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1. INTRODUCTION

Today the investigation of highly dynamic events like projectile penetration or loading by blast
waves is supported by numerical calculations. These calculations are usually performed with
wave propagation codes or hydrocodes which solve the conservation equations for mass,
momentum and energy. In addition, models that describe the mechanical response of the
materials when subjected to external loads are needed. Such constitutive equations for concrete
exposed to weapons effects have been a major area of interest for a long time, and several
material models for concrete are developed. However, it is not until recent years with the
development of both advanced concrete models and new numerical solution methods that it
seems possible to model the behaviour of concrete targets during projectile penetration with
acceptable results. 

In this report, an advanced material model for concrete is described and used in simulations of
steel projectiles penetrating into concrete targets. This RHT concrete model was developed by,
and named after Riedel, Hiermaier and Thoma, see Riedel et. al. (1998, 1999, 2000). The
version of the material model used is implemented as a standard model in the commercial
hydrocode software Autodyn version 4.2 or higher. With the latest development in material and
numerical modelling it is possible to use such advanced material models together with
alternative element formulations. In the work reported here a parametric study of the influence
of some different RHT parameters on the simulated projectile penetration into concrete is done.
The simulations are performed with several different element formulations of the concrete target
as described later. Included in the investigation are, apart from two dimensional (2D)
simulations, also tests using the three dimensional (3D) version of the software. This is a major
enhancement of the possibility to model more realistic non-symmetric ballistic impact events,
for example projectiles with pitch and yaw. The results using both the 2D and 3D
implementations with different element formulations are discussed and compared. When
possible, the ballistic benchmark test series from 1999 with 152 mm ogive nosed projectiles
impacting on concrete are used as a reference case for the simulations.

The computational time for the 3D simulations are much longer than the corresponding 2D
calculations due to the large increase of elements in the 3D grid. However, the 3D software
supports calculations using parallel processors and the development of such systems has
increased the possibility to obtain computer capacity for advanced simulations at a reasonable
expense. These parallel computations are performed with standard personal computers
connected through a local area network and running Windows 2000 or Linux. This reduces the
computational cost considerably compared to high level Unix workstations and gives the
opportunity for demanding computer simulations at a reasonable cost. Thus, a minor
investigation using a parallel processor system consisting of 2 and 4 processors has been tested
and compared to single processor calculations.
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2. MATERIAL MODELLING

To solve a dynamic material problem it is necessary to utilise the conservation laws of mass,
momentum and energy together with appropriate initial and boundary conditions. A complete
solution also demands a material model which relates stress to deformation and energy. In
hydrocodes, such as Autodyn, this is usually done by separating the total stress tensor into a
hydrostatic pressure and a deviatoric stress. The hydrostatic pressure is uniform with all three
normal stresses equal and is related to the density (specific volume) and energy (or temperature)
by an equation of state (EOS). On the other hand, the deviatoric stress tensor describes the
material’s resistance to shear distortion using a strength model. Thus, the EOS and the strength
model gives the volumetric and the distortional changes of a material subjected to load
respectively.

Depending on the type of material and the characteristics of the loads in the problem, different
types of EOS and strength models are used. In this case with a steel projectile penetrating a
concrete target the projectile is described with a “shock” equation of state together with a
strength equation suggested by Johnson and Cook. The concrete target is modelled by a “P-α”
EOS and a strength model developed by Riedel, Hiermaier and Thoma. 

Finally, a criteria for failure of the material is also needed and in the following the chosen
material models are discussed and described.

2.1. Material models for the steel 

In the specific case of a steel projectile penetrating a concrete target, the strength of the
projectile is much larger than the strength of the concrete and usually no deformation, apart from
minor surface erosion, is found on the projectile after impact. Despite this, an equation of state
and a strength model for the projectile material are needed in order to calculate the stresses and
wave phenomena that develop in the penetrator during impact. In Autodyn numerous different
forms of EOS and strength models are incorporated which are suitable for different applications.
In the following the shock EOS and the Johnson and Cook strength equation used for the
projectile are briefly discussed. A more thoroughly description is given by for example Meyer.

2.1.1. Equation of state for the steel

The equation of state for the steel projectile is given by a shock equation of state, where the
pressure P as a function of density (specific volume V) and specific internal energy e is
described by a Mie-Grüneisen equation. 

)( HH ee
V

PP −+=
γ  (1)

The reference states PH and eH are set to the Hugoniot-shock curve and γ is the Grüneisen

constant 
Vde

dp






 .
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Thus, the pressure and internal energy on a point off the Hugoniot is related to the pressure and
internal energy on the Hugoniot at the same volume. Further, as seen, in the Mie-Grüneisen
form the pressure varies linearly with internal energy at constant volume. The input data for the
Mie-Grüneisen EOS is usually given as a linear relationship between the shock velocity (Us) and
the particle velocity (Up), which can be related to other necessary parameters, see for example
Meyer. The empirical equation for the “shock” equation of state used for the projectile is found
below, with the notation used by Autodyn.

ps USCU 11 +=  (2)

With C1 being the sound velocity at zero pressure and S1 is the slope in a plot of shock velocity
versus particle velocity. Table 2.1 presents the necessary material data for the shock equation of
state for the projectile.

2.1.2. Strength model for the steel

The Johnson and Cook (1983) material model describes the relation between the flow stress
σ of a metal and the strainε , strain rate ε& and temperature T. The Johnson and Cook equation
has successfully been used to describe the constitutive behaviour of a number of metals and is
very often used for penetration simulation. Even if the projectile behaves more or less as a rigid
body, it is suitable to use a deformable projectile for the simulations. The reason is to get
feedback on the projectile behaviour and limit the stresses in the projectile. This ensures that the
pressure in the target does not reach levels that will damage the projectile. 

))()()(( 1ln1
0

m

m

rn

TT
TTεCBA

−
−

−++=
ε

εσ
&

&
 (3)

In this equation, rT  and 0ε&  is a reference temperature (room temperature) and reference strain
rate (1 s-1) at which the material parameters A (Pa), B (Pa) and n are determined. The constant C
in the second term takes the strain rate dependency into account. Finally, in the third term, mT is
the melting temperature and m is a parameter that includes the effect of temperature on the flow
stress. It is emphasised that the model is semi-empirical and that influence of strain hardening
(first term), strain rate (second term) and temperature (third term) are decoupled from each
other. Material parameters for the projectile are shown in table 2.1. Since the main purpose of
this report is to study the RHT model parameters and its implementation in the Autodyn
software the material data for the projectile is given here only. 
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Table 2.1. Equation of state and strength model for the projectile (Steel S7). 
Shock equation of state Johnson & Cook strength model

Reference density (g/cm3) 7.75 Bulk modulus (GPa) 159
Grüneisen coefficient, γ 2.17 Shear modulus (GPa) 81.8
Parameter C1 (m/s) 4,569 Yield stress, A (MPa) 1539
Parameter S1 (m/s) 1.49 Hardening constant, B (MPa) 477
Reference temperature (K) 300 Hardening exponent, n 0.18
Specific heat (J/kgK) 477 Strain rate constant, C 0.012

Thermal softening exponent, m 1.0
Melting temperature, Tm (K) 1763 

2.2. Material models for the concrete

Concrete is a very complex composite material with aggregates, varying in size, embedded in a
matrix of porous grout. Thus, due to the inherent inhomogenity it is difficult to describe the
mechanical behaviour of the concrete. However, Herrman (1969) has developed a general
equation of state that takes porosity into account and this has been incorporated as an important
part of the concrete EOS discussed briefly below. The RHT strength model also includes
residual strength of the failed material under compression. The main components of the material
models are given here, while a detailed description are given by Herrman (1969) and Riedel et
al. (1998, 1999, 2000).

2.2.1. Equation of state for the concrete

Concrete has a complex non-linear compression behaviour due to the inhomogenity and the
porosity of the material. Herrman has proposed a porous equation of state that takes this into
account. The equations below describe the most essential part of Herrman’s model, and the
entire parameter list used for the concrete EOS can be seen in table A2 in the appendix, together
with a short explanation. The behaviour of the fully compacted material is, in this case,
described with a polynomial according to equation 4, while the porous material is scaled using
the porosity α with respect to the fully compacted material as the reference. Thus, for the fully
compacted material the pressure P equals Plock and the porosity α is 1 and the pressure is
calculated using equation 4. For pressures between the initial pore crush pressure Pcrush and Plock

the pressure is scaled with equation 5. The compaction, α(P,e), gives the behaviour of the
porous material in the pressure range of pore collapse (Pcrush)  and full compaction (Plock). A
more thorough description can be found in the report by Riedel (1998). 
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As mentioned, there are additional parameters required for a complete EOS and in table 3.2 the
constants used in the numerical simulations are tabulated. For convenience all concrete material
parameters also are listed in appendix 1. 
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2.2.2. Strength model for the concrete 

Concrete, like many other hard and brittle materials, is sensitive to tensile loading and fractures
at small deformations. On the other hand, with increasing pressure the strength of the concrete
also increases. Further, in case of confinement the flow resistance of the crushed concrete under
compression can be very significant. The different tensile and compressive behaviour of the
concrete under deformation together with the residual strength of the material under
compression indicates that a complex strength model is needed. Thus, models for hydrocodes
which include all these phenomenon are rare. However, Riedel, Hiermaier and Thoma have
suggested a model (RHT) that has shown promising results for prediction of penetration depths
in concrete targets. The model is currently implemented in Autodyn 2D and 3D and this report
describes, in general terms, the RHT concrete model. The first version of the RHT concrete
model is presented in Riedel (1998), together with examples of material parameters for concrete.
A thoroughly description is also presented in the dissertation thesis by Riedel (2000). The RHT
concrete strength model has been used in several simulation approaches using Autodyn 2D, see
for example Riedel et. al. (1999), Hansson et. al. (2000, 2001), Ågårdh and Hansson (1999) and
Svinsås with co-workers (2001). The 2D and 3D simulations in this report are performed with
the RHT model as implemented in Autodyn version 4.2.03 and described briefly in the
following.

The descriptions of the stress state in the material model is based on the three invariants of the
stress tensor for the definition of the elastic limit surface, failure surface and remaining residual
strength surface for the crushed material, see figure 2.1. These three surfaces all are pressure
dependent and described below. The failure surface can be seen as a function of the strength
along the compression meridian )(PYTXC  multiplied by the factors )(ε&RateF  and )(3 θR  as in
equation 6. 

)()()(),,( 3 θεεθ RFPYPY RateTXCfail && =  (6)

The strength along the meridian is given by equation 7, where )(* PYTXC defines the pressure
dependent curved meridian of three axial compression normalised to the unconfined
compression strength fc. Further, *P  and *

spallP  are the pressure and spall strength respectively
divided by fc, while A and N are material constants characteristic for the specific concrete
investigated.
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The factor )(ε&RATEF  takes the strain rate enhancement into account and follows from equation 8
below. 
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As seen different strain rate enhancements are used in different pressure regions, with α and δ
being material constants. 

Reduced failure strength for states off the compression meridian on the failure surface is
introduced and given by a factor )(3 θR . The factor, which scales the strength from the highest
value at the compression meridian, is given by equation 9. Thus, with θ  rotating around the
hydrostatic axis the entire failure surface can be calculated, see also figure 2.1.

( ) ( ) ( ) ( )[ ]
( ) ( )22

22
2

2
2
2

22
22

2
2

3 21cos14
45cos1412cos12 2

1

QQ
QQQQQR

−+−
−+−−+−

=
θ

θθθ (9)

The strength reduction as described by R3(θ) depends also of Q2. This parameter is the distance
from the hydrostatic axis to the tensile meridian divided with the distance between the
hydrostatic axis to the compressive meridian. The extreme case of Q2 = 0.5 is found at low
tensile pressures giving a triangular failure surface with rounded corners in the deviatoric plane.
At the other extreme, Q2  = 1, gives a circular cut on the deviatoric plane. Thus at large confining
pressures the surface approaches the circular form. The pressure dependence of Q2 follows from
equation 10. This method to account for reduced concrete strength off the compression meridian
was first used by William and Warnke (1975).

0105.0151.0 2
*

,22 =≤≤⋅+= BQandQwithPBQQQ o (10)

The elastic limiting surface is scaled around P=0 and σeq=0 from the failure surface and the
scaling factors varies linearly, depending on the pressure, according to TENSRAT and
COMPRAT. Where COMPRAT defines the ratio between the elastic compressive limit and the
compressive strength and TENSRAT the corresponding ratio in tension. The slope of the elastic-
plastic part is given by PREFACT, which defines the ratio between the original shear modulus
and the corresponding value after the elastic limit has been passed. The elastic part of the
deformation decreases at high pressures and the option to use a “cap” on the elastic surface
ensures that the elastic surface closes at high pressures. Thus, by multiplying the right part of
equation 6 above with a dimensionless factor )(PFCAP , which goes smoothly from unity to zero,
the elastic surface can be forced to close at high pressures. The cap function is unity up to the
pressure Pu where the uniaxial compression path intercepts with the elastic surface. At higher
pressures )(PFCAP decreases and reaches zero at the pressure Po = fc/3, which is close to the pore
crush pressure. In equation 11 below the mathematical expression for Fcap(P) is given.
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The damage in the material grows after the stress point passes the failure surface according to
equations 12 and 13. Where the accumulated plastic strain pε∆ is compared to the failure strain

failure
pε  which is pressure dependent and given by equation 13 with the material parameters D1
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and D2. At low pressures, a lower limit of the failure strain is set by introducing Ef,min as also
seen in figure 3.3. The strain measures include here both volumetric and deviatoric
contributions.

∑
∆

= failure
p

pD
ε
ε

(12)

( ) 2**1
D

spall
failure
p PPD −=ε (13)

The residual strength *
residualY  (normalised to the unconfined compression strength) of the fully

damaged concrete is calculated from equation (14). The strength is then interpolated from the
strength values for the undamaged material (D=0) at the failure surface and the completely
damaged material (D=1) according to equation (15).

( )Mresidual PBY ** ⋅= (14)

( ) *** 1 residualfailurefractured YDYDY ⋅+−= (15)

In figure 2.1 some of the characteristics of the RHT model are schematically shown. An
important difference compared to the Johnson and Cook strength model for the steel projectile is
the pressure dependency of the strength. It is also important to note that, concrete under
compression, has an additional strength surface for the failed material. 
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Figure 2.1. The top graph shows a 2D view of the three surfaces along the
compression meridian. The figure left down show the failure surface (outer) and
the elastic limit surface (inner), while the right give the failure surface (outer)
and the residual strength surface (inner) as 3D-projections. After Riedel (1998).

As seen above, a large number of parameters are needed to give a full characterisation of the
concrete. In chapter 3.1 the RHT parameters used for this specific concrete are given and the
relative importance of some of the constants are investigated.  For convenience, all concrete
material data are compiled and given a short explanation in appendix 1, table A.1.3. 
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3. SIMULATION OF PENETRATION TESTS

In 1999 a series of benchmark tests with instrumented steel projectiles impacting on concrete
targets were conducted at the Bofors test centre in Karlskoga. The tests were a cooperation
project with DERA (Defence Evaluation and Research Agency) in the UK, FFI (Forsvarets
forskningsinstitutt) in Norway, TNO (The Netherlands Organisation for Applied Scientific
Research) from Holland and FOA Sweden as participants and one important aim was to obtain
reliable data for numerical simulations. The result from the benchmark test is published before
(Hansson 2001). For convenience the part of the report by Hansson describing the ballistic data
and concrete material test procedures and properties are also given in appendix 2. As a short
review, the test was done with steel projectiles with length 55 cm and diameter 15.2 cm
impacting on concrete targets with diameter 240 cm and thickness 75 cm, see figure 3.1.

                         
Figure 3.1. The steel projectile and the concrete target used for the benchmark
tests in 1999, see also appendix 2. From Hansson 2001.

The main results from the benchmark test series are summarised in table 3.1 below. It is noted
that the projectile velocity is reduced from about 460 m/s at impact to approximately 190 m/s at
exit after perforation of the concrete target. After perforation, the steel projectile is more or less
undeformed with only minor surface erosion. The mechanical properties of both concrete and
projectile are further discussed  by Hansson (2001) as presented in appendix 2.
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Table 3.1. Benchmark test data.
Test 23 Test 24 Test 25 Mean value

Diameter 152 mm
Length 552 mm
Ogive radius 380 mm
Nose length 228 mm
Total mass 46.2 ±0.1 kg
Mass of case 38.8 kg
Type of
projectile

Dummy Instrumented* Instrumented ----

Impact velocity 460.0 ±0.5 m/s 455.5 ±0.2 m/s 458.8 ±0.2 m/s 458.1 ±0.2 m/s
Exit velocity** 183 ±6 m/s 204 ±4 m/s 181 ±4 m/s 190 ±14 m/s

*: Instrumentation pack not recovered after test.
**: Determined from high speed video.

A simulation of the experimental benchmark penetration tests described above is done as well as
a minor number of calculations with a non-normal projectile impact. The numerical work
incorporates hydrocode simulations using both 2D and 3D versions of the Autodyn software.
The element formulations are Lagrange and SPH (Smooth Particle Hydrodynamics) for the 2D-
simulations, while the 3D calculations are done with Lagrange and ALE (Arbitrary Lagrange
Euler) grids for the concrete target in combination with the advanced RHT material model. The
material models used to describe both the steel projectile and the concrete target are discussed in
chapter 2. The main purpose is to investigate the sensitivity of some important RHT parameters
on the projectile penetration. Knowledge on the relative importance of the parameters can act as
a guide for future experimental work considering the determination of the material constants and
developments of the model. Further, the 2D and 3D versions are compared and the new
possibilities with 3D simulations are discussed. The 3D software allows the simulation of more
realistic non-symmetric impact cases such as projectiles with yaw and pitch, and some initial
results of different geometric impact cases are shown.

3.1. Material parameters for the concrete target

Considering the equation of state the pressure vs. density data is based on results from FFI
shown in appendix 2 figure A.2.1. This ratio between pressure and density, is determined under
static loading. However, it is known that the relationship between pressure and density is
influenced by the loading rate for the material. It has been shown that a high strain rate results in
greater pressure for the same compaction of the concrete. According to this it is difficult to
determine a correct EOS to be used for the concrete subjected to high strain rate loading from
static tests. However, no dynamic data are available and the static values are used. Parameters
for the P-α model are given in table 3.2.
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Table 3.2. P-α equation of state for concrete, based on the test performed by FFI.
Parameter Value Parameter Value

ρ0 2.39 g/cm3 A1 40 GPa
ρporous 2.39 g/cm3 A2 0 GPa
Cporous 3000 m/s A3 0 GPa
pcrush 80 MPa B0 1.22
plock 1800 MPa B1 1.22
n 5 T1 40 GPa
Solid EOS Polynomial T2 0 GPa
ρsolid 2.54 g/cm3 Tref 300 K

Cv 640 J/kgK

Compared to equations 4 and 5 the additional parameters (T1 and T2) in table 3.2 corresponds to
the polynomial equation of state in tension, while the A1-3 are the compression EOS data. The
heat capacity Cv is used for temperature (energy) calculations and the porous sound speed Cporous
is related to the shock wave velocity in a similar manner as in equation 2, see also Meyer.

Turning to the strength model, the chosen values of the material parameters for the RHT
description are partly based on the material tests described in the previous chapter. However,
some parameters are taken from literature while some are approximated from experience of the
behaviour of other concrete materials as discussed below.

The unconfined compressive strength fc is 92 MPa taken from uniaxial cylinder compression
experiments. The uniaxial tensile strength ft is normally 80% to 90% of the splitting strength.
Therefore, ft  was chosen as 5.2 MPa, which is approximately 80% of the splitting strength for
150 mm cubes and 90% of the splitting strength for ∅100 mm cylinders, see also table A.2.1 in
the appendix. As discussed before, the constant COMPRAT defines the ratio between the
compressive elastic limit and the compressive failure strength and TENSRAT the corresponding
ratio in tension. Based on stress-strain data from uniaxial tests COMPRAT was assumed to be
0.75. Further, the constant TENSRAT was chosen to 0.8 since it is known that this ratio is larger
than COMPRAT. Moreover, the ratio between elastic and elastic-plastic shear modulus
(PREFACT) was set to 2 a value often used for this type of material. The initial bulk and shear
modulus were based on the measured initial Young's modulus. From these assumptions the
elastic shear modulus (G) was chosen to be 18.0 GPa and Poisson's ratio 0.18, which gives a
bulk modulus of 21.5 GPa and initial Young's modulus of 42.5 GPa. The failure surface
parameters A and N were estimated from the experimental data given by FFI in Norway and IC
(Imperial College) in the UK, see appendix 2. All other RHT constants are taken from results on
similar concrete and can be found in the literature, Riedel (1999, 2000). The values used for the
concrete RHT strength model are summarised in table 3.3. For convenience all concrete material
constants are also listed in appendix 1 together with a short explanation.
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Table 3.3. Material parameters for the RHT concrete model.
Parameter Values Parameter Values

G 18.0 GPa Cap on elastic surface Yes
fc 92.0 MPa B 1.6
ft /fc 0.057 M 0.61
fs /fc 0.30 α 0.010
A 1.9 δ 0.013
N 0.6 D1 0.04
Q2 0.6805 D2 1
BQ 0.0105 Ef,min 0.01
PREFACT 2 SHRATD 0.13
TENSRAT 0.80 Tensile failure model Hydro tensile limit
COMPRAT 0.75

For the tensile failure, there are two options that can be used together with the RHT model, and
these are "Principal stress" and "Hydro tensile limit". For the principal stress model the user
input are "Tensile failure stress", "Maximal shear stress" and "Crack softening". For the hydro
tensile limit there is no further input data to be given and this criteria for failure was used for the
simulations.

As discussed, a large amount of work is required in order to verify all material data used.
However, the parameters describing the failure surface is one of the most important and in figure
3.2 are the experimental failure curves from FFI and IC compared to the curve obtained by using
the failure parameters A and N in table 3.3. The stress difference between the compressive load
and the confinement pressure equals the deviatoric yield stress. As seen the curves overlap at
low pressures, while the calculated curve give a slightly higher stress difference at increasing
pressures.
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Figure 3.2. The left figure shows the experimental yield stress from FFI and IC
compared to the simulated results for a confined steel cylinder. The right part
shows an enlarged part of the failure surface. For comparison, the uniaxial
compression and the biaxial tension paths are also shown as well as the point
representing pure shear load. After Hansson (2001).
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The RHT model contains a large number of material parameters and the relative importance of
some of the parameters are investigated. As discussed above the values of the RHT constants are
determined partly from experimental data and partly estimated from literature data on similar
concrete types. Among the parameters with rather large uncertainty are the residual strength (B,
M), damage evolution (Ef,min D1) and the shear strength (fs/fc). Thus, the influence of these
material constants on the penetration path are interesting and the tested new values are estimated
to be a measure of “a reasonable” uncertainty of the investigated parameters.

The residual strength is a power function of the pressure with the strength constant B and
strength exponent M. Figure 3.3 below shows the effect of changing the residual strength
constants to representative values of a concrete with slightly higher residual strength, see also
figure 2.1. The area increase is a measure of the increased load bearing capacity in the given
pressure range and is 18%. By changing the parameters Ef,min and D1 from their nominal values
(0.01 respectively 0.04) to, typical values of a weaker concrete, (Ef,min = 0.05 and D1 = 0.08) the
failure strain as a function of pressure is changed according to figure 3.3. 
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Figure 3.3. Residual strength normalised to the unconfined compression strength
fc =92 MPa (left) and failure strain (right) as a function of pressure normalised to
fc. For the nominal values (solid line) and the new values (dotted line).

The final parameter studied in this investigation is the shear strength. In the RHT model the
shear strength is normalised over the compressive strength fc and is changed from 0.3fc to 0.1fc.
It is believed that the new value of 0.1fc or 9 MPa, corresponding to a weaker material, gives a
better description of the investigated concrete. 

The result of the parameter sensitivity study should indicate the relative importance of the
material constants and thus determine the experimental effort used to establish the values. In
addition, the effects of different processors (Lagrange, ALE, SPH) and geometry considerations
with non-normal projectile impact are discussed.

3.2. Problem geometry

The general problem geometry is the same for all simulations and can be studied in figure 3.4
below. The total length of the projectile is 559 mm divided into a cylindrical part and an ogive
nose part. The cylindrical part has a length of 324 mm and a radius of 76 mm, while the ogive
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nose radius is 380 mm. The element mesh size is about 21.5 mm and 7.4 mm along and across
the projectile axis respectively. In the experimental ballistic benchmark test, the inner part of the
projectile was instrumented with accelerometers. Thus, in order to get the correct projectile mass
for the simulations the inner part of the projectile is modelled with a fictional density seen as the
darker inner part of the penetrator in figure 3.4. Since the projectile is not deformed, changing
the density has no other effect than giving the correct mass. A Lagrange projectile mesh is used
for all simulations, including the 3D calculations

The target is 75 cm thick with a radius of 120 cm divided into 2 circumferential cylindrical
subgrids with the outer cylinder enclosing the inner. The inner, central, cylinder has a radius of
50 cm and the outer cylinder covers the remaining part up to the total radius of 120 cm. The
inner cylinder has a constant element size of either 10 or 5 mm, while the element size of the
enclosing cylinder gradually increases from 10 or 5 mm to 41.1 and 23.6 mm respectively at the
limiting radius. This limits the number of elements far away from the impact and thus reduces
the computational time considerably with negligible effect on the projectile penetration path.
There is no principal difference between the target geometry for the 3D simulations. 

3.3. 2D penetration simulations

The numerical simulations of the benchmark test were performed with Autodyn 2D version
4.2.0.3 using both Lagrange and SPH (Smooth Particle Hydrodynamics) element formulation for
the concrete target in connection with the advanced RHT material model. Simulation of the
benchmark test with Autodyn 4.1.13 and the RHT implemented as a user routine was earlier also
done by Svinsås (2001) as well as Hansson (2001) with Autodyn 4.2β. 

3.3.1. 2D simulations with Lagrange target formulation

When a Lagrange formulation is used to represent a target during penetration it is necessary to
use numerical erosion. However, this causes material to be removed from the mesh and thereby
giving reduced mass and confinement. This type of model might give a reasonable result for
materials that do not have a pressure dependent yield stress, i.e. steel. However, both concrete
and ceramics have a pressure dependent yield stress and failure type, and the calculated results
are therefore likely to be influenced by the use of numerical erosion. Despite this, the results can
be used to indicate the relative importance of the different parameters. The geometry of the
penetration simulations is shown in figure 3.4 below.
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Figure 3.4. Geometry for the 2D-simulations, shown with 270° rotation. The target
radius is 1.2 m and the thickness is 0.75 m. The projectile has a total length of
55.9 cm and a diameter of 15.2 cm giving a mass of 46.4 kg. The impact velocity is
459 m/s.

As mentioned earlier, it is necessary to use numerical erosion when a Lagrange formulation is
used. Based on previous work by Hansson (2001), using 2D-Lagrange formulations of the
target, a numerical erosion value of 150% is used. Hansson reports that higher values of the
erosion caused large energy errors due to local contact problems between target and projectile.
This phenomenon is likely to origin from the heavily distorted target elements in the contact
zone and a typical example is shown in figure 3.5. On the other hand, it was also shown that
lower values give a large influence on the calculated projectile exit velocity. Thus, low values
on the erosion strain resulted in an increased exit velocity, and high values resulted in an
increased energy error for the calculation. Based on the above discussion an erosion strain of
150% was chosen as a reasonable value for the 2D Lagrange simulations performed in this
study. 
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Figure 3.5. Typical figure of the distorted Lagrange target grid during
penetration. After Hansson (2001).

In the mentioned previous work the introduction of a friction coefficient of 0.05 between
projectile and target did not affect the exit velocity to any significant degree combined with an
erosion strain of 150%. However, a significant increase of the energy error was found. The total
energy of the problem includes work done, kinetic and thermal energies, and should be constant
during the simulation. Therefore, a deviation of the total energy indicates a numerical error and
is defined as an energy error. In this case, the increased friction is likely to increase the shear
strain in the target, and thereby distort the elements to a larger degree causing increasing
numerical difficulties. The friction was therefore neglected for the major part of the Lagrange
simulations done in this investigation. 

Since the main purpose is to investigate the relative influence of the RHT constants, no
complete convergence check of the element size was done and a target cell size of 10 mm was
used for the main part of the simulations. Although, in table 3.4 where the calculated exit
velocity as a function of element size, erosion and friction is compiled it is seen that 5 mm
element size give a somewhat higher exit velocity compared to the case with a mesh using 10
mm cells.  

Further discussing the result in table 3.4 the calculations give, in general, a lower exit velocity
compared to the results found in the initial work carried out in 2001 by Hansson. However, it
must be pointed out that the material parameters have been slightly modified due to more
experimental information and no direct comparison of absolute values can be done between the
present and the previous investigations. Although the trends found in table 3.4 with increased
energy errors if friction is used agrees with the earlier findings. As a final comparison it is noted
that the experimentally found exit velocity is close to 190 m/s, or about 10-20 % lower than the
numerical results in table 3.4.
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Table 3.4. Effect of erosion strain, friction and element size on the exit velocity.
Model identity B99211 B99212 B99207 B99209
Processor Lagrange
Element size (mm) 10 5
Symmetry Axial symmetry
Erosion strain (%) 150 150 150 150
Friction 0 0.05 0 0.05
Energy error (%) 1.5 8.8 0.6 8.8
Exit velocity (m/s) 226 198 237 215

For comparison, the experimental exit velocity was approximately 190 m/s.

Turning to the parameter sensitivity analysis, the influence from the residual strength surface
(B, M), damage parameters (D1, Ef,min) and shear strength (fs/fc ) on the exit velocity can be found
in table 3.5. In this respect, it is important to remember that the scaling of the failure surfaces
against the compressive strength will change the residual surface, shear strength and tensile
strength for the material model when the compressive strength is varied. This is important to
keep in mind when the results from the parameter study are compared with other concrete types.
For convenience, the result using the nominal values is included in the right hand column of
table 3.5.

Table 3.5. Effect of changes of some material parameters on the exit velocity. 
Model identity B99231 B99219 B99230 B99211
Processor Lagrange
Element size (mm) 10
Symmetry Axial symmetry
Erosion strain (%) 150 150 150 150
Friction 0 0 0 0
Material parameter D1 = 0.04 

Ef,min = 0.01
fs/fc = 0.1 B= 1.9

M= 0.6
Nominal
Values

Energy error (%) 1.1 1.0 1.5 1.5
Exit velocity (m/s) 250 222 196 226

For comparison, the experimental exit velocity was approximately 190 m/s.

As seen, changes of the failure strain and the residual strength surface (see also figure 3.3) give
a large influence on the calculated exit velocity. On the other hand, the rather large decrease of
the shear strength has a minor effect on the exit velocity and the apparent decrease of the
velocity is almost within the energy error. The residual strength is increased compared to the
nominal values as shown in figure 3.3 and, as a consequence of the stronger target, the exit
velocity is decreased with 30 m/s. The area difference between the residual strength curves in
figure 3.3 up to a normalised pressure of 10 (or 920 MPa), which approximately is the maximum
pressure reached during penetration, corresponds to 18 %. The results show that the residual
strength surface is important for penetration calculations and considerable efforts must be taken
for its experimental determination. 
 
The change of damage parameters gives failure at a smaller strain and thus a weaker target with
a following increase of the exit velocity with 24 m/s. As also seen in figure 3.3 the failure strain
is a function of pressure and obviously this is an important parameter which unfortunately also
is difficult to determine experimentally. 

The residual strength parameters and the damage parameters have a large influence on the
calculated penetration path. However, as shown by Hansson (2001) the nominal values used in
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the simulations here results in a reasonable size of the damaged concrete surfaces when
compared to photos of real post test targets.

As a further comparison between numerical and experimental data, the curves in figure 3.6 show
the calculated velocity using the nominal input data (model B99211) and the experimentally
found projectile path. As seen the velocity deviation increases with increasing penetration.
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Figure 3.6. Velocity versus time during penetration for a simulation with nominal
input data as well as the mean value from experimental data.

 

The pressure caused by the penetration is important since it affects the various concrete material
properties as discussed. The Lagrange simulations uses numerical erosion which deletes heavily
distorted elements and thus decreases the confinement pressure and also the mass. The SPH
technique discussed below does not use erosion and therefore is a possible improvement. 

3.3.2. 2D simulations with SPH target formulation

The Smooth Particle Hydrodynamic (SPH) formulation is in principle a mesh less Lagrangian,
where the material is located to nodes instead of elements. Thus, it is not necessary to use
numerical erosion for SPH-models. In figure 3.7 a typical SPH target grid is shown. Note that no
heavily deformed elements occur in the SPH formulation compared to the Lagrange mesh in
figure 3.5.
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Figure 3.7. Typical target grid using SPH-formulation. As seen, no heavily
deformed elements occur. Compare with the deformed Lagrange mesh in figure
3.5. After Hansson 2001.

As in the case with the Lagrange formulation the sensitivity of the exit velocity to changes of
the RHT material constants describing the damage evolution (D1, Ef,min), residual strength (B, M)
and the shear strength (fs/fc) is investigated. In addition the friction coefficient between the
projectile and the target mesh is varied between 0 and 0.1. In table 3.6 and 3.7 the results can be
studied.

Table 3.6. Effect of friction and damage parameter on the exit velocity using SPH targets.
Model identity B99S07 B99S09 B99S11 B99S08 B99S10 B99S12
Processor Smooth Particle Hydrodynamics (SPH)
Node size (mm) 5
Symmetry Axial symmetry
Material parameter
No erosion

Nominal Nominal Nominal D1 = 0.04
Ef,min= 0.01

D1 = 0.04
Ef,min= 0.01

D1 = 0.04
Ef,min= 0.01

Friction 0 0.05 0.1 0 0.05 0.1
Energy error (%) 0.7 9.2 16.7 0.2 8.9 14.9
Exit velocity (m/s) 215 194 152 243 216 195

For comparison, the experimental exit velocity was approximately 190 m/s.

It is first noted that the SPH formulation with nominal material parameters and no friction gives
a lower exit velocity of 215 m/s compared to the corresponding Lagrange case with 5 mm
element size (237 m/s). The difference is outside the limit calculated from the energy error and
thus, is an effect of the different solution methods. The SPH model may lead to a stronger target,
since no erosion is used and as a consequence a lower exit velocity of the projectile. Further,
increasing the friction coefficient leads to a decrease in exit velocity as expected, but also to a
rapid increase of the energy error. The reason to increased energy errors with the addition of the
friction coefficient when using the SPH formulation is not clear.
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Turning to the sensitivity test it is noted that weakening the target by starting the damage
evolution at a smaller strain give a similar increase in exit velocity as for the Lagrange case. The
effect of friction is large but is also accompanied by energy errors. 

Table 3.7. Effect of friction and residual strength surface on the exit velocity for SPH targets.
Model identity B99S13 B99S14 B99S15 B99S16 B99S17 B99S18
Processor Smooth Particle Hydrodynamics (SPH)
Element size (mm) 5
Symmetry Axial symmetry
Material parameter
No erosion

B = 1.9
M = 0.6

B = 1.9
M = 0.6

B = 1.9
M = 0.6

fs/fc = 0.1 fs/fc = 0.1 fs/fc = 0.1

Friction 0 0.05 0.1 0 0.05 0.1
Energy error (%) 0.9 10.4 18 0.4 9.7 15.8
Exit velocity (m/s) 181 145 99 208 182 151

For comparison, the experimental exit velocity was approximately 190 m/s.

Considering the strength increase of the residual surface as described by B and M we find a
decrease of the exit velocity of 34 m/s, the corresponding Lagrange case (with 10 mm element
size) gave a decrease of 30 m/s. In addition the effect of friction on the exit velocity is large, but
the energy error also increases, when adding a frictional parameter. As seen, changing the
residual strength or the damage parameters also gives a clear effect on the exit velocity (181
m/s). On the other hand the large decrease of the shear stress from the nominal value 0.3fc to
0.1fc does not give any marked impact on the exit velocity, see table 3.7.  

3.3.3. Conclusions considering 2D simulations

As a summary of the different 2D simulations we find that the RHT parameters residual strength
as well as the damage parameters give a large effect on the calculated exit velocities, while the
shear stress is of less importance. Thus the experimental effort should focus on determination of
the residual strength and damage evolution parameters. 

Introducing friction between target and projectile decreases the exit velocity as expected but
also gives a rather large increase of the energy error. These conclusions are valid for both
Lagrange and SPH formulations of the target. Considering the absolute values of the projectile
exit velocities, the SPH model with nominal parameter values (without friction and cell size 5
mm) give a lower exit velocity (215 m/s) than the corresponding Lagrange formulation (237
m/s). For comparison, the experimental figure is 190 ± 10 m/s. Introducing a friction coefficient
of 5%, which seems physically reasonable, to the nominal SPH-formulated model gives an exit
velocity close to the experimental value. However, both the Lagrange and the SPH calculations
result in increasing energy errors if friction is used. The reason for the energy errors using
friction in connection with the non-deformed SPH element grid is not known. The errors, of
course, give an uncertainty to the calculations. For example, if the calculated exit velocity is 200
m/s and the energy error is 1% this gives a velocity change of 1 m/s if the entire error is
attributed to the projectile. Increasing the error to 10% corresponds to a velocity change of
10 m/s at exit. It is finally noted, that the energy error is negative meaning that “energy is lost”
and if the lost energy can be tracked to the projectile the projectile speed is underestimated.
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3.4. 3D penetration simulations

In this study Autodyn 3D version 4.2.03 is used. The earlier 2D versions of the hydrocode
demanded that a symmetry axis were used for the problems. In contrast, 3D simulations are not
restricted to any specific symmetry case. This is a major improvement, which allows simulations
of more realistic interactions between target and projectile. The major drawback is that the
increased number of cells also increases the calculation time. 

As in the 2D case a parametric study concerning the effects of different material constants and
numerical parameters on the resulting exit velocity for a projectile is done using the 3D version
of the software. All material properties for both target and projectile are the same as for the 2D
tests and described previously. Apart from material constants, the study includes tests of the
importance of erosion strain, friction and element size. The results are compared to previous 2D-
simulations and real ballistic tests described earlier. In addition, the 3D version allows different
problem geometries to be used, i.e. quarter symmetry and half symmetry cases. Further, in
ballistic experiments the projectile often impacts the target at an angle with yaw and pitch and
this type of problem can now be simulated using 3D software’s which must be considered a
major improvement. Thus, a minor study of the effect of different impact angles on the resulting
projectile trajectory is done. The majority of the simulations are performed using Lagrange
formulated meshes, but some are done with ALE grids as well. As in the 2D cases the target is
modelled with 2 circumferential cylinders, see also figure 3.4 and chapter 3.2 where details of
the problem geometry are discussed. The inner central cylinder where most of the damage
occurs is built up by elements with a constant side length. The outer cylinder surrounding the
inner consists of elements where the side length increases with increasing radius, thus
decreasing the total number of cells. Despite this, the number of elements in the quarter
symmetry models are increased from roughly 10.000 for the 2D simulations to about 180.000
for the 3D meshes with an element side length of 10 mm. Further, the 3D calculations with 5
mm cubic elements consists of 1.200.000 elements. In order to decrease the calculation time for
the 3D runs a parallel version of the software is used. The calculation times using 1, 2 and 4
parallel processors are compared and the results discussed.

3.4.1. 3D simulations with Lagrange target formulation 

The initial 3D penetration simulations were done using a Lagrange formulation of the target as
well as the projectile. As in the 2D case discussed earlier, the initial work is an investigation of
the effect of the numerical parameters, erosion strain, element size and friction on the resulting
projectile exit velocity. In table 3.8 below the results are tabulated. 

Table 3.8. Effects of erosion strain, friction and element size on the exit velocity.
Model identity B99316 B99311 B99315 B99314 B99312 B99317 B99307 B99309
Processor Lagrange
Element size (mm) 10 5
Symmetry ¼-symmetry
Erosion strain (%) 100 150 200 100 150 200 150 150
Friction 0 0 0 0.05 0.05 0.05 0 0.05
Energy error (%) 2.4 1.9 1.7 8.1 8.0 7.8 1.9 8.5
Exit velocity (m/s) 234 217 224 214 205 214 225 213

For comparison, the experimental exit velocity was approximately 190 m/s.
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As seen, no significant changes of the exit velocity can be found with increasing erosion strain
from 100 to 200 % and the projectile speed is close to 220 m/s after penetration. Further, as in
the 2D case introducing a friction coefficient largely affects the energy error. It is also seen, that
decreasing the cell size to a cube with side length 5 mm instead of 10 mm only give a minor
increase of the exit velocity of about 8 m/s. 

As a comparison, it is noted that the corresponding 2D-simulations in general give similar
values of the exit velocity. It is concluded that an erosion strain of 150 % is sufficient for both
2D and 3D Lagrange simulations. Regarding the element size it seems that both 2D- and 3D-
simulations with 5 mm target cells give a slightly higher exit velocity compared to cells with 10
mm side length. In figure 3.8 below the exit velocity is shown as a function of different
numerical input data. 
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Figure 3.8. Exit velocity as a function of some numerical input data for 2D and
3D simulations.

As discussed before, the RHT model contains a large number of material parameters and the
values of the constants are determined partly from experimental data and partly estimated from
knowledge of the behaviour of similar concrete types. The parameters describing the transition
between the failure and the residual strength surface and the shape of the latter are among the
most difficult to assess. Thus, the influence of the residual strength of the crushed material under
compression as described by the constants B and M, the parameters (Ef,min and D1) coupled to the
degree of damage and also the shear strength (fs/fc) have been investigated. The relative
importance of these characteristic parameters are investigated and discussed. In table 3.9 below
the resulting exit velocity of the projectile can be studied. Based on previous results, the erosion
strain and element size was chosen to 150 % and 10 mm respectively. These parameters as well
as the nominal material data and the changes of material data are the same as for the 2D
calculations. 
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Table 3.9. Effect of changes of some material parameters on the exit velocity. 
Model identity B99331 B99319 B99330 B99318 B99311
Processor Lagrange
Element size (mm) 10
Symmetry ¼- symmetry
Erosion strain (%) 150 150 150 150 150
Friction 0 0 0 0.05 0
Material parameter D1 = 0.04 

Ef,min = 0.01
fs/fc = 0.1 B = 1.9

M = 0.6
B = 1.9
M = 0.6

Nominal

Energy error (%) 1.9 1.9 1.9 8.6 1.9
Exit velocity (m/s) 302 243 204 302 217

For comparison, the experimental exit velocity was approximately 190 m/s.

Discussing first the damage evolution it is emphasised that the decrease of the damage
parameter from D1 = 0.08 to D1 = 0.04 leads to a larger damage at a given plastic strain, see also
equations 12 and 13. Further, the decrease of the minimum strain to fracture leads to earlier
failure and thus to a weaker target material. Obviously, the changes give a pronounced softening
effect on the target material and the penetration resistance resulting in a marked increase of the
exit velocity from 217 to 302 m/s. This is also discussed in connection with the corresponding
2D simulations and the curves in figure 3.3 show the failure strain as a function of pressure for
the nominal and the new values of Ef,min and D1. It is however noted that the velocity change is
considerably larger in the 3D case compared to the 2D result.

The residual strength is a power function of the pressure with the strength constant B and
strength exponent M. Thus increasing B should increase the residual strength, while the decrease
in M leads to a lower value of the residual strength. In this case, the over all value of the strength
increases and the exit velocity decreases somewhat from 217 m/s to 204 m/s, giving a slightly
smaller change than the corresponding 2D calculations, see table 3.5.

The shear strength is normalised over the compressive strength fc and is decreased from 0.3fc to
0.1fc. This decrease of the shear strength of the target leads to less penetration resistance and the
projectile speed after penetration is 12% higher i.e. 243 m/s compared to the nominal value.

In figure 3.9 the velocity trajectories for the projectile as it penetrates the target are shown using
the different 3D problems in table 3.9 and the corresponding 2D cases in table 3.5. 
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Figure 3.9. Velocity as a function of penetration depth in the target for the 2D
(left) and 3D models (right) shown in table 3.5 and 3.9 respectively.

3.4.2. 3D simulations with ALE target formulation

As discussed before, a problem with the Lagrange formulation is that heavily distorted elements
may cause numerical problems and must therefore be removed from the mesh and this can affect
the solution of the problem studied. The Arbitrary Lagrange Euler (ALE) processor uses also a
form of re-meshing of the deformed grid and mapping of the solution to the new grid. Thus,
ALE can be seen as an extension of the Lagrange scheme with features of the Euler method
where the material is allowed to flow through the mesh. A small number of simulations using
the ALE formulation are done and the results are collected and compared to the Lagrange
method in table 3.10.

Table 3.10. Effect of changes of processor (ALE or Lagrange) on the exit velocity.
Model identity B99332 B99333 B99311 B99316
Processor ALE Lagrange
Element size (mm) 10
Symmetry ¼ -symmetry
Erosion strain (%) 150 100 150 100
Friction 0 0 0 0
Energy error (%) 1.9 2.4 1.9 2.4
Exit velocity (m/s) 225 234 217 234

For comparison, the experimental exit velocity was approximately 190 m/s.

Obviously the change from a pure Lagrange solver to ALE (Arbitrary Lagrange Euler) does not
affect the exit velocity to any significant degree. The Lagrange formulation without friction
resulted in an exit velocity of 217 m/s while the corresponding ALE solution gave 225 m/s. The
introduction of friction between target and projectile does not alter this conclusion. 

3.4.3. 3D simulations with Lagrange target formulation and non-normal impact 

The main improvement with the 3D models is the possibility of simulating oblique impact and
other cases where no symmetry axes can be used. In this chapter initial work considering
different types of impact angles are simulated and the results are discussed and compared with
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normal impact calculations. Further, other variations of the geometry (i.e. ½-symmetry) are also
compared with the previous ¼-symmetry simulations. 

Apart from variations of impact angle where the projectile velocity is parallel with the projectile
length axis, the yaw of the projectile can be changed, i.e. the velocity is not parallel with the
projectile length axis. The latter case with slight deviations between projectile length axis and
the velocity vector is very common in experimental ballistic tests. In table 3.11 the different
impact cases are listed together with the results. 

Table 3.11. Effect of variations of geometry and impact angles.
Model identity B99320 B99321 B99322 aB99323 B99311 B99312

Processor Lagrange
Element size (mm) 10
Symmetry ½-symmetry ¼-symmetry
Impact geometry Normal Yaw=1° Yaw=1° Angle=30° Normal Normal
Erosion strain (%) 150 150 150 150 150 150
Friction 0 0 0.05 0 0 0.05
Energy error (%) 1.9 1.9 8.9 2.1 1.9 8
Exit velocity (m/s) 211 186 163 111 217 205

aThe impact velocity is 460 m/s parallel with the projectile axis and at an angle of 30° to the
surface normal. At exit the centre of mass velocity is 111 m/s moving at an angle of 51° with the
normal, see also figure 3.11.

From table 3.11 some very interesting conclusions can be drawn. It is first noted that at normal
impact using ¼ or ½-symmetry results in a similar exit velocity as expected. However, the small
deviation of 1° between projectile axis and velocity vector gives a rather large effect on the
projectile trajectory and the exit velocity decreases with 25 m/s (12%) to 186 m/s compared to
the case with nominal impact. A yaw of one degree is common in ballistic testing and the above
results show that the ballistic testing must include measures of projectile yaw and pitch. The
graphs in figure 3.10 show the penetration paths with and without yaw (models B99320,
B99321). 
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Figure 3.10. Comparison of the penetration path at normal impact (left) and with
1° yaw (right).

As seen in figure 3.10 the yaw results in a wider penetration channel and also a curved path
through the target. As a consequence more energy is dissipated into the concrete and the exit
velocity decreases. 

Considering different angles of attack, the graph in figure 3.11 show the projectile trajectory
resulting from an impact angle of 30° compared to the normal. The oblique angle causes
different pressures on the upper and lower side of the projectile and as a consequence an
increasing curvature of the trajectory. At exit, the absolute value of the velocity vector is 111
m/s and the centre of mass moves with an angle of 51°, compared to 30° at impact. 
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Figure 3.11. Projectile hits the target at a speed of 459 m/s and at an angle of
30°. At exit the absolute value of the velocity is 111 m/s with the centre of mass
moving at an angle of 51°.

3.4.4. Conclusions considering 3D simulations 

It is clear that the 3D-simulations can give additional and very valuable information considering
projectile penetration where the 2D restriction to symmetric cases caused limitations. Perhaps
the most important finding is that even a very small yaw of the projectile of 1° results in a large
influence on the exit velocity. This type of deviation from normal impact very often occurs at
ballistic tests. The simulations show that this must be quantified and taken into account when
comparing the performance of projectiles and targets with other experiments and simulations. 

Considering the parametric material data study described earlier it is concluded that the 3D
simulations with normal impact causes roughly the same results as the 2D simulations.
However, it is found that the exit velocity is even more sensitive to the damage parameters using
3D grids, and also the shear stress gives a larger effect than in the corresponding 2D
simulations.

3.4.5. Parallel 3D simulations

The introduction of 3D versions of hydrocode softwares is a great enhancement of the
possibilities to solve and predict more realistic problems. As a consequence, the use of such
softwares is likely to increase rapidly. The obvious disadvantage is that the calculation time
increases dramatically due to the increase of the number of elements in the mesh. Therefore, the
calculation time using 2 and 4 parallel processors has been compared to the case with a single
processor. The test model is labelled B99311, se table 3.11, and the real clock time to calculate
problem penetration times of 0.5, 1, 1.5 and 2 ms are measured. The figure below shows the
result using 1.7 GHz P4 processors. 
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Figure 3.12. Real calculation time versus problem time using a single
processor and two or four parallel processor configurations respectively.

From figure 3.12 it is clear that the calculation time decreases substantially using the parallel
configuration. With 2 and 4 processors the real computational time is about 1.9 and 3.2 times
lower respectively compared to the case with a single processor. These factors depend also on
the partitioning of the problem into sub-processes.

In the autumn of 2002 an example of a parallel processing configuration of 4 or 8 processors
(P4, 2.53 GHz) with necessary equipment would cost about 60,000 and 115,000 SEK
respectively. This processor type is roughly 1.5 times faster compared to the one tested above. 
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4. DISCUSSION

Considering the material description of concrete, the RHT model is promising. The strength is
modelled by three surfaces, representing elastic limit, failure surface or peak load and finally a
residual strength of the damaged material under compression. Further, apart from pressure, the
strength surfaces are dependent on the strain rate and the triaxial stress state. Thus, this model is
able to handle most of the cases that are of importance for projectile penetration into brittle
materials like concrete. However, the determination of the material constants require rather
extensive experimental work. The parameters describing damage evolution, residual strength
and the tensile behaviour are difficult to assess and it is necessary to develop new testing
methods to determine damage development in the concrete and strength of damaged or partly
damaged concrete.

The numerical methods tested include Lagrange, ALE and SPH. Both the Lagrange and ALE
formulations require numerical erosion to obtain a solution. Because of this the mass and
confinement in the model decreases during the calculation. This is likely to affect the solution
when advanced material models with pressure dependent strength surfaces (as the RHT) are
used. The advantage with SPH formulation is that although it in principle is Lagrangian, it is not
necessary to use numerical erosion. Preliminary results are very promising and this formulation
makes it possible to retain the mass of the target and SPH can also be used to model projectile
erosion as well.

The use of the 3D version of the software allows oblique impact, as well as simulations of yaw
and pitch angles and must be considered a major enhancement of the possibility to predict the
interaction between target and projectile. Unfortunately, there are still software problems using
the 3D SPH formulation in connection with the RHT material model that must be solved. One
important finding from the Lagrange calculations in this work is that even a very small yaw
angle of 1° gives a large effect on the penetration path and exit velocity of the projectile. Thus
efforts must be taken to carefully measure the impact geometry of the projectile in future
ballistic experiments.

The increase of the calculation time that follows with the rapid increase of elements in the 3D
mesh is a problem. However, it is shown that parallel computations using 2 or 4 processors can
be used to substantially decrease calculation times. 
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5. FUTURE RESEARCH

In the near future work should focus on getting good characterised RHT parameters for high
performance concrete. Especially damage evolution parameters and residual strength constants
are important as shown in this report. However, this involves a large amount of work and must
be performed in collaboration with other research institutes. Further, ballistic experiments with
measures of not only impact and exit velocities but also of pitch and yaw of the projectile must
be conducted. Since it is shown that even very small deviations from normal impact give a large
effect on the projectile path through the target. The ballistic experiments should be done in close
connection with numerical 3D simulations using preferably the SPH technique. The long term
goal is to be able to predict trends in the protective capacity of concrete from mechanical
experiments and numerical calculations. To reduce the computational time for the simulations
the parallel processor system must be further enhanced.
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APPENDIX 1: EQUATIONS AND PARAMETERS

Table A.1.1. General parameters and their relationships.
Parameter Definition / Relationship
Sound velocity c
Mass m
Volume v
Stress σ
Density

v
m=ρ

Initial density
0

0 v
m=ρ

Strain rate 
t

εε =&

Bulk modulus
)21(3

2

ν
ρ

−
=⋅=

EcK

Poisons ratio 1
2

−=
G
Eν

Young's modulus )1(2)21(3 ννε
σ +=−== GKE

Shear modulus
)1(2 ν+

=
EG

Compression 1
0

−=
ρ
ρµ

Linear EOS KP ⋅= µ
Polynomial EOS 3

3
2

21 µµµ AAAP ++=
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Table A.1.2. Equation of state parameters for the concrete target.
P-alpha equation of state

Parameter Explanation Nominal value
ρ0 Initial density 2.39 g/cm3

ρporous Porous density 2.39 g/cm3

Cporous Porous sound speed 3000 m/s
pcrush Initial compaction pressure 80 MPa
plock Solid compaction pressure 1800 MPa
N Compaction exponent n 5
Solid EOS Type of solid EOS, i.e. Polynomial
ρsolid Reference density for solid EOS 2.54 g/cm3

A1 Parameter A1 for polynomial EOS, for compression. 40 GPa
A2 Parameter A2 for polynomial EOS, for compression. 0 GPa
A3 Parameter A3 for polynomial EOS, for compression. 0 GPa
B0 Parameter B1 for polynomial EOS 1.22
B1 Parameter B2 for polynomial EOS 1.22
T1 Parameter T1 for polynomial EOS, for expansion. 40 GPa
T2 Parameter T2 for polynomial EOS, for expansion. 0 GPa
Tref Reference temperature 300 K
Cv Specific heat 640 J/kgK
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Table A.1.3. RHT strength parameters for the concrete target.
RHT strength model

Parameter Explanation Nominal
value

G Shear modulus 18 GPa
fc Compressive strength 92 MPa
ft /fc Tensile compressive strength ratio 0.057
fs /fc Shear compressive strength ratio 0.30
A Failure surface parameter A, initial slope of failure

surface
1.9

N Failure surface exponent N, pressure dependence for
failure surface

0.6

Q2 Tensile compression meridian ratio 0.6805
BQ Brittle to ductile transition 0.0105

plasticelastic

elastic

G
G

−

Ratio between elastic shear modulus and elastic-plastic
shear modulus. (PREFACT) 

2

ft, elastic/ft Ratio between elastic surface and failure surface for
tension (TENSRAT)

0.8

fc, elastic/fc Ratio between elastic surface and failure surface for
compression (COMPRAT)

0.75

Cap option Use cap on elastic surface Yes
B Residual strength constant, initial slope of residual

surface
1.6

M Residual strength exponent, pressure dependence for
residual surface

0.61

α Compressive strain rate exponent 0.01
δ Tensile strain rate exponent, 0.013
D1 Damage constant 0.08
D2 Damage exponent 1
εfail, min Minimum strain to failure 0.05
Gresidual/Gelastic Residual shear modulus fraction (SHRATD) 0.13
Tensile failure
model

Use of "Hydro tensile limit" or "Principal stress" for
tensile failure description

Hydro tensile
limit

Pmin Hydro tensile limit failure Yes
σtensile failure Tensile failure stress for "Principal stress" failure

condition
Not used

τmaximum Shear failure stress for "Principal stress" failure condition Not used
Gf Crack softening for "Principal stress" failure condition Not used
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APPENDIX 2: BENCHMARK TESTS 

In October 1999 a series of benchmark tests were conducted at the Bofors test centre. These
tests were a cooperation project with DERA, FOA, FFI and TNO as participants. The purpose
with the benchmark tests was to obtain reliable data for numerical simulations, and be able to
test the available numerical methods and material models for simulation of penetration in
concrete. This appendix describing the mechanical and ballistic testing is from chapter 3 in the
report by Hansson (2001) but are for convenience and clarity also included in this report.

Material properties

The concrete for the benchmark test series was tested with standard methods to obtain the
E-modulus, cube strength and splitting strength. The behaviour of the concrete during tri-axial
loading were tested, using passive confinement of the concrete with GREAC cells, by FFI in
Norway and Imperial College in the UK. The properties of the concrete targets are given in
tables A.2.1 to A.2.3 and in figures A.2.1 to A.2.4.

Table A.2.1. Properties of the concrete targets. 
Target/concrete properties Value
Diameter 2.40 m
Length 0.75 m
Compressive uni-axial cube strength* 103 ± 2 MPa
Compressive uni-axial cylinder strength** 92  ± 2 MPa
Tensile splitting strength* 6.5 ± 0.2 MPa
Tensile splitting strength** 5.9 ± 0.6 MPa
Initial E-modulus** (E0) 44.0 ± 0.5 GPa
Ec ** 44.5 ± 0.9 GPa

Note: *: Determined on cubes with 150 mm side. 
**: Determined on ∅100×200 mm cylinders.

Table A.2.2. Specimen of concrete tested in GREAC cell by FFI.
Steel cylinderTest

no. O.D
(mm)

I.D
(mm)

Length
(mm)

Material
Weight of
specimen

(gram)

Initial
length
(mm)

Initial
density
(g/cm3)

Date of
testing

X 122 76.4 150 Hardened Orvar
Supreme

1624 148.1 2.39 9/11/99

IX 101.6 76.2 150 High strength steel
NS 13411-05

1624 148.7 2.39 15/10/99
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Figure A.2.1. Pressure vs. density for samples tested at FFI.
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Figure A.2.2. Pressure vs. density for samples tested at Imperial college.
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Figure A.2.4. Stress difference vs. pressure for samples tested at Imperial College.
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Table A.2.3. Compiled concrete data from tests performed at FFI.

Porous sound velocity Solid sound velocity

=
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2

23902420
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p d
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ρ
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2

24872570
10737 6
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Kg
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N

s d
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ρ

2980 m/s

5 point piecewise linear compaction path
Density (g/cm3) Pressure (MPa)

1 2.415 90
2 2.460 216
3 2.515 390
4 2.545 565
5 2.570 737

5 point piecewise linear yield surface
Pressure (MPa) Stress difference (MPa) Hardening slope

1 0 34
2 33 100 2.00
3 230 292 0.97
4 400 371 0.46
5 650 400 0.12
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Benchmark penetration tests

The benchmark penetration tests were performed with an instrumented spinning projectile with
152 mm diameter, see figure A.2.5 and A.2.6 and table A.2.4. Three tests were conducted with
unreinforced concrete with the approximate cube strength of 100 MPa. Two of the projectiles
were equipped with accelerometers to determine the deceleration during the perforation in the
target. The exit velocity of the projectiles was determined with a high speed video camera for
comparison with data from accelerometer recordings and Doppler radar measurements. Two of
the targets were equipped with pressure transducers, which were mounted 30 cm from the back
face of the targets. The impact and exit velocities of the projectiles are given in table A.2.4. A
target before impact is shown in figure A.2.7, and the targets after perforation are shown in
figures A.2.8 to A.2.10

Numerical integration of the accelerometer signal from instrument pack in the projectile
underestimated the velocity of the projectile in comparison with velocity measurement from
Doppler radar and exit velocity determined by high speed video. The radar measurements seem
to have registered the velocity during the major part of the projectile deceleration in the target.
Also the lower projectile exit velocity for test 25 in comparison with test 24 is shown in the
radar measurements. The data from accelerometers, radar and pressure transducers are shown in
figures A.2.11 to A.2.17.

Figure A.2.5. Projectile for benchmark tests.
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Figure A.2.6. Dummy projectile after test 23.

Table A.2.4. Benchmark test data.
Test 23 Test 24 Test 25 Mean value

Diameter 152 mm
Length 552 mm
Ogive radius 380 mm
Nose length 228 mm
Total mass 46.2 ±0.1 kg
Mass of case 38.8 kg
Type of
projectile

Dummy Instrumented* Instrumented ----

Impact velocity 460.0 ±0.5 m/s 455.5 ±0.2 m/s 458.8 ±0.2 m/s 458.1 ±0.2 m/s
Exit velocity** 183 ±6 m/s 204 ±4 m/s 181 ±4 m/s 190 ±14 m/s

*: Instrumentation pack not recovered after test.
**: Determined from high speed video.

Figure A.2.7. Target mounting.
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Figure A.2.8. Target after perforation for test no. 23, front face to the left.

 
Figure A.2.9. Target after perforation for test no. 24, front face to the left.

 
Figure A.2.10. Target after perforation for test no. 25, front face to the left.
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Figure A.2.11. Doppler radar measurements of velocity for the instrumented
projectiles.
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Figure A.2.12. Mean values of radar measurements for tests 24 and 25.



FOI-R--0720--SE

48

-40000

-30000

-20000

-10000

0

10000

-0.5 0 0.5 1 1.5 2 2.5

Time (ms)

A
cc

el
er

at
io

n 
(g

)

Figure A.2.13. Calculated deceleration of projectile based on mean velocity
values from radar measurements for tests 24 and 25.
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Figure A.2.14. Acceleration registration from projectile for test no. 25.
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Figure A.2.15. Moving average of 9 points for acceleration registration
from projectile for test no. 25.
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Figure A.2.16. Velocity of projectile obtained by integration of acceleration
data from projectile for test no. 25.
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Figure A.2.17. Measured pressure in the concrete targets for test no. 24 and
25. 


