + (wT(Qx + Qy)w)T =
= — vjo(Pat @ B)vio + v}y (Par @ B)viar — v1o(Pat @ B)wso
+ UZN[(le & B)'UTM - u%(Py ® A)UZO + UZNT (Py ® A)’U/T‘NT

+ ulngl (Py ® A)ulNl - ’U,Z;)(Py & A)uro.
(4.62)
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In (4.62) and in the following equations we use the row and column notation given
in (3.39) and (3.40), i.e. u;; denotes a column of M gridpoints located at x; in the
left region while v,.; denotes a row of IV, gridpoints located at y; in the domain
on the right. We can see in (4.62) that the only values that matter in the energy
measure are those at the boundaries of the computational region as well as on the
material interface.

The term in (4.59) pertaining to the interface conditions becomes
w! iw + (w! iw)! =
= uly (P @ (~Somo — S i,
+ gy (Py ® (—So=or — Ef:or))uro (4.63)
+ ufyy, (P ® (Samor + =10, o

+ u'rO (P ® (Ex o+ Vg 0T)>U’ZNL‘

Finally, the term with the boundary conditions becomes
w! BC + (w'BC)! = v (le ® (Ls, K, + (ZSZKSJT))vzo
ok, (PM © (S Koy + (Eanm)T)>vl M
+ vl <le ® (X, Ks, + (Es.,.Ksr)T))'UTO
+ vl (sz ® (Zn, Kn, + (EannT)T))’UrM
+ul (Py ® (Suwkuy + (szw)T)>um
+auly (P ® (ZeKe + (S K )T))urzvr
—2ufy (P © %) g, — 2ully, (Py @ ) g
— 20 ( Py ® ESz)Qsl 2UZM< al ® 2nz>gnz
2070 (P

zr @ EST)QS —2v rM (P:rr ® Enr)gnr
(4.64)

Now comes the work of collecting the terms from (4.62), (4.63) and (4.64) and
putting them into (4.59). The purpose is to find choices of the X so that % w3 <
0, in which case we know that the electromagnetic energy of the problem will not
grow with time, i.e. we have a stable method. First, we deal with the terms that
arise from and at the material interface. We have

Tint = uly, (Py @ (—A+ o + Eg:oz))UlNl
+ugy (Py ® (A+ Zg=or + 2§:0T))uro
- UZVZ (Py ® (Xz=01 + Efzm))uro (4.65)
Uy (P ® (Si—gr + o= Or))’U;[Nl =

= ZntDw’L’th 9
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T _ 1T 7T
where w;,, = [u;y, u,o] and

D= Py @ (=A+ Yp—or + Zg:oz) By © (=Xa=01 — Sa—or) . (4.66)
Py @ (=Yg = Ye=or) Py @ (A+ Ye—or +X1,)

It is sufficient to find a D that is negative semidefinite in order to obtain stability at

the inner material interface. To do this, we have the freedom to choose our penalty

matrices X,—o;, Xz—o- 8 We desire. It is suitable to require X,_q; and X,_q, to

be symmetric, and to let ¥,_o, = X,—q — A which preserves the conservative

character of the method (see [4]). This yields

M0 3 M0 —3
Ye—ot=1 0 0 0 |, Xi—0r= 0 O . (4.67)
20 X —10 X
These simplifications amount to
~ -1 1
D= 1 -1 ®@ Py @ (A—28—0). (4.68)

[ —11 _11 } is negative semidefinite, and P, is by definition positive definite.

This along with the properties of Kronecker matrix multiplication implies that
(A—2%,_0;) must be chosen such that it is positive semidefinite in order to make

D negative semidefinite. But

2\ 0 0
A—2% =] 0 0 0 |, (4.69)
0 0 —2X\

and hence, all we have to do to ensure a stable method over the interface is to
choose A1, A2 < 0. For the actual numerical calculations, we have used \; =
o = k.

This means that we have chosen our penalty parameters 3,_q and X,—, for
the interface terms in (4.59). We now concentrate on the terms from the outer
boundaries, and to start out, we examine the contribution from the western side.
We have

Twest = u% (Py ® (A + Y Ky + (EwKw)T)>ul0
- 2u,ll(; (Py ® Ew)gw)

which is to compare with the western contribution from the continuous energy
estimate in equation (4.43),

Tues =2 [ 5((5)° = (0?)

(4.70)

(4.71)

x:—l'
Ideally, we would like the discrete energy measure to mimic the continuous as

closely as possible. We can try to re-write (4.70) expressed in characteristic vari-
ables so that it resembles (4.71). As discussed in Appendix B, on the western
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border, the boundary data is the ingoing characteristic variable, c§(x = —1, y;).
It suffices to look at homogeneous boundary conditions, i.e. c§ = 0, which means
that (4.71) turns into

1
1
Twest = _2/ _(C:f)Qdy ) (472)
o N =1
and (4.70) into
Twest = ulj(; (Py & (A + XKy + (EwKw)T))umv (4.73)
if we choose X, to pick out only the ¢z components of g, i.e.
0 0 Xgo
Sw=10 0 X0 |. (4.74)
0 0 X9

In (4.72), we see that the continuous energy estimate is dissipative. This is some-
thing we would like to hold for the discrete energy estimate as well. The goal is
hence to choose ¥, in such a way that it reformulates (4.73) to the same form as
(4.72). The integral in the continuous energy estimate corresponds to the summa-
tion carried out by multiplication by P, is in the discrete case, so what remains is
to re-write (4.73) with the characteristic variables. We observe that

@} ;(EoaKyw)" EppKuwiio; = (cf)?, (4.75)
where
1 00
Ep=1{0 0 0|, (4.76)
00 0

which leads us to the form

2

d 2
il = (P @ (= 2 (oK) B K+~ (En k) Bk

b A+, K, + (szw)T))ulo.

4.77)
(4.77) will match (4.72) if we can choose
2
E(EOQKw)TEOQKw + A+ YKy + (oK) =0. (4.78)

With the assumption that X, has the appearance of (4.74), this condition leads to
the following overspecified system:

—2Yp2 =1 (4.793)

~Y1an =0 (4.79D)

—X02 — 22277 =1 (479C)
1

—2399 = 57 (4.79d)
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Figure 4.17. Development of
the Lo-error of E during calcu-
lations to ¢t = 250 for 274, 4th
and 6" order finite difference
schemes at 0; = % with Az =
0.025.

which is consistently solved by Yo = —%, Yo = 0and X9y = —%. With this
choice of X, we have forced the discrete method to have the equivalent amount
of dissipation as the continuous case has at the western border. Repeating this
procedure, we can deduce the rest of the penalty matrices X, >,,, ¥,,, 3,
Ys,, and make sure that the method is stable by the dissipation condition on the
boundaries. The result becomes

[0 0 —% 1 0 0 —%
Sm=1]00 =g |, Su=]00 —g- |, (4.80)
00 0 | 00 0
[0 0 3 ] 00 1%
Se=00 —go |, Se=]|00 —g- |, (4.81)
00 0 | 00 0
[0 0 1 ] 00 -1
Y.=|00 0 |, ¥,=]00 0 |. (4.82)
1 1
[0 0 —5- | 00 —5
107
107 n=2 A
10°F 1
g n=4

10°

0 50 100 150 200 250

Now we have (4.59) in the form

d
T: %HwH% frng fTint‘i‘Twest—i_TeaSt

(4.83)
+ Tsouthl + Tsouthr + Tnorthl + Tnorthra
where all the terms T;; are < 0. To summarize,
7= Jwl|% <0 (4.84)
g P = '

i.e. the finite difference method is stable.
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Figure 4.18. Development of
the Lg-error of E during the
early stages of the calculations
for 274, 4th and 6t order finite
difference schemes with Ax =
0.025 and 0; = /3.

60

In Figure 4.17 are the E-errors with respect to time when we let the calculation
traverse to ¢ = 250. These calculations were performed on a grid with spacing
Az = 0.025. Clearly, all the methods show an error that is very stable in time,
very much like the error development in the spectral methods in Figure 4.15.

The error for the finite difference scheme that is displayed in Figure 4.15 seems
to be bounded. The method show no signs at all of error growth. Just like in the
spectral scheme, the finite difference schemes all seem to converge to a certain
error level, around which there is a small amount of controlled fluctuation.

The transient course of events, i.e. the error development for the first units of time,
is shown in Figure 4.18. The error convergence here is somewhat slower than for
the spectral scheme, but the error still settles quite early at the level where it stays
for the remainder of the time where the calculation is performed. It is also evident
that the error fluctuations, especially in the second and sixth order cases, occur
with a frequency of 2 f, when f is the frequency of the wave itself.
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5 Conclusion

Both the finite difference and the spectral methods can simulate the simple case
of wave reflection and refraction at a material discontinuity in a two-dimensional
rectangular geometry very accurately. For this particular geometry, the finite dif-
ference scheme is better suited because of its significantly higher efficiency.

For a more complicated and detailed geometry however, an unstructured grid
would be easier to implement, and the advantages of the spectral element method
would grow larger. As all spectral elements decouple, this method is also well
suited for parallel implementations required for large computations.

Both the spectral scheme and the finite difference method show terrific stability
properties for this test case. There is virtually no error growth as the calculation is
allowed to run for a long period of time. The numerical results indicate that these
methods are error-bounded, which is a very desirable property when long-term
steady state calculations for applications such as radar scattering are needed.
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Appendix A

The Kronecker Product

Definition 1 Let A be a p x ¢ matrix and let B be an m x n matrix, then

CLO’OB s (ZO’qle
A® B = : » : . (A1)
ap-10B -+ ap-14-1B

The p x ¢ block matrix A ® B is called a Kronecker product.

Presented below are some useful properties of the Kronecker product.

Let A, B, C and D be matrices of arbitrary sizes, such that the specified operations
are defined, then

1. (A® B)(C® D) = (AC) ® (BD), (A.2a)
2. (A+B)@C=A40C+B®C, (A.2b)
3. (A9 BT =A4AT @ BT, (A.2¢)
4. (A@B) t=A1teB, (A.2d)
5. A>0 , B>0=(A®B)>0. (A.2¢)
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Appendix B

Eigenvalue Calculation and Characteristic Variables

Maxwell’s equations in three spatial dimensions for sourceless regions are

Su; + Auy + Buy + Cu, =0, (B.1)
where
FE € 0
w=[E] s=[2 0] ©2
0 —A 0 -B 0 -C
A: V) B: 9] = v . 83
[Aoy [Bo}’C[CO] (B3)

Here, we have the block matrices

e 00 w 0 0
E=|10¢€¢€ 0|, p=(0 u 0], (B.4)
0 0 € 0 0 u
} 00 O 5 0 0 1 } 0 -1 0
A=|10 0 -1 |, B= 0 00|, C=|1 0 0{.(B5
01 0 -1 0 0 0 0 O
Equation (B.1) is re-written like
u + S Au, + SilBuy + S 'Cu, =0, (B.6)
and this can be transformed to
ug + flu§ + Bun + C’uC =0, (B.7)

under the linear coordinate transformation £ = &(x,y,2), n = n(z,y,2), ( =
¢(x,y, z) where é; is the outward pointing normal to a surface, and é, and é. are
the tangential unit vectors to the same surface as displayed in Figure B.1.

Figure B.1. General orthonor-
mal coordinates (§,7,¢). & is
the normal to a surface, and &,
and é. are the tangential unit
vectors.

A=85714¢, +57'Bg, + S7Ce,, (B.8a)
B=S"1'An, +S'By, +S'Cn,, (B.8b)
C=8"1A¢ +S7'B¢, + ST1C¢,. (B.8c)
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Characteristics are curves in (r,¢)-space upon which certain quantities, called
characteristic variables, of a differential equation are constant. These variables are
intimately connected with the solution of the equation. Characteristics entering a
spatial computational domain are therefore vital as the prescribed boundary values
of the characteristic variables determine the future solutions in the domain. On
the other hand, characteristics that cross the border, and leave the computational
region, are of no interest since their values at the boundary give no information
at future times ¢. Finding the characteristic variables of Maxwell’s equations and
calculating the fluxes over an interface are both related to what happens along the
direction of the interface normal. l.e., we are only interested in the action in the
&-direction. If we discard all derivatives in the n and ¢-directions, we arrive at

u + flug =0. (B.9)

We can diagonalize A with A = LAL~! in (B.9) to reach
ov ov
— +A—=0. B.1
ot "N =0 (B.10)

Here, A is the diagonal matrix containing A’s eigenvalues A on the diagonal, and
v = L~ 1w is the vector of characteristic variables where the matrix L’s columns
are made up of the eigenvectors of A. The six eigenvalues of A can independently
of the choice of orthonormal coordinates be found to be

AN =c= AN =—c=— A =0 B.11
c \/a7 & M) Y ( )

each with a degeneracy of two.

Since A is diagonal, we can write each row of (B.11) as

(91}1' Ovi _
5t Aza—g = 0. (B.12)

As mentioned, the characteristic variables v;(, t) are constant along the charac-

teristic curves, i.e.
dvi(§,t) _ Ovidf v,

— = B.1
at ocdt T ot (B.13)
Comparing this to equation (B.12) yields that % =\, i.e.
E= M\t +C. (B.14)

These curves in (&, t)-space are the characteristics, and for AT = ¢, they are
headed in the positive £-direction as time passes, i.e. they exit the region bounded
by the surface S and head in the direction indicated by the normal vector é,
while for A= = —c the characteristics head in the negative &-direction and enter
the computational domain of interest.

For our particular two-dimensional problem, we will be interested in the char-
acteristics at the outer boundaries. As described above, we choose é; to be the
outward pointing normal direction of the boundary. This means that £(z, y, x) is
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the coordinate pointing away from the specific boundary considered. Doing this,
we get, at each boundary

8 eas
geast =, benat 1,

ox
— afwest —
fwest = 7T, z _1’
OEsu, B.15
gsouth =Y, éi’jo;th = _17 ( )
Enorth = Y, 8§%Z~th, =1,

while the rest of the partial derivatives of & will be zero. Utilizing the variable
substitutions in (B.15), we can calculate a matrix A according to equation (B.8a)
and put this into equation (B.9). After diagonalizing A = LAL~! explicitly, A
being the diagonal matrix of the eigenvalues of A and L being the matrix with the
eigenvectors of A as columns, we can construct v = L'« which is the vector of
the six characteristic variables. As expected by the theory, it turns out that the de-
rived characteristic variables decouple into two equivalent sets of three variables,
the transverse magnetic (TM) mode including E., H, and H,, and the transverse
electric (TE) mode, i.e. the set including the variables H, £, and E,. In this
report, we have chosen to deal only with the transverse electric (TE) mode, and
hence, explicit algebraic calculations show that our three characteristic variables
picked out of v = L~y become

a5t () = aiast% (n(T)Hz(T) + Ey(r)>, (B.16a)
(5958 () = aS9 5, (), (B.16b)
() = a5 (= ) () + By (7)), (8.160)
at the eastern border, and equivalently
West(p) = aguest%( — n(r)H.(r) + Ey(r)), (B.17a)
West(p) = q¥est B (r), (B.17b)
st () — a’iuest% (n(r)Hz(r) I Ey(r)), (B.17c)
cnorth () — aqlwrth% ( — n(r)H.(r) + Ex('r)), (B.18a)
cRorth (p) = BT (1), (B.18b)
4 (r) = L () H(r) + Ex(r)) (B.18¢)
csouth (g — agouth%<n(r)Hz(T) n Ex(r)), (B.19a)
csouth () = asouth B (), (B.19b)
egouth () = aiouth%( — n(r)H.(r) + Eq;(r)>, (B.19c)

for the other outer boundaries. o is a free parameter, and we will choose a? = 1
for all ¢ and j. ¢ is the variable that belongs to the positive eigenvalue, A = ¢,
and ¢ and c3 pertain to the eigenvalues A = 0 and A = —c respectively. This
means that the ingoing characteristic variables, those that we are interested in, are
given by cs.
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Appendix C

Flux Splitting

Let us perform the flux splitting which will explicitly yield 7 - [F~], the factor
used in the penalty term in the spectral method. We can use the diagonalization
procedure from appendix B to determine the numerical fluxes. The flux F' is de-
fined by the governing equation, which in our case is the set of Maxwell equations,
equation (B.6),

Su; + Auy, + Buy + Cu, = 0. (C.1)

Written on this form, the flux can be identified through

Su; +V - F =0. (C.2)

Now, according to the spectral scheme in (3.7), we are only interested in the flux in
the normal direction to some element boundary. Performing the linear coordinate
transformation & = £(z,y,2), n = n(x,y, 2), ¢ = ((x,y, z) with orthonormal
unit vectors é¢, &, and é. as displayed in Figure B.1, the properties of linear
orthonormal coordinate transformations yield

ég = .%'géz + yféy + Zgéz

C.3
= gzéz + gyéy + gzéz- ( )

é¢ is the outward pointing normal vector. Another important property of our or-
thonormal coordinates is that

OF , OF, , OF,

F— .
v o "oy T ac

(C.49)

Concentrating only on the ¢-direction and aided by (C.4) we can write equation

(C.2)as

Suy + € - (%F =0. (C.5)
Here, é. - F is the component of the flux normal to the interface. This normal flux
component can be written

é - F = SAu, (C.6)
with A given in (B.8a).

It would be of interest to decompose the flux into two parts, one being written
using only the incoming characteristic variables and the other part being written
in terms of the outgoing characteristic variables. A can be diagonalized by

A=LAL™! (C.7)

where A contains~fl’s eigenvalues on the diagonal, and the columns of L are the
eigenvectors of A. According to (B.11), the eigenvalues are ¢, 0 and —c¢, each
eigenvalue occurring twice in A. If we split this matrix into two, i.e.

A=AT+A, (C.8)

69



FOI-R-0489-SE

Figure C.1. Characteristics of
equation (B.9) originating from a
virtual boundary. When moving
from region ** across character-
istic AT to region n, the field val-
ues satisfy the jump condition in
(C.12). This also holds when
moving from * to [ across A~
and from * to ** across A°.
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where
(¢ 00 0 0 07 [0 0 00O 0 0]
0O ¢c 00O0O0 000O0 O O
00 0O0O0GO0 0000 O O
+ _ - _
A_OOOOOO’A_OOOOOO’(C'g)
00 0O0O0GO0 0000 — O
L0 0000 0 L0000 0 —c|
we can construct the following:
é-F~ =SLA L ', (C.10a)
é - F* =SLATL u, (C.10b)

denoted by the upwind and downwind flux respectively. The upwind flux is the
one relating to the ingoing characteristics. Since we have é; oriented out of the
computational domain of interest, the eigenvalue —c will according to (B.14) yield
a characteristic curve entering the domain.

With the observation (C.3) connecting the coordinate metrics to the normal vec-
tor &¢, we can perform the explicit algebraic calculations that yield the eigenval-
ues and eigenvectors in A*, A—and L. With explicit simplifying of (C.10a) and
(C.10b) we can find the upwind and downwind fluxes to be

1 A N
5 - —ﬁ€£X(ZH—6£XE)
eEF'_[%QxWE+QXH)’ (C.11a)
1 A~ N
5 + _ —ﬁ6§X(ZH+€EXE)
e F [%QXWE—QXH)’ (C.11b)

where the impedance is Z = n = \/g and the conductance isY = 1/7Z = \/%

This flux-splitting works absolutely fine as long as we are dealing with continuous
materials, but the question of how to deal with material discontinuities and field
discontinuities due to the spectral element discretization naturally arises. In order
to study this, we look at the sketch in Figure C.1. Here we denote the region to
the left [ for local and the one on the right n for neighbor. Below the characteristic
curves A~ and AT, the names of the regions switch to * and ** respectively.

X=0

Across such a characteristic curve, the following jump condition is satisfied [12]:

] + [Au] =0, (C.12)
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with the field variables w and the normal flux Aw as given above and [f] = fo— f1
denoting the jump of a variable f from region 1 across a characteristic A to region
2.

If we use Figure C.1 and let the dotted boundary be the interface between two ho-
mogeneous isotropic dielectric materials (¢', ui') and (¢, u™), then moving from
region [ to region * across characteristic A~ = —¢, equation (C.12) gives

ZYH* - H') = -é, x (E* - E"). (C.13)

Here, Z' is the impedance \/’:—f in region , and (H*, E*) and (H', E') are the
fields in regions * and [ respectively. In the same way, a jump over characteristic
AT from region n to region ** yields

Z"(H*™ —H")=¢é, x (E™ — E"). (C.149)

Jumping over the characteristic given by A\° = 0 from * to ** gives

éc x (B — E)

0, (C.15a)
éc x (H* — H*) =0

(C.15b)

which is not surprising when we think about the physical boundary conditions
in (2.5a) and (2.5b). These in combination with (2.7) state that the tangential
components of the fields are continuous for materials with finite conductivities,
which is true in particular for dielectrica where o = 0.

If we simultaneously solve equations (C.13), (C.14), (C.15a) and (C.15a), we
come up with

VIE' —éc x H' + Y"E" + éc x H"

ég x E* = é5 X v s (C.169)
Z'H' + é¢; x E' + Z"H" — é; x E"
ee x H* = & x e x +Z Cer > (C.16b)

Z is the material impedance and Y the material conductance defined as

1 ln
In _ ln _ — M
Z n — 7,] n — Yan — 61771 , (Cl?)

and Z and Y are the sums of them over the interface
Z=7"+7, (C.18a)
Y =Y"+YL (C.18b)

Looking back on (3.5), the definition of our flux, we discover that

. | A x H
n-F—[ hx E }, (C.19)

i.e. the normal component of the flux is nothing else than the tangential EM-field
components.
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Figure C.2. Cell residing in the
I-material, i.e. the material into
which the characteristics corre-
sponding to A = —c move. The
cell face is placed right on the in-
terface between materials | and
n.
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If we align a cell face with the dotted boundary defining the normal vector é,
in Figure C.1 and let the simplex reside in the material on the left side, i.e. the
material indicated by [ or *, then we get the outward pointing normal vector i =
é¢ and we can write our flux

7 7 x ((ZlHl YA x B+ (ZPH" — i x E”))

A F=|_
V14 x ((YZEZ —Ax HY) 4+ (Y"E" + 7 x H"))

(C.20)

Now, we want to pick out the upwind flux from this, i.e. the part of the flux
that coincides with the negative eigenvalues and hence the ingoing characteristics.
Thus, we compare the form of (C.20) to that of (C.11) where we have calculated
the upwind flux for a point in a continuous material. We see that by choosing

_ 77l x (Z"H" — A x E”)

AF = |
V14 x (Y”E" + A x H”)

: (C.21)

and
7 7 x (ZlHl t A x El)

V14 x (YlEl A x Hl)

we can make the forms, (C.21) and (C.11a) agree as well as (C.22) and (C.11b),
for the special case when Z! = Z", i.e. when the material varies smoothly over
the element interface. We keep in mind that the boundary conditions to Maxwell’s
equations, i.e. (2.5a) and (2.5b), state that the tangential components of the fields
FE and H are continuous in the absence of surface currents. In dielectrica with
zero conductivity, this is always the case. This means that we will be able to
substitute 7 x E and 4 x H, where E can mean either E' or E", into our
upwind and downwind fluxes in (C.21) and (C.22). Hence we reach

A FT = , (C.22)

, (C.23)

and

(C.24)
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Figure C.3. Two neighboring el-
ements at the interface.

Figure C.4. Two neighboring el-
ements split apart graphically to
show the notion of the "I’ and 'n’
superscripts. The values E and
E™ are calculated for the same
geometrical point =, but E' is
computed in element '’ whereas
E™ is computed in element 'n’.

Now, the final formulation of the spectral scheme, (3.7), includes the difference
between the upwind fluxes evaluated with the field values from the local element
[ and the neighboring element n. This is to measure the numerical error made at

the element interfaces and account for that by using it in the penalty term. In the
real, continuous problem, the boundary conditions prescribe the continuity of the
tangential fields,

A x E'=nx E", (C.25a)
Ax H = x H, (C.25b)

but in the discrete problem, the equalities in (C.25a) and (C.25b) will not neces-
sarily be established. Therefore, it makes sense to construct the differences

i x (E' — E™), (C.26a)
A x (H' — H"), (C.26b)

which serve as a gauge in terms of measuring the discrete numerical discrepancy
from the continuous problem. Substituting these into (C.23) instead of 7 x E and
7 x H, the differenced upwind flux formulation used in the scheme becomes

Z " x (Z"[HN] —Ax [EN])

- [Fy] = C.2
PENE (Y"[EN]+ 7 x [Hy]) (€20
where
[En] = EY — El, (C.28a)
[Hy] = HY, — HY,. (C.28b)

and the subscript NV stands for the numerical field solution.

73



FOI-R-0489-SE

74



FOI-R-0489-SE

References

[1]
[2]
3]

[4]

[5]

[6]

[7]

(8]

9]

[10]

[11]

[12]

[13]

D.K. Cheng, Field and Wave Electromagnetics, Addison-Wesley, 1989.
J.D. Jackson, Classical Electrodynamics, John Wiley & Sons, 1999.

J.S. Hesthaven, T. Warburton, High-Order/Spectral Methods on Unstruc-
tured Grids I. Time-domain Solution of Maxwell’s Equations, ICASE Report
(2001-6), 2001.

J. Nordstrom, R. Gustafsson, High Order Finite Difference Approximations
of Electromagnetic Wave Propagation Close to Material Discontinuities,
Journal of Scientific Computing, Vol. 18, No. 2, 2003.

J. Proriol, Sur une Famille de Polynomes a deux Variables Orthogonaux dans
un Triangle, C.R. Acad. Sci. Paris 257(1957), pp. 2459-2461.

T. Koornwinder, Two-variable Analogues of the Classical Orthogonal Poly-
nomials in “Theory and Application of Spectral Functions”, R.A. Askey ed.,
Academic Press, 1975, pp. 435-495.

M.H. Carpenter, D. Gottlieb, S. Abarbanel, Time-Stable Boundary Condi-
tions for Finite-Difference Schemes Solving Hyperbolic Systems: Methodol-
ogy and Application to High-Order Compact Schemes, Journal of Computa-
tional Physics, 111:220-236, 1994.

J.S. Hesthaven, C.H. Teng, Stable Spectral Methods on Tetrahedral Ele-
ments, SIAM Journal of Scientific Computing 21(2000), pp. 2352-2380.

G.E. Karniadakis, S.J. Sherwin, Spectral/hp Element Methods for CFD. Nu-
merical Mathematics and Scientific Computation. Clarendon Press, Oxford,
1999.

J. Nordstrém, M. Carpenter, High-Order Finite Difference Methods, Multidi-
mensional Linear Problems, and Curvilinear Coordinates, Journal of Com-
putational Physics, 172:1-26, 2001.

J.C. Tannehill, D.A. Anderson, R.H. Pletcher, Computational Fluid Mechan-
ics and Heat Transfer, Taylor & Francis, 1997.

A.H. Mohammadian, V. Shankar, W.F. Hall, Computation of electromag-
netic scattering and radiation using a time-domain finite-volume discretiza-
tion procedure, Computer Physics Communications 68(1991), pp. 175-196.

A. Taflove, Computational Electrodynamics. The Finite-Difference Time-
Domain Method. Artech House, Boston, 1995.

75



FOI-R-0489-SE

76



FOI-R-0489-SE

Issuing organisation Report number, ISRN Report type
FOI — Swedish Defence Research Agency FOI-R-0489-SE Scientific Report
Division of Aeronautics, FFA Month year Project number
SE-172 90 STOCKHOLM October 2002 E 840347

Customers code

3. Aeronautical Research

Research area code
6. Electric Warfare

Sub area code

62. Stealth Technology

Author (s) Project manager

Martin Sjogren Jan Nordstrom

Approved by
Bengt Winzell

Head, Computational Aerodynamics Department

Scientifically and technically responsible

Jan Nordstrom

Report title

Comparison of Spectral Element and Finite Difference Methods for Electromagnetic Wave Propagation over a
Material Discontinuity

Abstract

In this report, Maxwell’s equations are solved for the case of an electromagnetic wave propagating over a
material discontinuity. The numerical calculation of the solution to the problem is performed with a high-
order spectral element method on an unstructured grid as well as with a high-order finite difference method
on a structured grid. The results and errors of the two computational methods are compared, and efficiency,
long-time stability and the order of accuracy are analyzed.

Keywords

electromagnetism, wave propagation, material discontinuity, spectral element method, high-order, finite difference
method, efficiency, stability, accuracy

Further bibliographic information

ISSN Pages Language
ISSN 1650-1942 79 English
Price

Acc. to price list

Security classification

Unclassified




FOI-R-0489-SE

78



FOI-R-0489-SE

Utgivare Rapportnummer, ISRN Klassificering

Totalforsvarets Forskningsinstitut — FOI FOI-R-0489-SE Vetenskaplig rapport

Avdelningen for Flygteknik, FFA Manad &r Projektnummer

SE-172 90 STOCKHOLM Oktober 2002 E 840347
Verksamhetsgren

3. Flygteknisk forskning

Forskningsomrade

6. Telekrig

Delomréade

62. Signaturanpassning

Férfattare Projektledare

Martin Sjogren Jan Nordstrom
Godkand av
Bengt Winzell

Chef, Institutionen for berdkningsaerodynamik

Tekniskt och/eller vetenskapligt ansvarig

Jan Nordstrom

Rapporttitel

Jamforelse av finitdifferens- och spektralelementmetod for elektromagnetisk vagpropagering 6ver materialdiskon-
tinuitet

Sammanfattning

I denna rapport loses Maxwells ekvationer for en elektromagnetisk vag som propagerar 6ver en mate-
rialdiskontinuitet. Den numeriska berdkningen av problemets 16sning utférs dels av en hégre ordningens
spektralelementmetod pa ett ostrukturerat nat och dels av en hogre ordningens finitdifferensmetod pa ett
strukturerat nat. De tva berakningsmetodernas resultat och fel jamfors, och effektivitet, langtidsstabilitet
samt noggrannhetsordning analyseras.

Nyckelord

elektromagnetism, vagutbredning, matrialdiskontinuitet, spektralelementmetod, hdg ordning, finitdifferensmetod,
effektivitet, stabilitet, noggrannhet

Ovriga bibliografiska uppgifter

ISSN Antal sidor Sprak
ISSN 1650-1942 79 Engelska
Distribution enligt missiv Pris

Enligt prislista

Sekretess

Oppen




