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1. Introduction

Large Eddy Simulation (LES) is a useful tool for the study of turbulent �ows. With
increasing computer power and parallel processor supercomputers LES is considered
to become a powerful tool in the future. In LES the �ow is separated into large and
small scale motions where the large scales contain the main part of the turbulence
and energy containing structures. The large scale structures are resolved in LES and
calculated explicitly while the small scale motions are modelled or parameterized. The
large scale motions are believed to be more dependent on the �ow environment than
the small scale motions which are considered to have a more universal character. The
LES results are believed to be relatively insensitive to the small scale, or Sub Grid
Scale (SGS), parameterization scheme.

The topic for this study is to investigate a LES code previously not applied for
atmospheric �ows. The LES code will be tested and compared with results from other
LES studies in the atmosphere. Di�erent types of planetary boundary layers, neutral,
unstable and stable, are simulated. The experiments with a neutral boundary layer
is compared with results from Andrén et al. [1994]. The simulation of the stable
boundary layer is compared with studies byAndrén [1995].

The LES code that has been used is built with a C++ class library called FOAM,
�Field Operation And Manipulation� (Weller et al. 1988a, 1988b). FOAM is created
with the purpose to make it easy to solve a set of complex partial di�erential equa-
tions and in particular, development of reliable and e�cient codes for computational
continuum dynamics. When writing codes with FOAM, the equations are made to
resemble the original equations as much as possible and the notations for tensors and
di�erential equations is on the top level close to conventional mathematical notation.
Object orientated programming techniques make it possible to enable data types to
work very similar to continuum mechanics.
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2. Numerical Models for Fluid dynamics

There are many ways to simulate �uid motions numerically. Most simulations or
models use the Navier-Stokes Equations (NSE), either direct or after an appropriate
averaging. Ensemble Average Models (EAM) use an averaged set up of NSE. Assuming
that the interesting features of the �ow lies in the mean �eld, only the mean �eld
is calculated and all deviations are parameterized. EAM has been used in many
engineering and environmental studies. All turbulence, also that which in principle
could be resolved, is parameterized in the EAM code. Ensemble average models can
only be used when the mean values are the interesting part of the study, but they are
computationally e�cient tools compared to for example Direct Numerical Simulation
(DNS). DNS is a direct approach to solve the complete set of Navier Stokes equations.
Here a �ne grid resolution is used in order to resolve all turbulent motions (i.e. down
to ∼ 1 mm.). This technique is computationally very expensive and it is only now,
in the age of the super computers that DNS has become possible. Still it has only
been used for �ows with low Reynolds numbers. To simulate the turbulence in the
atmosphere a di�erent tool is needed.

For atmospheric simulations the wether prediction models resolves large scales
and parameterize small scales. Large scales in this context are considered to be the
synoptic scale motions such as the low pressure systems coming in from the Atlantic,
passing northern Europe. All turbulence are in these models parameterized. When
simulating phenomena on smaller scales the distinction between large and small scales
has to be changed.

When studying features in the Planetary Boundary Layer (PBL) the turbulence
is of greatest importance. In Large Eddy Simulation (LES) the large eddies are
resolved and simulated while the small eddies are parameterized or modelled. The
large eddies are considered to be those that contain most of the turbulent kinetic
energy in the �ow and take care of the main part of the transport of parameters such
as heat and momentum. Eddies smaller than the resolution must be parameterized in
a SGS model. This way of calculating �uctuations and turbulence is computationally
reasonable. Depending on what is going to be investigated, di�erent computational
methods have their di�erent advantages. For planetary boundary layer simulations
LES is a good tool.

One of the earliest successful attempts with LES for the atmosphere was made by
Deardor� in the 1970:s with simulations of the convective boundary layer [Deardor�,
1973]. The convective boundary layer has been more successfully simulated compared
to the neutral and stable boundary layers. The convective boundary layer is domi-
nated by large �uctuations that are well resolved in the LES domain. Most of the
energy is located within the large scales which makes the LES insensitive to the sub
grid scale �uctuations and therefore less dependent to the di�culties with sub grid
scale modelling.

In the neutral boundary layer there are no temperature di�erences. This makes it
easier to simulate because the temperature equation is not needed. In the simulation
made for the neutral PBL in this study, the temperature equation is still retained
in the code but since there are no temperature di�erences in the �eld, it takes no
part in the calculations. LES for the neutral boundary layer are well documented
and understood, for industrial purposes, but not as thoroughly investigated for the
atmosphere. The results for the neutral simulation is compared to the results of
Andrén et al. [1994].

A test for a slightly stable boundary layer is also performed. This is the most
challenging boundary layer to simulate. In a stable atmosphere the turbulence is very
week and the scale is small. This means that the eddies in the domain are very small
and large parts of them are not resolved, especially close to the ground. Even energy

3
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containing eddies are not resolved which is the basic idea with the LES approach. The
LES is consequently more dependent of the parameterization scheme which already
is one of the crucial and di�cult parts of the LES code. In this �eld there is much
to be done before LES behaves satisfactory according to observations. The stable
simulation is compared with Andrén [1995].

4
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3. Theory

The LES code investigated in this theses is built with the C++ library FOAM and will
henceforth be referred to as FOAM. Here the basic equations and assumptions used
in FOAM will be described together with the grid setup and di�erentiation scheme.

3.1 Basic Equations
Motions in a �ow are believed to be adequately described by Navier Stokes equations.
They may be written in tensor form as [Stull, 1988, section 3.2.3]:

∂ui

∂t
+ uj

∂ui

∂xj
= −δi3g − 2εijkΩjuk − 1

ρ

∂p

∂xi
+

1
ρ

∂τijvisc

∂xj
(3.1)

This is an equation for the velocity vector ui = (u, v, w), where δ and ε are the
Kronecker delta and the alternating unit tensor (see Appendix 6.1 for details). Ω
is the earth rotation, Ω = (0, ω cosϕ, ωsinϕ), where ϕ is the latitude and ω is the
angular rotation velocity of earth. Thus is both horizontal and vertical coriolis force
included in the code. Further variables are earth gravityg, pressure p, air density ρ
and the viscous stress tensor, τijvisc further discussed in Appendix 6.2. The variables
are functions of time, t and space, xj = (x, y, z). The orientation is for x eastwards,
along a latitude, for y northwards, along a longitude, while z is vertical.

To close the problem we include the continuity equation, Equation 3.2. Assum-
ing that the atmosphere is incompressible, dρ

dt ≡ 0, the continuity equation may be
simpli�ed as:

∂ρ

∂t
+

∂ρuj

∂xi
=

∂ρ

∂t
+ ui

∂ρ

∂xi
+ ρ

∂ui

∂xi
=

dρ

dt
+ ρ

∂ui

∂xi
= 0 (3.2)

⇒ ∂ui

∂xi
= 0 (3.3)

The thermodynamical equation is also needed for the PBL simulations.
∂θ

∂t
= −uj

∂θ

∂xj
− ∂τθjvisc

∂xj
+ Source (3.4)

where θ is the potential temperature and τθj is the �ux of potential temperature. An
equation of state for dry air is further assumed:

P = ρRT (3.5)

where R = 287.05 J
kg·K . Equations 3.1 - 3.5 mathematically closes the problem. They

describe the motions in a �uid. They can, however, not be solved analytically, which
is why a numerical approach is used.

3.2 Further Assumptions
The thermodynamic variables is separated into a �reference state� and deviations from
this `reference state� i.e. T = T0 + T1, ρ = ρ0 + ρ1 and p = p0 + p1. It is assumed
that the atmosphere at rest is in hydrostatical balance and that deviations from the
�reference state� are much smaller than the �reference state� itself,T1 << T0, ρ1 <<
ρ0 and p1 << p0, the Boussinesq assumptions, see e.g. Arya [1988, section 7.7.2].
Hydrostatical balance may be written in terms of the �reference state�:

−gρ0 =
∂p0

∂z
(3.6)
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Furthermore it is assumed that ρ1
ρ0

= −T1
T0

= − θ1
θ0

which is a good approximation when
the wind speed is much less than the speed of sound. Using the these assumptions
the Navier stokes equations may now be rewritten as:

∂ui

∂t
+ uj

∂ui

∂xj
= −2εijkΩjuk − 1

ρ0

∂p1

∂xi
+ δi3g

θ1

θ0
+

1
ρ

∂τijvisc

∂xj
(3.7)

often referred to as the Boussinesq approximated Navier Stokes equations. The vari-
ables are separated in two parts, one that is to be resolved in the model and one that
deviates from the resolved part; u = ū + u′, p = p̄ + p′ and θ = θ̄ + θ′. The resolved
part, or in our case the grid box average, is denoted with (̄ ) and the deviation from
these, the sub grid scale part, is denoted with (′).

Then averaging rules are applied to the equations 1 [compare with Arya, 1988,
section 9.1.3]. Using the averaging rules and the incompressible version of the conti-
nuity equation, the following expression for Navier Stokes equations may be derived
[see Deardor�, 1974]:

∂ūi

∂t
+

∂ūiūj

∂xj
= −2εijkΩūk − 1

ρ0

∂p̄1

∂xi
+ δi3g

(
θ̄ − θ̃

θ0

)
− ∂u′iu

′
j

∂xj
+

1
ρ0

∂τijvisc

∂xj
(3.8)

where θ̃ is a mean value of the potential temperature which in FOAM is calculated
as a time average of the grid box average value.

A pressure gradient corresponding to geostrophical wind is used as a driving force
in the simulation. The pressure gradient, the second term on the right hand side in
Equation 3.8, is separated into a �basic state�, i.e. the driving force, and a deviation
from this �basic state� where p̄r is the deviation:

1
ρ0

∂p̄1

∂xi
= fugδi2 − fvgδi1 +

1
ρ0

∂p̄r

∂xi
(3.9)

where ug and vg is the geostrophic wind in the x and y direction and f = 2ω sin φ.
The �rst two terms on the right hand side represent the �basic state� and the last
term the deviation from this.

The turbulent stress tensor is parameterized according toK-theory. It is assumed
that the turbulent SGS stress, u′iu′j , is coupled to the resolved �eld as,

u′iu
′
j = −Km

(
∂ūi

∂xj
+

∂ūj

∂xi

)
+

2
3
ēδij = (−2KmSij) +

2
3
ēδij = τijturb

+
2
3
ēδij (3.10)

where S is the strain tensor,

Sij =
1
2

(
∂ūi

∂xj
+

∂ūj

∂xi

)
(3.11)

and ē = u′iu
′
i

2 is the sub grid Turbulent Kinetic Energy, TKE. The elements on the
diagonal of the matrix u′iu

′
j are written as u′ku′k = u′2i = −2Km

∂ūk

∂xk
+ 2

3 ē (note no
summation convention in this case, see Appendix II).Km is the turbulent exchange
coe�cient. In the next chapter the SGS-model which task is to determine a good and
representative Km is described.

The TKE term, − 2
3 ē is put together with the p̄r term and inserted in Equation

3.8. The equations of motion can then be written in the way they are used inAndrén
et al. [e.g. 1994] and Deardor� [1974] as well as in FOAM :

1ū = ū; u′ = 0; ūu′ = 0 ; ∂ū
∂x

= ∂u
∂x

which is true for volume averaging. There are di�erent ways
to �lter the equations and these averaging rules can not be applied to all �lters.

6
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∂ūi

∂t
+

∂ūiūj

∂xj
= [fugδi2 − fvgδi1]− ∂

∂xi

(
p̄r

ρ0
+

2
3
ē

)
− ∂τij

∂xj
− 2εijkūkΩ + δi3g

θ̄ − θ̃

θ0

(3.12)

Terms within brackets, [. . .], represent the �basic state� atmosphere. The stress
tensor, τij , is here de�ned with both a turbulent and a viscous part, τij = τ b

ijvisc
+

τijturb
, where τ b

ijvisc
= 1

ρ0
τijvisc

The viscous part is much smaller than the turbulent
and may therefore be neglected, which is, however, not done in FOAM.( p̄r

ρ0
+ 2

3 ē) is
henceforth denoted p̄.

3.2.1 Sub Grid Scale Model (SGS) The sub grid scale model used is a one
equation Eddy Viscosity Model according to Moeng [1984]. In order to determine the
turbulent viscosity coe�cient,Km, the SGS turbulent kinetic energy equation :

∂ē

∂t
+ ūj

∂ē

∂xj
= P + D + B − ε (3.13)

is solved. From this prognostic equation the SGS turbulence energy ē is used to
calculate Km. The terms on the right hand side in equation 3.13 represent shear
production P , dispersion D, buoyancy production/reductionB and dissipation, ε:

P = −u′iu
′
j

∂ūi

∂xj
= −τijturb

Sij (3.14)

D =
∂

∂xj

(
Km

∂ē

∂xj

)
(3.15)

B = δi3
g

θ0
u′iθ′ = δi3

g

θ0
τθi (3.16)

and

ε = Cε
ē

2
3

l
(3.17)

Cε is empirical and set to 0.93 except at the lowest level where it is set to 3.9 due to
wall e�ects as suggested by Deardor� [1980].

The SGS velocity stresses τijturb
are assumed to be related to the resolved �eld

by the turbulent exchange coe�cient, Km (see Equation 3.10) which, as a result of
dimension analysis, may be written as a function of the SGS kinetic energy and a
length scale, l, :

Km = CRl
√

ē (3.18)

where CR = 0.1. l = ∆s = (∆x∆y∆z)1/3 when ∂θ̄
∂z ≤ 0 and

l = ls = 0.76 · ē1/2 ·
(

g

θ0

∂θ̄

∂z

)−1/2

(3.19)

when ∂θ
∂z > 0 and ls < ∆s. This is a modi�cation of l, suggested by Deardor� [1980],

that takes into account the possible small mixing length in stable regions.
The heat �ux in the SGS-model is assumed to have an analogous form,

τθi = Kh
∂θ̄

∂xi
(3.20)

7
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where the exchange coe�cient for heat,Kh have the following relation to Km:

Kh =
(

1 + (
2l

∆s
)
)

Km (3.21)

The constants in Equation3.17-3.19 are entirely empirical,Deardor� [1973, 1980]. The
SGS-model should only describe the e�ects of the small eddies and if the resolution is
high enough the empirical constants should not have much in�uence. However, close
to the ground, where the eddies are small and therefore the SGS-model important,
the LES is still dependent of the choice of SGS-model.

3.2.2 Di�erentiation Scheme When solving partial di�erential equations nu-
merically, there are many methods for the discretisation i.e. how to calculate the
derivatives necessary for solving the equations. The discretisation method is depen-
dent on the grid structure of the domain. FOAM is constructed to handle unstructured
arbitrary grids i.e. grids that can be used for a complex geometry. The domain is
divided into cells which may have any general polyhedral shape as long as the cells
are built of a number of �at faces and each face is shared with only one other cell
or a boundary (the grid does not have to be constructed of orthogonal blocks). This
means that the computational domain in FOAM may have quite a complex geometry.
In this study however, a simple geometry with orthogonal blocks is used.

The discretisation used is called Finite Volume Discretisation, a scheme that can
be used for complex structures. Each point where di�erential equations is solved, is
situated in the center a cell. All variables are de�ned in these points which means
that FOAM works with unstaggered grid, although staggered grids are often used in
other LES.

3.2.3 Finite Volume Discretisation When discretising the equations, it is im-
portant to have the same order of accuracy in the numerical scheme as well as for
the sub grid model. FOAM uses the integral form of the partial di�erential equations
in its discretisation scheme. The integral form of the momentum equation, Equation
3.12 can be written as:

∫ t+∆t

t

[ ∫

V

∂ūi

∂t
dV +

∫

V

∂ūiūj

∂xj
dV

]
dt =

∫ t+∆t

t

[
−

∫

V

∂

∂xi

(
p̄r

ρ0
+

2
3
ē

)
dV −

∫

V

∂τij

∂xj
dV +

∫

V

XdV

]
dt (3.22)

where V is the volume of the cell, ∆t the time step andX the terms without deriva-
tives. By using the Gauss' theorem the volume integrals are transformed into surface
integrals. They may be calculated as the sum of the integrals of each face of the cell.
The advection term in Equation 3.22, the second term on the left hand side become:

∫

V

∂ūiūj

∂xi
dV =

∑

faces

Si
f (ūiūj)f =

∑

faces

(Si
f (ūi))ūjf =

∑

faces

Fūjf (3.23)

The index f denote the center of the cell faces. F is the face �ux F = Si
f (ui)f where

S is the cell surface area. The face �ux is used for theU equation as well for the θ
equation in the numerical scheme which is computationally e�cient.

The face �ux is calculated iteratively while balancing the pressure and velocity
�eld. The value of ūjf (θ̄f in the theta equation) is calculated through central dif-
ferencing, using the value of ūjc in the cells on each side of the cell face. Central
di�erencing has second order of accuracy. The pressure term in Equation3.22, the
�rst term on the right hand side, is discretised with central di�erencing too, but there
is no the face �ux involved.

8
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The stress term has second derivatives which are discretised in a similar way as
above. The Gauss' theorem transforms it into a sum over the cell faces. On the cell
faces the derivative is calculated trough the di�erence between the values in the cell
centers on each side of the face, divided with the distance. This is also of second order
of accuracy.

The time derivative, the �rst term in Equation3.22 has a few di�erent discretisa-
tion schemes prede�ned in the FOAM C++ library. We useBackwards Di�erencing
which is a second order accurate scheme. It uses three time steps, t, t −∆t, t − 2∆t
and gives the following expression for the derivative (seeJasak [1995]):

3
2u

(t)
i − 2u

(t−∆t)
i + 1

2u
(t−2∆t)
i

∆t
(3.24)

We can now put the whole discretised momentum equation together:

3
2u

(t)
i − 2u

(t−∆t)
i + 1

2u
(t−2∆t)
i

∆t
V +

∑

faces

Fui = −
∑

faces

Si
f

(
p̄r

ρ0
+

2
3
ē

)
−

∑

faces

Si
fτij + X

(3.25)

where V is the volume of the cell. For the temperature equation the discretisation
procedure is done in a similar way. The FOAM system is much more complex than
this, but the overall picture has been explained. The problem with unstructured grids
has not been looked into but since the simulations made has a simple grid structure
that is of minor interest here. Still it's necessary to point out why FOAM is built in
this way.

9
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4. The Numerical Experiments

The planetary boundary layer has not been simulated with FOAM earlier. Changes
from previous FOAM codes are

• The Coriolis force has been implemented in the equations.

• The e�ect of the buoyancy has been implemented in the equations (both in the
momentum equation and the SGS TKE equation).

• The domain and grid boxes are larger since the simulated turbulent scales are
larger Previously has only �ows with turbulent scales much smaller than in the
PBL been simulated.

• An aerodynamically rough surface is modelled. Previously has the friction
against walls been a function of the laminar viscosity only and not of the tur-
bulence (aerodynamically smooth walls).

The neutral, stable and unstable boundary layer has been simulated in order to
validate FOAM. For the stable atmosphere two experiments with di�erent domains
was made.

When setting up the �ow, FOAMwas �rst run with a constant forcing (the pressure
gradient corresponding to geostrophical wind) and neutral strati�cation. Initially
a �ow far from steady state was used. After 30 hours a well developed boundary
layer, statistically close to a steady state, was developed. From this state started the
validation experiments.

4.1 Grid and Boundary Conditions
FOAM was set up to resemble the LES codes used for comparison. A domain with
simple geometry, where all grid boxes had the same size, was set up. Numerical and
external parameters for the di�erent runs are presented in Table4.1. The total domain
was 4000 × 2000 × 1500 meter in x,y and z direction. It had 40 grid boxes in each
direction. This is the same gridAndrén et al. [1994] used for neutral PBL simulations.
The grid is not a computationally expensive grid, which was necessary because of the
time available and the access to computer power for the FOAM tests. One way to
validate a LES code is to compare it with �better simulations�, e.g. simulations with
higher resolution which is the case for the stable PBL. The resolution in the domain
had to be changed for the stable atmosphere. With the same number of grid boxes
and a domain size of 2000 × 1000 × 750 meter a new simulation was done.

The domain was situated at latitude 45◦north and the �ow was driven with a
constant pressure gradient. The driving force of the system, the pressure gradient,
was chosen to correspond to a geostrophic wind with di�erent magnitude for each
case, see Table 4.1.

In FOAM there is a number of di�erent prede�ned boundary conditions, e.g. ��xed
value� or �zero gradient�. When a ��xed value� is set as boundary condition that value
is used throughout the whole simulation. �Zero gradient� gives the boundary the same
value as in the cell center. Cyclic boundary conditions is used at the four vertical walls
of the domain while the top and bottom boundaries is treated di�erent for di�erent
variables, displayed in Table 4.2.

�Zero gradient� is used for θ̄ at the top and the bottom and for the turbulent
kinetic energy at the bottom. For the winds at the top boundary �zero gradient�
was used for U and V while W had ��xed value� (= 0) giving a stress free boundary

1The 603 and 803 grids are discussed in chapter 4.4
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Case Domain size Nx ×Ny ×Nz Surface Heat Flux ug

x× y × z (meter) (K m·s−1) (m·s−1)
Neutral 1 4000× 2000× 1500 40× 40× 40 0 10
Neutral 2 1 4000× 2000× 1500 60× 60× 60 0 10
Neutral 3 4000× 2000× 1500 80× 80× 80 0 10
Unstable 4000× 2000× 1500 40× 40× 40 0.02 15
(Stable 1) 4000× 2000× 1500 40× 40× 40 -0.005 7
Stable 2 2000× 1000× 750 40× 40× 40 -0.005 7

Table 4.1: Numerical and external parameters in the simulated cases

condition. At the bottom wall all the winds were set to zero. The pressure was set
to zero at the top and to �zero gradient� at the bottom. Note that the hydrostatic

Variable Bottom Wall Top Wall

Ū 0 ∂ū
∂z = ∂v̄

∂z = 0; w̄ = 0

ē 0 ∂ē
∂z = 0

p̄ ∂p̄
∂z = 0 0

θ̄ ∂θ̄
∂z = 0 ∂θ̄

∂z = 0

Table 4.2: Boundary Conditions

balance is implemented in the equations and that p̄ = p̄r

ρ0
+ 2

3 ē. At the lower boundary
a momentum sink, τij0 , is introduced, i.e. the momentum �ux �across� the boundary:

τ130 = −CD
˜̄U · ū1 (4.1)

τ230 = −CD
˜̄U · ū2 (4.2)

where index 0 represent the lower boundary and ˜̄U =
√

˜̄u2
1 + ˜̄u2

2 is the time average
of the horizontal wind. CD is the drag coe�cient:

CD = κ2 (ln z/z0 −Ψ(z/L))−2 (4.3)
where Ψ = 0 for neutral strati�cation [see Arya, 1988, section 11.4]. This was unfor-
tunately used for all simulations, since the calculation ofCD was set up for the neutral
case and was not changed for the unstable and stable simulations. The principal result
is that a di�erent e�ective z0 was used in the simulations. A similar method is used
for the heat �ux.

4.2 The Neutral Case
The �rst test was for the neutral boundary layer. A completely neutral PBL with
constant temperature in the domain was used. This caused the buoyancy term in
the equation of motion and the total temperature equation to be passive in this
experiment.

The same resolution, grid structure and initial parameters asAndrén et al. [1994]
(henceforth referred to as Andrén94) was used to make the comparison easy to per-
form. Starting from the �ow at the end of the 30 hour simulation, FOAM was run for
6+3 hours to �nd a steady state. Statistics was sampled during the three �nal hours.
The forcing in the simulation is a pressure gradient in the y-direction corresponding
to a geostrophic wind, ug = 10m·s−1.
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4.2.1 Results The friction velocity for the neutral simulations are shown in Ta-
ble 4.3, the FOAM value compared to the span of results from the simulations by
Andrén94. The FOAM result lies within the results from Andrén94.

Models u∗ (m·s−1) z0 (m)
FOAM 0.407 0.1

Andrén94 0.402-0.448 0.1

Table 4.3: Parameters for the neutral case. Friction velocity, u∗ and roughness para-
meter, z0.

In Figure 4.1 the mean wind characteristics are shown, u-wind, v-wind, total
horizontal wind and the horizontal wind direction (this is not presented in Andrén94).
All �gures in this paper shows horizontal averages of the variables. An increase of the
horizontal wind with height can be seen. Closer to the ground friction slows down
and changes the direction of the wind (i.e an Ekman spiral is created,Holton [e.g.
1992, section 5.3.4]). The wind is close to geostrophic between 800 meter and the
top of the domain while it reaches zero at ground level. There is a 14◦change of
the wind direction through the domain. At high altitudes the wind is slightly super
geostrophic, 10.5 m·s−1, and the wind �ows towards lower pressure. This deviation
from geostrophic �ow could indicate that there still is a small reminiscence of an
inertial oscillation; the LES has not yet reached it's steady state.
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Figure 4.1: The neutral case (horizontal averages). Winds for FOAM, right �gure,
horizontal wind (full line), U-wind (dotted) and V-wind (dash-dotted). Horizontal
wind direction for FOAM, left �gure.

The Monin-Obukhovs similarity function, Φm, [e.g. Arya, 1988, chap. 11.1] is
plotted in Figure 4.2. Φm = κz

u∗
∂|U|
∂z where κ is the von Karman constant, u∗ the

friction velocity and U the horizontal velocity vector. Andrén94 compared di�erent
LES to determine the importance of the SGS-models and the numerical methods for
the neutral boundary layer. Their result for di�erent simulations are shown to the
right in Figure 4.2 while the FOAM result is to the left.

Regarding Φm, Figure 4.2 where Φm is plotted as a function of normalized height
2, the FOAM result lies within the span of Andrén94s results. Φm should, according
to the similarity theory, be constant (= 1) in the logarithmic surface layer in a neu-
tral �ow. Compared to Andrén94, only their SGS-model with backscatter managed
to recreate that to an acceptable degree. A backscatter model, which is rather com-
puter expensive, scatter kinetic energy back to larger scales from smaller, opposite the

2h = 0.35u∗
f

is often used for determining the neutral PBL height i.e. the PBL-height is at
z·f
u∗ = 0.35 .
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direction of the energy cascade. Compared to the other models in their experiment
FOAM produced a very similar result, an increase inΦm or wind shear a little bit
above ground. This is a well known problem for LES. Sullivan et al. [1994] has pro-
posed a SGS-model which eliminates this problem, however, this model relies heavily
on the concept of horizontal homogeneity which is of no use to FOAM since a future
aim is to use FOAM for simulations with horizontal inhomogeneities. Still FOAM has
a somewhat weaker Φm maxima than most of the LES tested by Andrén94 which is
a good indication of FOAM behavior.

0.0 0.5 1.0 1.5 2.0
Φm

0.00

0.02

0.04
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0.08

0.10

z 
f/

u *

Figure 4.2: The neutral case (horizontal averages). Monin-Obukhovs similarity func-
tion, Φm in the lower part of the PBL. FOAM to the left and Andrén94 to the right.

A second moment is in the presentation denoted by e.g. uw which is the horizontal
average of the sum of the resolved scale part and the SGS part. The resolved scale
part is calculated as: < ū′′w̄′′ >=< (ū− < ū >)(w̄− < w̄ >) >, where <> denotes
time averages. In the �gures horizontal averages of the second moments and their
components are plotted. The same notation is used for the wind variances e.g. u2.
Note that in the case of second moments (̄ ) does not denote volume averages.

In Figure 4.3 the normalized variances for the wind component,u2/u∗, v2/u∗ and
w2/u∗, are plotted as functions of the normalized height. The sub grid part and the
total variances are plotted for FOAM and Andrén94. In the result from FOAM also
the resolved part is plotted. The FOAM results are plotted to the left and Andrén94's
result to the right. FOAM show similar result as Andrén94. FOAM have the same
magnitude for the maxima as for some of the codes in Andrén94 in all variances, both
for the total and SGS part. In the total u2/u∗ the maxima for Addrén94 lies higher
up in the domain then in FOAM. In all the variances a small but systematic deviation
between the FOAM and the Andrén94 results can be seen. The total variances are
slightly less for FOAM than for Andrén94, i.e. FOAM generates a little bit less
turbulence than Andrén94. Since this is a neutral simulation all turbulence is shear
generated.

The in�uence of the SGS model is large close to the ground, especially at the �rst
grid point above ground. This is very clear for v2/u∗ and w2/u∗ where FOAM and
Andrén94 show similar results.

High up at the top of the plotted domain we see some irregularities, clearest in
w2/u∗. This could be due to our top boundary condition for p̄, where p̄ is set to
zero. However, since it does not seem to interfere with the lower parts of the the
domain this problem is left for later studies. In Figure 4.4 normalized momentum
�uxes uv/u∗ and uw/u∗ are shown. The same irregularities in the top of the FOAM
domain, as in the wind variances, can here be seen. The momentum �uxes,vw/u∗
show a somewhat smaller maxima compared to Andrén94, otherwise the magnitudes
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Figure 4.3: The neutral case (horizontal averages). Normalized velocity variances for
the FOAM results showing: total variance (solid), resolved part (dashed) and SGS
part (dash-dotted), left �gures. Total and SGS part from Andrén94, right �gures (the
resolved part is not presented in the results from Andrén94).
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and characteristics are the same. The overall correspondence with the results from
Andrén94 is rather good.
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Figure 4.4: The neutral case (horizontal averages). Normalized momentum �uxes:
total variance (solid), resolved part (dashed) and SGS part (dash-dotted) for FOAM,
left �gures. Total and SGS part for Andrén94, right �gures (the resolved part is not
presented in the results from Andrén94).

4.3 The Unstable Case
A simulation with an unstable PBL was performed, a �rst test to see if FOAM could
transform the neutral PBL into an unstable. The same grid as for the neutral case was
used, assuming that the larger turbulent scales in a convective PBL would be su�-
ciently resolved. The �ow at the 6th hour of the neutral case was used as starting �eld
to see that the buoyancy and thermodynamic equation works in the �right direction�.
To change the stability in the neutral PBL, heat was added at ground level (with
aid of a source term in the temperature equation). Through the experiment, 0.02
K m·s−1(20.08 Wm−2) was constantly added at the �rst vertical level. This raised
the temperature at the bottom of the domain and turbulent transport distributed it
upwards. The chosen temperature �ux is rather weak for an unstable PBL but it was
a �rst step in validating FOAM for the unstable PBL.

The driving force was increased to match a geostrophic wind at 15m·s−1instead of
10m·s−1with the purpose to resemble a previously made experiment for the unstable
PBL, Sullivan et al. [1994]. Unfortunately the results from that experiment turned
out to be rather poorly documented which made comparisons di�cult.
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Many experiments with the unstable PBL have a strong inversion aloft in the
domain to limit the growth of the PBL. This FOAM simulation lack this inversion
which lets the unstable PBL grow through the whole domain and the PBL height is
limited only by the size of the domain. For these reasons only the change of the PBL
from neutral to unstable will be discussed here. More careful experiments are left for
future work.

The driving pressure gradient was changed anyhow which also the winds in the
starting �eld were. All winds at the 6th hour of the neutral run was multiplied with 1.5
to give a wind �eld closer to the expected steady state. From this point a simulation
6+3 hours long was made, the last three hours used for calculating statistics.

4.3.1 Results The wind �eld in terms of u-wind, v-wind and horizontal wind is
plotted to the left in Figure 4.5 together with the horizontal wind direction, i.e. the
deviation in degrees from the direction of the u-wind.

There are small variations of the horizontal wind with height apart from the lowest
100 meter. These features, a mixed layer above the surface layer, are typical for the
unstable boundary layer. Compare with the starting �eld for this simulation, i.e. the
neutral simulation, the wind properties shown in Figure4.1 (note that all winds here
have been multiplied with 1.5 for the starting �eld in the unstable simulation).

The angular change of the horizontal wind through the domain is also much less
in the convective simulation than in the neutral, which also is a feature that should
be expected, from a wind change vertically through the domain of 14◦to 2◦. However,
the wind is not geostrophic, it is still blowing towards lower pressure demonstrating
that the pro�le still is far from a steady state.
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Figure 4.5: The unstable case (horizontal averages). Horizontal wind (solid), U wind
(dotted) and V wind (dash-dotted) for FOAM (left �gure). Horizontal wind direction
for FOAM (right �gure).

The temperature pro�le for the unstable PBL is shown in Figure4.6 together with
the normalized temperature �ux, wθ/wθ0 where wθ0 is the temperature �ux at the
ground level, 0.02 K m·s−1in this simulation. Through the PBL the temperature �ux
decreases constantly with height. The temperature pro�le shows large gradients in the
surface layer to become smaller in the �mixed layer� above 100-200 meter i.e. turbulent
mixing in the �well mixed� layer is almost e�ective enough to cause a constant value.

The Monin Obukhov similarity function, Φm, is plotted in Figure 4.7. Φm is a
normalized shear that should be much less in the unstable case than in the neutral.
The FOAM result is the solid line and dashed line is the theoretical value for similarity
theory in the unstable PBL [e.g. Arya, 1988, chapter 11.2]. Compared to Φm in
the neutral FOAM case the unstable simulation has changedΦm to have unstable
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Figure 4.6: The unstable case (horizontal averages). Potential temperature, θ, for
FOAM (left) and normalized temperature �uxwθ/wθ0, for FOAM (right).

characteristics. The maximum close to ground in the neutral case, Figure4.2, is only
visible at the lowest level. Although the resultingΦm deviates from the theoretical
one, it clearly demonstrates that the in�uence of the buoyancy term is working in the
�right direction�.
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Figure 4.7: The unstable case (horizontal averages). Monin-Obukhov Similarity Func-
tion, Φm, FOAM (solid), theoretical value (dashed).

The normalized momentum �uxes uw/u∗ and vw/u∗ for the unstable simulation
are shown in Figure 4.8. The total �ux, resolved part and SGS part are plotted.
In the convective PBL the SGS model should have much less in�uence than in the
neutral and stable PBL. There is a small jump in the total momentum �ux foruw/u∗
where the resolved part looses in�uence and the SGS part takes over. Compared to
the neutral simulation there are no positive values invw/u∗, which is a result of that
the v-wind no longer decreases with altitude.

In the wind-variances the di�erences between SGS and resolved scales can be seen
even clearer. Total, SGS and resolved part of the normalized variancesu2/u∗, v2/u∗
and w2/u∗ is plotted in Figure 4.9. The SGS part seems to have reasonable in�uence
in the variance for u2/u∗ while it seems like the SGS in�uence is to large inv2/u∗, and
even more so in w2/u∗. This was also somewhat detected in Figure4.3 in the neutral
case. It is, however, di�cult to determine if this is an e�ect due to lack of balance in
the �eld or because of the SGS-model, which is a topic for further investigations.
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Figure 4.8: The unstable case (horizontal averages). Normalized momentum �uxes
for FOAM, uw/u∗ (left) and vw/u∗ (right). Total �ux (solid), resolved contribution
(dotted), SGS contribution (dash-dotted)
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Figure 4.9: The unstable case (horizontal averages). Normalized wind correlations
for FOAM, u2/u∗, v2/u∗ and w2/u∗. Total correlation (solid), Resolved contribution
(dotted), SGS contribution (dash-dotted).

4.3.2 The Stable Case The experiment with a stable PBL started from the 6th
hour of the neutral run. Also in this case the driving force was changed. The pressure
gradient in the y-direction that correspond to a geostrophical wind was decreased from
10m·s−1to 7m·s−1, in order to resemble the conditions in Andrén [1995], henceforth
referred to as Andrén95. To speed up the geostrophic adjustment, all wind speeds
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Model z0 u∗ (m·s−1) θ∗(K) L(m) h(m)
FOAM 0,13 0,232 0,0215 184 340

Andrén95 0,10 0,231 0,0216 178 285

Table 4.4: Internal parameters of the simulated stable PBL for FOAM and Andrén
[1995]

in the starting �eld was multiplied with 0.7 3. The stability in the neutral �ow
was changed with a constant cooling at the ground. 0.005K/s (= 5.02W/m2) was
constantly removed during the simulation. A 6+3 our run was made, the last three
for sampling statistics.

The same grid structure as in the neutral simulation was �rst used which turned
out to be unfortunate. Close to the ground obvious errors were visible, probably
because of the poor resolution. A stable PBL simulation requires higher resolution
than a neutral or unstable simulation. Due to the fact that the stable atmosphere
suppress the large scale turbulence and more of the energy in the PBL is located in
smaller eddies, as a result of the energy cascade, higher resolution is needed or the
SGS-model gets too much in�uence.

The grid structure was changed compared to the �rst experiment. The resolution
was increased by dividing all the distances in the grid with with a factor 2. It is still a
coarse grid for stable boundary layer simulations but available computer power had to
be taken into consideration. The result was compared with other experiments with the
stable atmosphere performed by Andrén95. Andrén95 uses a higher resolution than
FOAM, 96 × 96 × 96 grid points, where the domain had the size of 600 × 400 × 500
meters in x, y and z direction respectively. The resolution for FOAM in the stable
case is much less, (Table 4.1), but hopefully su�cient enough to give a hint whether
the buoyancy force is working in the �right direction�.

4.3.3 Results In Table 4.4 parameters of the planetary boundary layer can be
compared for FOAM and Andrén95. FOAM used az0 that was a little bit larger than
what Andrén95 used, due to the mistake of using the same stability in the code for
the neutral as for the stable (and unstable) case in calculating the drag coe�cient,
CD. The value in table is corrected for this e�ect.

The parameters u∗ and θ∗ was almost the same for FOAM and Andrén95. The
surface layer parameters in FOAM seems to correlate with Andrén95. The Monin-
Obukhov length, L was slightly larger for FOAM and the PBL-height, h, was 50
meter higher. The PBL-height was calculated as the height where the temperature
�ux was reduced to 5% of its surface value, as in Andrén95. It should be noted that
the variation of the temperature �ux was highly irregular at the PBL height, so the
value is not very well determined. Compared to the initial neutral pro�le, FOAM
decreased the PBL-height because of the buoyancy damping of turbulence. With a
lower PBL-height and a lower Monin-Obukhov length, the simulation by Andrén95
managed to suppress the turbulence even more than FOAM. There will be a longer
simulation with FOAM to see if these discrepancies disappear when a steady state is
reached.

Figure 4.10 shows the horizontal wind and wind direction. There is a low level
jet with a maximum of 8 m·s−1at the PBL-height. Above the jet a slightly super
geostrophic wind can be seen, 7.4 m·s−1. The change of wind direction with altitude
has increased, as expected compared to the neutral case. In the stable case there is
even a �ow towards higher pressure at the top and the wind direction changes around
38 degrees through the domain. At the bottom the wind blows towards lower pressure.
The pressure gradient has not yet balanced the coriolis force. The inertial oscillation

3In the neutral case there was a geostrophical wind at 10m·s−1and a geostrophical wind at
7m·s−1was expected in the stable case
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Figure 4.10: The stable case (horizontal averages). Horizontal wind (solid), U wind
(dotted) and V wind (dash-dotted) for FOAM (left �gure). Horizontal wind direction
for FOAM (right �gure). The dashed line is the PBL-height.

is much lager here than in the neutral case, as expected, and the �ow is far from a
steady state.

The temperature pro�le at the end of the run is plotted to the left in Figure4.11.
Only about 0.8 K di�erence through the domain is seen in the FOAM result which
makes the PBL weakly stable. It is not enough for a validation of the stable PBL, a
much longer simulation must be made to �nd a steady state. Still it is obvious enough
to, via the buoyancy e�ects, drastically alter the �ow towards a stable strati�cation
state. Unfortunately there is no temperature pro�le in the article by Andrén95 to
compare with. Worth noticing is that the tendency for the temperature change with
height is increasing at about 100 meter while it's decreasing at 200 meter which seems
somewhat peculiar. It could be explained by the lack of balance in the �ow.

The Monin-Obukhov similarity function is potted to the right in Figure 4.11,
together with the theoretical value for a stable PBL [seeArya, 1988, section 11.2]. In
the layer below 0.4 z/h FOAM correlates with the similarity theory for a stable PBL.
This is a region where it seems like a stable PBL is created. Above this level, high
levels of turbulence persists (Figure 4.14) possibly fossil turbulence from the neutral
initial conditions. Although the simulated pro�le has too large values in the surface
layer, the di�erence from the neutral case is in accordance with the theory.
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Figure 4.11: The stable case (horizontal averages). The potential temperature θ
for FOAM (left �gure). The dashed line is the PBL-height. The Monin Obukhov
similarity function, Φm (right �gure). FOAM value (solid), theoretical value for the
stable PBL (dotted).
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Figure 4.12: The stable case (horizontal averages). Eddy viscosity coe�cient, Km.
FOAM, left �gure and Andrén95, right �gure.

If we compare the SGS eddy viscosity coe�cient for our caseKm with Andrén95,
Figure 4.12, they show a similar pattern. There is a maxima at about the same height
but for FOAM it is much weaker. Note that the normalization ofKm is made with
the PBL height, h, on both axes in the plot. If the PBL height would be set e.g.
where the similarity function, Φm, has its maximum, z/h ≈ 0.4 in Figure 4.11, the
appearance of Km would be very similar for FOAM and Andrén94. A weakerKm

means less SGS �uxes and less SGS TKE but it is di�cult to draw conclusions from
the values here.

Andrén95 made two experiments for this stable PBL. In the �rst a neutral layer
was situated aloft in the �ow, which will be used for comparison with FOAM, and
in the second a �nite strati�cation was used aloft. When looking upon the potential
temperature, θ̄, for the stable FOAM run, Figure 4.11, a neutral layer at around
550 meter and up should be seen. The Brunt-Vaisala frequency is plotted in Figure
4.13 for FOAM and for Andrén95. In Andrén95's �gure the solid line is the run
with a neutral layer aloft that can be compared with FOAM. At z/h = 1.5 both
simulations have a similar value which increases towards lower altitude. FOAM and
Andrén95 have a similar value at z/h = 0.5 but Andrén95 has a constant Brunt-
Vaisala frequency below the PBL-height where FOAM still increases towards ground.
Close to the ground there are completely di�erent tendencies. Andrén95's LES has
an increase in the Brunt-Vaisala frequency while there is a decreases in FOAM. It is
the same pattern that could be seen in the tendency of the potential temperature (N
is a function of ∂θ

∂z ). It would be interesting to see if this feature still would remain
when the FOAM simulation reaches a steady state.

The normalized wind variances, u2/u∗, v2/u∗ and w2/u∗, plotted in Figure 4.14
does only have some equalities between the simulations made by FOAM and Andrén95
and that is close to the ground. The maximum for the varianceu2/u∗ is similar here
and the variances for v2/u∗ and w2/u∗ is slightly larger for FOAM. The SGS part
(which in FOAM is the same for all variances) is much larger in FOAM. This is due to
that FOAM uses a courser resolution which gives the SGS-model much more in�uence.
Higher up in the �ow FOAM shows completely di�erent results than to Andrén95.
This is probably a consequence of the fact that the FOAM simulation is far from its
equilibrium state.

There are di�erences between FOAM and Andrén95 in the momentum �uxes,
Figure 4.15, which could also be due to the resolution. The normalized total horizontal
�ux, denoted as τ in the �gure, is larger than one up to 0.2z/h due to the SGS part,
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Figure 4.13: The stable case (horizontal averages). The Brunt-Vaisala frequency,N ,
for FOAM, left �gure, Andrén95, right �gure.
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Figure 4.14: The stable case (horizontal averages). Wind variances for FOAM (left)
and Andrén95 (right). u2/u∗ (solid), v2/u∗ (long-dashed), w2/u∗ (dotted) and SGS
part (short-dashed in Andrén95, dash-dotted in FOAM).
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Figure 4.15: The stable case (horizontal averages). Flux of Horizontal momentum
for FOAM (left �gure), total �ux (solid), resolved �ux (dotted) and SGS �ux (dash-
dotted). Flux of Horizontal momentum for Andrén95 (right �gure), total �ux (solid).
SGS �ux (dashed) and theoretical value (dotted).

probably because of the lack of balance.
For the normalized temperature �uxes in Figure 4.16 can be said that the total

�ux is similar for FOAM and Andrén95. FOAM has a greater part in the SGS �eld,
again because of the resolution. Here the SGS-model seems to recreate the �ux well
though.

The conclusion is that it is necessary to perform simulations with much better
resolution and for a longer simulation time to verify that FOAM can handle the stable
PBL. This is left for the continued evaluation. However, present results indicates that
the buoyancy e�ect included in the code is working in the �right direction�.

4.4 The rein�nement of the neutral case.
To annalyse the impact di�erent resolutions makes on the simulation has the neutral
case been remade with higher resolution. To compare with the original403 grid was
the simulation remade with a 603 and a 803 grid. The same initial conditions was
used and FOAM distributed all initial values from the 403 grid to the 603 and 803

grid with linear interpolation.
These simulations took a great deal longer time to execute because of the substan-

tial increase of gridpoints and therefore increase of calculations. The602 case was
simulated for 5 hours with a 3 hour statistic sampling. The802 case was simulated as
the 402 grid with a 6 hours simulation plus 3 hour sampling of statistics. These dif-
ferences was made because of the handling of the long and expensive datasimulations
but should from a statistic point of wiew be comparable.

Results The overall picture of the di�erences between the result from di�erent
resolutions is that they reproduce the �elds very similar. The pro�le for wind speed
and wind direction are very similar (and therefore not included in this report).

The normalized wind variances u2/u∗, v2/u∗ and w2/u∗ for the 603 and 803 grid
can be seen in Figure 4.17 (compare with the 403 grid, Figure 4.3). The normalized
wind variances for v2/u∗ and w2/u∗ are similar between the di�erent resolutions. It
can be notised that for higher resolution decreases the maxima at the �rst grid level.
With the higher resolution is the maxima for the resolved part larger and situated
at lower altitude than for the lower resolution. This follows the basic idea that with
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Figure 4.16: The stable case (horizontal averages). Temperature �ux for FOAM (left
�gures), total (solid), SGS (dash-dotted) and resolved scale (dotted). Temperature
�ux for Andrén95, right �gures, total (solid) SGS (dashed) and theoretical value
(dotted).

�ner resolution is more turbulense resolved in the model and less turbulense has to
be parameterized. Higher resolution in FOAM works according to theory.

It is important to notise that the subgrid model has used the same constants for
all grids, constants that propably need to be adjusted to each speci�c grid. The wind
variances for the v2/u∗ and w2/u∗ wind shows quite small di�erences that it's dan-
gerous to draw to big conclusions out of this but it shows that these higher resolution
grid does not lead to other problems but includes larger parts of the turbulence in the
resolved part of the system. In the 403 grid was the maximum value for u2/u∗ at the
�st gridlevel. This was not the case with the simulations compared byAndrén et al.
[1994] where the maximum was at a small altitude above the ground. It was di�cult
to determine if this was an e�ect of mistreated boundaryconditions or conditions close
to the ground where the eddies are smaller and not all are resolved. In the higher
resolution simulations lies the maxima higher which means that this was not the case.

The normalize momentum �uxuw for the 603 and the 803 grid is plotted in Figure
4.18. There is espesially one feature that can be notised, the minima just above ground
level. This minima is stronger for higher resolution and can not be seen in the403

grid, Figure 4.4. It is di�cult to say if this happens because of some misstreatment
of the boundarycondition, but when the eddies are small close to the ground the
u-momentum �ux seem to be to large.

The Monin-Obukhov similarity function is plotted in Figure 4.19 for the three
di�erent grids. A higher resolution gives a slightly betterΦ which is nice.
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Figure 4.17: The higher resolution cases. Normalized wind variances for the u, v
and w wind. The 603 grid to the left and the 803 grid to the right. Total variance
(solid), resolved part (dashed) and SGS part (dash-dotted). Compare with the403

grid, Figure 4.3.
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Figure 4.18: The higher resolution cases. Normalized momentum �ux for theu wind.
The 603 grid to the left and the 803 grid to the right. Total variance (solid), resolved
part (dashed) and SGS part (dash-dotted). Compare with the403 grid, Figure 4.4.

0.0 0.5 1.0 1.5 2.0
Φm

0.00

0.02

0.04

0.06

0.08

0.10

z 
f/

u *

Figure 4.19: Monin-Obukhovs similarity function, Φm, for the di�erent grids. 403

grid (solid) 603 grid (dashed) and 803 grid (dash-dotted). Compare with the403 grid,
Figure 4.2.
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5. Summary

The �rst steps in validating FOAM for the atmospheric boundary layer have been
taken. Many things are indicating that FOAM can be considered a functional LES
for PBL simulations if it is set up correctly.

For the neutral boundary layer FOAM creates �elds with a large correlation com-
pared to previous neutral PBL simulations. Slightly less wind variances or turbulence
can be noticed. Wether this is a consequence of the di�erent numerical scheme in
the vertical (FOAM uses non-staggered grid, while all simulations inAndrén et al.
[1994] have used staggered grids) or has other causes is not clari�ed. However, the
di�erences are so small, that it is impossible to judge wether FOAM is better or worse
than previous simulations compared to reality. The neutral case was close to a steady
state, perhaps with a small reminiscence of an inertial oscillation. This case had in
principal been run for 39 hours which should be enough time for a neutral simulation.
However, the original �eld was far from balanced so this long simulation time was
necessary.

The convective boundary layer has historically been the most successful boundary
layer to simulate. The FOAM simulation demonstrates that the implemented buoy-
ancy forces is clearly working in the �right direction�, but also that the set up of the
simulations has to be made more carefully. In the further evaluation of FOAM for the
convective PBL a capping inversion, that limits the growth of the convective PBL,
will be used. Also longer simulations are necessary.

The same is true for the stable boundary layer but in this case better compu-
tational resources are necessary since the number of grid points has to be increased
substantially. The simulation also has to be much longer so that the �ow may reach
a steady state. The simulation made for the stable PBL were almost no large eddy
simulation, since e.g. major parts of the �uxes of heat and momentum was taken care
of in the SGS model. The computer resources needed to make a �real� stable PBL
simulation will hopefully be available within the next few months.

The SGS model that is to be used in FOAM in the future is a very important issue
for investigation since it is a crucial part of the LES. A SGS model that could handle
horizontal inhomogeneities, �elds with stable and unstable areas, di�erent grids and
that is not too computational expensive is desirable. FOAM is in the future going to
simulate the PBL over a city why these features are of greatest importance for the
whole LES. The next step here is, after the validation, to insert an object in the �ow.

FOAM is at the moment under development for PBL �ows and this is a �rst step
in that work. There are things to be done in the future with both validation and
development but everything is pointing in the direction that FOAM is behaving well,
according to the theory of the planetary boundary layer.
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6. Appendix

6.1 Tensor Notation
In the paper the Einstein's summation notation is used [Stull, 1988, section 2.8].
Conventions for this tensor notation are as.

• A variable with no free indices is a scalar.

• A variable with one free indices is a vector.

• A variable with two free indices is a tensor.
Prescribed tensors:

• The Kronecker Delta, δij , (a scalar quantity even if it has two indices)

δij =




1 0 0
0 1 0
0 0 1




• The Alternating Unit Tensor, εijk, (a scalar quantity even if it has three indices)

εijk =





+1 i, j, k = (1, 2, 3); (2, 3, 1); (3, 1, 2)
−1 i, j, k = (3, 2, 1); (2, 1, 3); (1, 3, 2)
0 otherwise

• The Coordinate vector xi = (x, y, z)

• The Velocity vector ui = (u, v, w)

There are three fundamental rules in summation notation:
1. When two identical indices appear in the same term. Summation is made over

that term for each value (1,2,3) of the repeated index.

2. When one index appears not summed (free) in one term that same index must
appear not summed in all terms of that equation. The equation then represents
three equations for each value of the not summed index.

3. The same index cannot appear more than twice in the same term.

6.2 Stress Tensors
The viscous stress tensor may be written as: [Stull, 1988, section 2.9].

τijvisc = −ν

(
∂ui

∂xj
+

∂uj

∂xi

)
+

(
µB − 2

3
µ

)
∂uk

∂xk
δij (6.1)

where µB is the bulk eddy viscosity coe�cient and µ is the dynamic viscosity
coe�cient. It is assumed that the turbulent viscosity can be parameterized in a
similar way.

u′iu
′
j =




u′2 u′v′ u′w′

v′u′ v′2 v′w′

w′u′ w′v′ w′2


 = −Km

(
∂ūi

∂xj
+

∂ūj

∂xi

)
+

2
3
ēδij (6.2)

where Km is the turbulent viscosity coe�cient and ē is the sub grid scale turbulent
kinetic energy.
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