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Abstract
A brief review is given on existing theories for modelling matter on different
length scales. A process and a terminology for the modelling is proposed to be
used in all the scientific and engineering disciplines. The methods for multiscale
modelling developed need to be improved as well as computer performance has
to grow before it can be used in product development. However, multiscale mod-
elling can lend new insights to engineer new materials with optimal properties for
any application.
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1 Introduction
Modelling of material at different length scales can become a powerful tool in the
development of new materials with optimal and engineered properties. Analysis
on different length scales may also be used to explain macroscopic mechanical
behaviour in terms of structure on atomic or molecular level.

A process and a terminology for modelling solid material mechanical be-
haviour is presented here to serve as a connector between researchers from dif-
ferent scientific and engineering disciplines. The experience of the authors is that
the lack of a common language, apart from mathematics, makes it difficult for
different research groups to interact.

Scientific theories and hypotheses are often in the form of models and are
commonly divided into analogue, iconical and symbolical models. Analogue
models lack structural resemblance with the parent object, while iconical mod-
els are scaled projections of the same. Symbolical models are almost exclusively
mathematical and it is also the type of model scrutinized here. It would be im-
possible to capture the true nature of matter in a model since our perception of
the world is limited by our senses and by instrument technology. But, even a
model incorporating only intersubjective scientific knowledge on matter received
through these senses and instruments would be too large for practical use. In
Gulliver’s travels Swift portrays how the map makers, in their strive not to miss
any details, constructs a map of their country as large as the country itself. Even
though their model is iconical and not mathematical, the story points out the ne-
cessity to introduce some degree of idealization and the first is a restriction to the
world as described by physics.
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2 Philosophy of modelling
The proposed process for the mathematical modelling of material, from the real
world to the validation of computational results against experimental results, is
divided into five sub-processes, see Figure 1.

2.1 Idealization
Idealizations are here made in four dimensions; conceptual, mathematical treat-
ment, spatial and temporal.

Conceptual

In physics there are four closed sets of concepts, cf. Figure 2. Thermodynamics
can easily be connected to any of the other sets and classical mechanics is related
to two of the others as limiting cases. In the first case velocities are infinitely low
in comparison with the speed of light and in the second case Planck’s constant can
be considered as infinitely small. The theory of general relativity is still an open
mathematical set and only relevant when strong acceleration fields are present.
See Heisenberg [1] for a detailed discussion on these concepts and their relations.

Errors generated by classical mechanics compared to the special theory of rel-
ativity are of order

���������
	
, where

�
is the current velocity and

�
the speed of light,

cf. Synge [2]. Only if relativistic effects can be ignored is it possible to uncouple
time and space and treat them separately in the classic manner. The error, or rather
uncertainty, generated by classical mechanics compared to quantum mechanics is
governed by the Heisenberg’s relation

�
���������������� (1)

where
�
���

and
�����

are the uncertainties in momentum and position respectively
and � is Planck’s constant divided by

���
. This relation restricts the time of obser-

vation of classical mechanics at smaller spatial scales.

Mathematical treatment

Further, in physics there are two viewpoints in the mathematical treatment of mat-
ter; discrete theories and field theories. Discrete theories describe matter as dis-
continuous while in field theories matter is represented by continuous functions.
If discontinuities are present in a field theoretical model jump conditions are in-
troduced, cf. Truesdell and Toupin [3].

Some concepts belongs inherently to one or the other viewpoint, for example
is thermodynamics a field theory and quantum mechanics is a combination of both
field and discrete elements. With classical mechanics the choice lie open.

Spatial

The model is spatially limited to encompasss only a part of the world and matter
outside this finite, spatial control domain influences the phenomenon only through
imposed boundary conditions and gravitational fields.
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An inner spatial, or material, scale also has to be chosen, see Figure 3. The
internal spatial scales are different for metallic, ceramic, polymeric and composite
materials but, in Figure 3 metallic materials are used as reference.

Some theories belongs inherently to a spatial scale, for example are classical
thermodynamics, optics and magnetism macroscopic scale theories.

Temporal

If the process studied is dynamic the past is reduced to initial conditions and the
phenomenon is studied over a finite, temporal control domain. As mentioned
before, use of classical mechanics limits the size of the temporal domain.

2.2 Discretization
If a sufficiently high degree of idealization is made then, the model will be analyt-
ically solvable. But, to solve more complex models numerical analysis on com-
puters has to be used where the idea is to efficiently calculate accurate approxima-
tions to the solution. However, computers work with finite sets and discretization
of the infinite sets in the model into finite sets constitutes therefor a basic element
of numerical analysis. Discretization is performed of either the temporal control
domain or the spatial control domain or both. If integrational expressions have to
be evaluated then, numerical integration has to be used. All this induces indirectly
idealizations of the real world.

2.3 Implementation
Computers do work linearly but, model input consists frequently of nonlinear
functions. Algorithms have to be used that perform iterations on linear, finite
sets to implement the model. This also induces indirect idealizations of the real
problem.

2.4 Simulation
The accuracy of the result from the simulation depends to some extent on the pre-
cision of the computer used. A simulation consists of three activities; preprocess-
ing to generate code input, execution of the implemented code and postprocessing
to visualize the results.

2.5 Validation
The computational result is visualized and compiled in order to perform a valida-
tion against experimental observations. When experimental data is prepared for
comparison it must often be filtered, which can introduce errors.
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Figure 1. Process of modelling
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Figure 2. Concepts of physics
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3 Multiscale modelling

A process for multiscale modelling is shown in Figure 4 and for every sub-process
a brief overview is given below. Also, see Figure 3 for material scale references.

3.1 Pico - Quantum mechanics

(Concept: Quantum theory, Treatment: Field- and discrete theory, Spatial: Pico-
scopic, Temporal: Limited by relativity)

The cohesion or binding energy of solids is entirely due to the attractive elec-
trostatic interaction between the negative charges of the electrons and the positive
charges of the nuclei. Given the spatial distribution and the velocity distribution of
electrons and nuclei in their free state and in a crystal respectively, it is possible to
calculate the binding energy in a crystal, cf. Kittel [4]. Non-relativistic quantum
mechanics is mainly concerned with solving the Schrödinger equation

9 � 	� );: 	=< ��>�?
@A��BDCE��>�?
@
� < ��>�?
@
�GFIH �KJJ @
< ��>�?
@A�

(2)

where
)

is the particle mass,
CE��>�?
@A�

is the potential field in which the particle is
moving,

< ��>�?
@A�
is the particle wave function and

L < ��>�?
@A��L 	
(3)

is the particle probability distribution. One can assume that the wave function is
separable, such that it can be expressed as the product of one spatial function and
one time function. < ��>�?
@
�MFIN
��>O�QP���@A�

(4)

Further, assuming
C

is not a function of time and
P

is the harmonic function

P���@
�MFIR 0 �TSVU (5)

equations (2) and (5) lead to the time-independent Schrödinger equation.

W NX��>O�YF[Z\NX��>O�
(6)

where W F 9 � 	� );: 	 B;C]��>O�
(7)

is the Hamiltonian operator and

Z^F �`_ (8)

is the energy of the particle. Considering a configuration of several atoms a num-
ber of approximations has to be made to solve Equation (6) and to compute the
binding energy. From this it is possible to compute macroscopic elastic material
properties, cf. for example Vitos et al. [5] for steel alloys.
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3.1.1 Approximations

It is generally assumed that the nuclei is static and that its mass is infinitly larger
than the mass of the surrounding electrons. Still, finding an accurate numeri-
cal solution to the Scrödinger equation for many electrons interacting with each
other is not a trivial task. However, the total number of equations to solve can be
greatly reduced by, as in the pseudo-potential (PP) method, assuming that only
the valence electrons need to be considered.

Further, the density functional theory (DFT) simplifies the numerical solution
to a multi-electron Schrödinger equation. The theory is based on simplifying
the influence from the surrounding on an electron through the definition of an
effective nuclei potential

C]��>O�
[6]. However, a good effective nuclei potential is

generally not trivially defined.
With the local density approximation (LDA), the effective nuclei potential is

defined as a function of the local electron density [7]. In an extension to the LDA
approximation, the generalized gradient approximation (GGA) [8], the effective
nuclei potential is defined as a function of both the local electron density and of
its gradient.

3.2 Nano - Molecular dynamics
(Concept: Classical mechanics, Treatment: Field- and discrete theory, Spatial:
Nanoscopic, Temporal: Limited by uncertainty and relativity)

Molecular dynamics (MD) is based on classical Newtonian mechanics where
each atom is modeled as a concentrated mass

)
at a distinct coordinate in space.

The acceleration a of an atom is defined as

a Fcb) (9)

where b is the total force acting on the atom. b is an interaction force that is
derived from gradients of inter-atomic energy potentials. The potentials are gen-
erally fitted to quantum mechanical simulation results and to known material data.

3.2.1 Energy potentials

In the embedded atom method (EAM) the energy potentials are defined as func-
tions of the pairwise distance between the atoms and of a background electron
density [9].

Z UedQU Fgf �[h ��i � �5B �� f �kjmlon �kj ��p �qj � (10)

��HA?7r`�ts ' � ?Au *�vw' � ?Au * , where
u

is the total number of atoms considered.
Z UedQU

is
the total atom bonding energy of the system and n �kj is a pairwise energy potential
that is a function of the distance

p �qj
between atoms

H
and

r
. The prime on the

second sum excludes all self-interaction terms where two indices are equal. h is a
universal function that does not depend on the source of the background electron
density

i �
, [9]. i � F f j�xy ��zi j ��p �qj � (11)
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where zi j is the background electron density contribution from atom
r
.

EAM assumes only radial interaction forces between the atoms. The advan-
tage of the formulation is relatively simple potential functions, from which the
pairwise acting atom forces easily can be derived. According to literature [10]
EAM works well for realtively noble transition metals. That is, metals with filled,
or nearly filled, d-shells.

For other metals, where a directional bonding is more pronounced, more com-
plex potential functions are necessary. In this context, it is worth mentioning the
generalized pseudopotential method (GPT) and the model generalized pseudopo-
tential method (MGPT) [10]. For a pure metal the GPT defines the energy as

Z UedQU F[u{Zt| d~} �����5B �� f �qj l � 	 ��H�r����(��B �� f �kj�� l � - ��H�rV�����(�
B���� f �kj���} l ������H�r`�������(�OB��o�o� (12)

where � 	 ��H�r����(�MFI� 	 ��p �kj ?��(�� - ��H�rV��?����GFI� - ��p �qj ?
p j�� ?
p ��� ?����� � ��H�rV���Q�����GFI� � ��p �kj ?
p �o� ?
p �o} ?
p j�� ?
p j�} ?
p ��} ?��(� (13)

u
and

�
are the number of atoms and the atomic volume, respectively.

With todays computer resources, only very small material volumes can be
modelled. Due to the size of dislocation structures in crystalline metal alloys,
molecular dynamics can hardly be used to simulate large plastic deformations of
this class of materials. The modelling technique is better suited for amorphous
metals, where the mechanisms governing plastic flow are completely different.

3.3 Micro - Dislocation dynamics
(Concept: Classical mechanics, Treatment: Field- and discrete theory, Spatial:
Microscopic, Temporal: Limited by relativity but practically unlimited by uncer-
tainty)

In dislocation dynamics the discrete treatment of single atoms is abandoned,
c.f. Devrince et al. [11]. Instead, the core material is modelled as an elastic
continuum, into which the dislocations are embedded as explicitly described one-
dimensional structures. A dislocation dynamics model is completed by assump-
tions regarding the dislocation activation stresses and their interaction properties.
This approach readily allows the study of micrometer sized structures. However,
defining the dislocation properties is not a trivial task.

Inelastic defomations of amorphous materials are not related to the migra-
tion, growth and annihilation of dislocation structures. Consequently, dislocation
dynamics is not a feasible way of modelling this class of materials.

3.4 Meso - Crystal plasticity
(Concept: Classical mechanics, Treatment: Field theory, Spatial: Mesoscopic,
Temporal: Limited by relativity but practically unlimited by uncertainty)

In crystal plasticity, the material is viewed as a continuum where plastic defor-
mations are imposed by the activation of crystallographic glide planes. Working
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on a mesoscopic scale, each grain in the crystal is modelled individually and the
technique can be used to predict the development of crystallographic texture and
grain geometries. Incorporating the migration of dislocations in the model, crystal
plasticity also has the potential to bring insight into the relationship between grain
size and macroscopic response of a specific alloy, cf. Olovsson [12].

However, crystal plasticity is of little or no use as a tool to predict or describe
the material behavior on a microscopic level.

3.5 Macro - Continuum mechanics
(Concept: Classical mechanics, Treatment: Field theory, Spatial: Macroscopic,
Temporal: Limited by relativity but practically unlimited by uncertainty)

Macro scale modelling is generally based on continuum mechanical assump-
tions and on material homogenity. Modelling on this level is of little or no use
at all if one aims at predicting or explaining the properties of a specific material.
It is merely used to explain or predict the response of mechanical structures at
different initial and boundary conditions.
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Figure 4. Scheme for multiscale
modelling of metals
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4 Discussion
Multiscale modelling is today mainly an activity within the research community,
where it receives attention by physicists and engineers at a growing rate. The
methods developed need however to be improved as well as computer perfor-
mance has to grow before use of multiscale modelling in commercial product
development will be a reality. But, already there are journals and conferences
devoted to multiscale modelling

When these methods are mature and the computational capabilities suffice,
they will together lend new and tremendous possibilities to understand and engi-
neer new materials with optimal properties for any application. At this point we
will most likely have a more profound integration of for example physics, solid
mechanics and engineering material science that renders new insights into each
others world of thinking.
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Godkänd av

Tekniskt och/eller vetenskapligt ansvarig

Rapporttitel

Sammanfattning

Nyckelord
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