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Abstract
The family of Low Density Parity Check (LDPC) codes is a strong candidate to be
used as Forward Error Correction (FEC) in future communication systems due to
its strong error correction capability. Most LDPC decoders use the Message Passing algorithm for decoding, which is an iterative algorithm that passes messages
between its variable nodes and check nodes. It is not until recently that computation power has become strong enough to make Message Passing on LDPC codes
feasible. Although locally simple, the LDPC codes are usually large, which increases the required computation power. Earlier work on LDPC codes has been
concentrated on the binary Galois Field, GF(2), but it has been shown that codes
from higher order fields have better error correction capability. However, the most
efficient LDPC decoder, the Belief Propagation Decoder, has a squared complexity increase when moving to higher order Galois Fields. Transmission over a
channel with M-PSK signalling is a common technique to increase spectral efficiency. The information is transmitted as the phase angle of the signal.
The focus in this Master’s Thesis is on simplifying the Message Passing decoding when having inputs from M-PSK signals transmitted over an AWGN
channel. Symbols from higher order Galois Fields were mapped to M-PSK signals, since M-PSK is very bandwidth efficient and the information can be found in
the angle of the signal. Several simplifications of the Belief Propagation has been
developed and tested. The most promising is the Table Vector Decoder, which is a
Message Passing Decoder that uses a table lookup technique for check node operations and vector summation as variable node operations. The table lookup is
used to approximate the check node operation in a Belief Propagation decoder.
Vector summation is used as an equivalent operation to the variable node operation. Monte Carlo simulations have shown that the Table Vector Decoder can
achieve a performance close to the Belief Propagation. The capability of the Table
Vector Decoder depends on the number of reconstruction points and the placement of them. The main advantage of the Table Vector Decoder is that its complexity is unaffected by the Galois Field used. Instead, there will be a memory
space requirement which depends on the desired number of reconstruction points.
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1 Introduction
The family of Low Density Parity Check (LDPC) codes is a strong candidate to be
used as Forward Error Correction (FEC) in future communication systems due to
its strong error correction capability. Most LDPC decoders use the Message Passing algorithm for decoding, which is an iterative algorithm that passes messages
between its variable nodes and check nodes. It is not until recently that computation power has become strong enough to make Message Passing on LDPC codes
feasible. Although locally simple, the LDPC codes are usually large, which increases the required computation power. Earlier work on LDPC codes has been
concentrated on the binary Galois Field, GF(2), but it has been shown that codes
from higher order fields have better error correction capability. However, the most
efficient LDPC decoder, the Belief Propagation Decoder, has a squared complexity increase when moving to higher order Galois Fields. In this thesis decoding
with higher order Galois Fields and M-PSK signalling will be presented. Transmission over a channel with M-PSK signalling is a common technique to increase
spectral efficiency. The information is transmitted as the phase angle of the signal.

1.1 Purpose
The focus in this Master’s Thesis is on simplifying the Message Passing decoding
when having inputs from M-PSK signals transmitted over an AWGN channel.
Symbols from higher order Galois Fields were mapped to M-PSK signals, since
M-PSK is very bandwidth efficient and the information can be found in the angle
of the signal. A special case is the use of only angular information as messages in
the Message Passing algorithm. If it is possible to decode a received codeword
from the channel using only angular information for its M-PSK symbols with the
MP algorithm, then the performance will be compared with the Belief Propagation
Decoder using Monte Carlo simulations. The Belief Propagation Decoder will be
used as a benchmarking Decoder in this thesis together with a more theoretical
Density Evolution analysis of the developed decoders.

1.2 Methods and Sources
The methods used in this thesis are Density Evolution analysis and computer
based Monte Carlo simulations. The programs and algorithms for these simulations and analysis have been developed in C++ and Matlab 7.0.
The sources used in the project have mainly been scientific articles and books
on the subject. Some web based sources have also been used. A list of references
can be found on page 95.

1.3 Structure of the Report
The report will first describe the theoretical background of the used methods and
algorithms, both basic telecommunication theory, theory about LDPC codes and

FOI-R--1963--SE
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Message Passing decoding. The analysis method Density Evolution will also be
described in detail.
Next, the new, developed algorithms will be presented. After that, the simulation and analysis results of the new algorithms will be presented and discussed.
Finally, the results and conclusions of the simulations and analysis will be
presented.

FOI-R--1963--SE

2 Theory and Background
A brief overview of the required background will be given in this section. Basic
theory in the areas of information theory, telecommunication systems and error
detection will be overviewed in 2.1, 2.2, and 2.3. Additional information can be
found in many books on the topic, for instance [1], [3], or [4]. LDPC codes will be
explained a bit more in-depth in Section 2.4.

2.1 Information Theory Concepts
In order to fully understand LDPC codes, it is necessary to be familiar with two
fundamental concepts from information theory, namely Rate and Capacity.
Definition 1.

The Rate, or Code Rate, is defined as the ratio between the information data transmitted and the total amount of data transmitted by the code
[5]. When the code has a fixed length n and using an alphabet of size M,
the
rate
R
is
defined
as

R=

log M
.
n

The logarithm is usually in base 2, which gives the rate in bits per channel
symbol. M is commonly M=2k, so the information symbol is a k-digit binary number [5].
Example 1.

100 information bits will be transmitted. The code adds 25 parity
bits for error correction, so a total of 125 bits will be
transmitted. The rate of the code is

R=

100
= 0.8 .
125

The channel is the medium used for information transmission between a
sender and a receiver. It does not necessary mean a physical channel, like a cable
or a radio channel, but it can also be a channel spanning over time, for example a
memory storage facility– it can also be a more abstract channel used for simulations and calculations, such as the Binary Erasure Channel or the Binary Symmetric Channel [4].
In this thesis, the channel will be defined as a discrete, memoryless channel,
which can be described by the triple (X, Y, W) where X and Y are finite sets defining the input and output alphabets and W is a stochastic transfer matrix.
The channel capacity is explained as the highest possible mutual information
between the sender and the receiver. That is, the more information that is known
not to be distorted, the higher capacity the channel has. In mathematical terms,
this can be described as

C (W ) = max{I ( P, W ) : P ∈ P( X )}
P

where W is a known matrix defining the channel, X is a stochastic input variable
with the distribution P(X). Before continuing, the entropy function H needs to be
defined:
FOI-R--1963--SE
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H (Y ) = ∑ P( y ) log P( y )
y∈Y

H (Y | X ) =

∑ P( y | X ) log P( y | X )
y∈Y

When the meaning of H is known, it will be possible to define I(P,W) as:

I ( P,W ) = I ( X ;Y ) = H (Y ) − H (Y | X )
I(P,W) and I(X;Y) are only different notations, one describing the mutual information using the channel matrix and probability distribution, the other using
the stochastic input and output variables. For further details on the definition and
calculation of channel capacity, see [4] or another book about information theory.
The relationship between the code rate R and channel capacity C is explained
in the Channel Coding Theorem [1].
Definition 2.

With every channel we can associate a “channel capacity” C. There
exist error control codes such that information can be transmitted across
the channel at rates less than C with arbitrary low bit error rate.

Bear in mind that this theorem is valid for a sufficiently large code, but does not
state how large a code has to be in order to be sufficient. Also, it does not imply
how this code may look like.
2.1.1 Additive White Gaussian Noise Channel
The Additive White Gaussian Noise (AWGN) channel is a very common channel
used for computer simulations, and is the only channel used in this thesis. It is a
memoryless channel that adds white, Gaussian noise with spectral density N0/2 to
the sent signal. A definition of white, Gaussian noise can be found in [2]. The
received signal is

R(t ) = s(t ) + Θ(t ) ,
where s(t) is the sent signal, and Θ(t) is the noise.
The capacity of the AWGN channel has been derived in earlier works ([2])
and is only dependent on the bandwidth, B, and Signal to Noise Ratio, P/N0
⎛
P ⎞
⎟⎟ bits per second.
C AWGN = B log⎜⎜1 +
N
B
0
⎝
⎠
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2.2 Telecommunication Concepts
Telecommunication theory is dealing with sending information over a channel.
This section will describe how the information is modulated to a signal, and how
to detect the received signal. However, the first thing that will be dealt with is a
simplified representation of signals, called the Vector Model. This model represents periodic signals in a very convenient way by using coordinates in a vector
space instead of time-dependent functions.
2.2.1 Vector Spaces
The first thing that is needed for the Vector Model is an orthonormal (ON) base
for the vectors. This base can be derived from a signal set using Gram-Schmidt
Orthogonalization [5].
If the signal set has µ signals represented by time dependent functions,
{si (t )}iµ=1 , and this signal set is spanning over an N-dimensional function space,
then the signals can be linearly dependent. Gram-Schmidth Orthogonalization
N
eliminates the dependencies and returns an independent ON base, {φ j (t )}j =1 , that
can be used to represent the signals in the Vector Model.
Assuming N ≤ µ, choose N signals from the set
For i = 1,2,...,N, calculate
1) sij = (si ,φ j ),

j ∈ {1,2,K, i − 1}.
i −1

2) g i (t ) = si (t ) − ∑ sijφ j (t )
j =1

3) φi (t ) =

g i (t )
gi

It can be noted that if only sinusoidal signals are used, then each frequency
used can be represented as two dimensions, the In-phase (I) and Quadrature (Q)
dimension. If only one frequency is used, it is possible to describe the vector
space on a two-dimensional plot, the I/Q-plot. An illustration of an I/Q-plot of
signals received over a 12dB AWGN channel using QPSK signalling (will be described in Section 2.2.2), is presented in Figure 2.1.
The angle and length of the vector is used often in this thesis. This is a representation equal to the I/Q values, and are the absolute length of the I/Q-vector and
the angle counted counter-clockwise starting from the positive I-axis.

FOI-R--1963--SE
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Figure 2.1 I/Q-plot of QPSK signalling over an 12dB AWGN channel.

2.2.2 Digital Modulation Techniques
There are many modulation techniques used in the telecommunications industry,
so this introduction will only describe the ones used in this thesis. A comprehensive explanation, along with other modulation techniques, can be found in [5].
2.2.2.1 Binary Phase Shift Keying

Binary Phase Shift Keying (BPSK or 2-PSK) has two possible symbols (0
and 1) to transmit. The two signals representing the two possible symbols are
simple sinusoidal signals with the only difference lying in their starting phases.
Each symbol has a constant time interval, T (sending time).
⎧ 2E
⎪
s1 = ⎨ T cos(2πf c T ) 0 ≤ t < T
⎪⎩
elsewhere
0
⎧ 2E
⎪
s 2 = ⎨ T cos(2πf c T + π ) 0 ≤ t < T
⎪⎩
elsewhere
0

E is the signal energy and fc is the carrier frequency, chosen so 2fcT is a positive
integer. BPSK does not carry any information in the Quadrature dimension, which
can be seen in Figure 2.2, so any noise in that dimension will not affect the detection (unless using a very bad detector).

FOI-R--1963--SE
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Figure 2.2 Illustration of the BPSK Constellation.

2.2.2.2 M-ary Phase Shift Keying

It is possible to extend BPSK to more than two starting phases. In this case, the
signals can be represented as M signals where

⎧ 2E
2π ⎞
⎛
⎪
cos⎜ 2πf c T +
i⎟ 0 ≤ t < T
si = ⎨ T
M ⎠
⎝
⎪⎩
0
elsewhere

i = 1K M

This thesis will mainly use Quadriphase Shift Keying (QPSK or 4-PSK), with
4 signals, and 8-PSK, with 8 signals. The I/Q-plots of QPSK and 8-PSK can be
found in Figure 2.3 and Figure 2.4 respectively.
1
0.8
0.6

Quadrature

0.4
0.2
0
-0.2
-0.4
-0.6
-0.8
-1
-1

-0.8 -0.6 -0.4 -0.2

0
0.2
In-Phase

0.4

0.6

0.8

1

Figure 2.3 The QPSK (4-PSK) constellation.
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Figure 2.4 The 8-PSK constellation.

2.2.2.3 Additive White Gaussian Noise in the Vector Model

The noise that is added when sending a signal over an AWGN channel, can also
be incorporated into the Vector Model. Since the noise is white and Gaussian, it
will affect all dimensions equally. In the Vector Model, this can be represented as
adding an N-dimensional noise vector (assuming that the signal has N independent
dimensions) to the signal vector. The elements of the noise vector are onedimensional, independent noise with a variance depending on the SNR for the
channel. Figure 2.5 illustrates the differences between a sent signal, S, and a received signal, R, over an AWGN channel that adds a two-dimensional noise vector, Θ, to the signal. More information can be found in [5].

R = S +Θ

S

R

Figure 2.5 The effect of noise on 8-PSK signals.
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2.2.3 Detection
This thesis does not consider detection problems, so instead of using the common
filter bank detector [3], the detection is performed using the vector model for the
received symbol.

According to Bayes’ Rule, described in [6], the probability of deciding symbol si
µ
out of the possible set, S ∈ {si }i =1 , when receiving the signal m is

P (s i ) =

p(m si )P(si )

∑ p(m s )P(s )
µ

j =1

j

.

ji

Of the µ different symbols, the Maximum Likelihood Detector will decide the
sent symbol/signal to be

sˆ = max{P(s i )} .
s∈S

2.2.3.1 Soft Decisions

If a receiver is capable of deliver some kind of reliability information about its
decision, then the decision is called ’soft’. In this thesis, the soft decision used is
quite simple: sending directly the I and Q values, or equally length and angle, of
the received signal vector.

2.3 Error Correcting Codes
A good method for modulation and demodulation of signals is important to a
communication system. However, it does not stop errors to occur. When transmitting over a channel, it is inevitable that sooner or later a symbol will be detected
as another symbol than the one sent. Error correcting codes can lower the risk of
errors even further. The symbols are coded using an error correcting code before
transmitted, and the received symbols can then be decoded and errors can be detected or corrected up to a certain limit.
This thesis is dealing with LDPC codes, a family of very good error correcting codes, so some very rudimentary concepts in the mathematics behind error
correction need to be explained. Further reading on the topic can be found in [1].
2.3.1 Group
A set is a collection of objects. A group, G, is a set of objects on which a defined
binary operation (denoted as ”·”) is defined. That is, the operation takes two objects from the set and returns a third object in the set. The operation must follow
the following rules:

1. It must be associative: (a ⋅ b) ⋅ c = a ⋅ (b ⋅ c)
a, b, c ∈ G
2. An identity object, e, must exist: e ⋅ a = a ⋅ e = a
e, a ∈ G
−1
−1
−1
a, a ∈ G
3. An inverse must exist: a ⋅ a = a ⋅ a = e
If a group also satisfies the following rule 4, it is called a Commutative
group:
FOI-R--1963--SE
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4. a ⋅ b = b ⋅ a

a, b ∈ G

The identity element for a commutative group is called the additive identity
element.
Example 2.

The set of integers form a (infinite) group under addition, but not
multiplication since multiplication inverses does not exists in the
group.

2.3.2 Ring
A ring is a set of objects, R, following the rules:

1. Two binary operations are defined, ”+” and ”·”.
2. R is a commutative group under +. The additive identity element is labeled
“0”.
3. The operation · is associative.
4. The operation · distributes over +:
(a + b) ⋅ c = (a ⋅ c) + (b ⋅ c)
a, b, c ∈ G
A Commutative Ring also follows:
5. The operation · commutes: a ⋅ b = b ⋅ a
A ring with identity follows:

a, b ∈ G

6. The operation · has an identity element, labelled ”1”.
Example 3.

A ring is a set of integers under modulo m.

2.3.3 Field
A field is a set of objects, F, if [1]:

1. Two operations, + and ·, are defined
2. F is a commutative group under +. The additive identity element is labeled
“0”.
3. F-{0}, the field without the additive identity, is a commutative group under
·, with the multiplicative identity element labeled ”1”.
4. The operation · distributes over +:
(a + b) ⋅ c = (a ⋅ c) + (b ⋅ c)
a, b, c ∈ F
Example 4.

Infinite fields are the set of all rational numbers and the set of all
real numbers.

2.3.4 Galois Fields (Finite Fields)
Finite Fields are usually called Galois Field, which are very important in the error
correction research. A Galois Field containing q elements is called a Galois Field
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of order q and is usually denoted GF(q) [1]. A Galois field must be of order q=pk,
where p is a prime integer and k an integer.
2.3.4.1 GF(2)

GF(2) consists of the set {0,1} and the operations, + and · , are described in Table
2.1 and Table 2.2.
+
0
1

0 1
0 1
1 0

Table 2.1 Additive operation under GF(2).

·
0
1

0 1
0 0
0 1

Table 2.2 Multiplicative operation under GF(2).

The addition and multiplication operation tables for GF(p) (p is a prime) can
be constructed from the set {0, 1, .., p - 1} by performing an addition modulo p
and multiplication modulo p.
2.3.4.2 Addition in GF(2)

Many error correcting codes contain addition of multiple elements. Addition in
GF(2) has a special property; the additive inverse, a-1, of an element, a, is the
element itself, that is, a=a-1.
A “proof” can be obtained by inspecting Table 2.1 and finding the cells
where the result is 0, then identify that both elements in the operation must be the
same.
Error correcting codes are often determining the value of an element by assuming that all elements should sum to 0 (the parity check). With N elements, the
equation would look like:
N

∑a
k =1

k

= 0.

The additive inverse is the element itself, so this equation can be written as
N

∑a
k =1

k

+ a1−1 = a1−1 .

Since a+a-1=0 and a=a-1 this is equal to
N

∑a
k =2

k

= a1

2.3.5 Addition in Vector Spaces
Addition on higher order Galois fields (GF(pk) with k=2,3,…), can be seen as a
vector addition in k dimensions, each dimension corresponding to a GF(p) addi-

FOI-R--1963--SE

22

2 Theory and Background

tion. Fields of order pk is usually called extensions of fields of order p. This thesis
will repeatedly use fields of order 2k, which are k binary symbols collected to one
higher order symbol [1].
Example 5.

Adding the two symbols from GF(8) corresponding to 5 and 1 results in the symbol 4. The operations in each dimension is an additive
operation in GF(2).

5 + 1 = 4

⎛1⎞ ⎛1⎞ ⎛0⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ 0⎟ + ⎜ 0⎟ = ⎜ 0⎟
⎜1⎟ ⎜ 0⎟ ⎜ 1⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠
2.3.6 Block Codes
A block encoder encodes k consecutive symbols from a data stream into n symbols that is sent through the channel to the block decoder which (hopefully) decodes the received symbols back to the original data [1]. Generally, when working
with channel data in GF(q) the k length block to be encoded is in GF(qk), so the
operations possible are described in Section 2.3.3 and Section 2.3.4. Assuming
that the encoded data and the symbols sent on the channel are in GF(q), then the
code rate of a block code can easily be calculated to
R=

log q q k
n

=

k
.
n

Each message block (the block from the data stream) of length k is encoded to a
code word of length n. The set of all possible code words is denoted C, and there
are pk code words in C, but there are pn possible code words.
A linear block code with a k-sized message block and n-sized code word is
usually denoted as a (n, k) block code. An encoding/generator matrix for a block
code is usually denoted G, and its decoding/parity matrix, H.
Encoding is done by the matrix operation y = x T G , where x is a vector containing k bits and y will be a codeword containing n bits. The channel will add
some kind of noise. Assuming additive noise, the received signal will be

z = y + Θ.
Decoding is made by finding the syndrome vector,
s = zH T = ( y + Θ) H T = yH T + ΘH T .

The encoder and decoder matrices are created so that a codeword multiplied
by the decoder will return 0.
yH T = 0 .

The syndrome vector will only depend on the errors introduced by the noise.
Also, every syndrome vector corresponds to a unique error pattern, so a simple
look-up table can be used to find the errors from the channel. A comprehensive
explanation can be found in [1].
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NOTE: This thesis will use the word frame instead of block, especially when
dealing with error rates (Frame Error Rate, FER) so that no confusion will be
made with Bit Error Rate, BER.
2.3.7 Hamming Distance
The definition of a Hamming Distance between two blocks, v and w, is the number of coordinates in GF(p) that are differing. That is, the number of differing
elements in a vector space where each dimension is in the base field GF(p) [1].

d (v, w) = {i vi ≠ wi , i = 0,0,K , n − 1} .
The minimum distance, dmin, of a block code is the smallest distance between
any two possible code words. This measure is very important to a block code
since it affects two very important properties of block codes. For a linear code, the
all-zero word is a codeword, and therefore the minimum distance is the weight of
the codes minimum weight codeword.
1. A decoder can detect all errors, if the number of errors are less than, or
equal to (d min − 1) .
2. A decoder can correct all errors, if the number of errors are less than, or
(d − 1)
.
equal to min
2

2.4 Low Density Parity Check Codes
A low density parity check (LDPC) code is usually a very large block code with a
sparse decoding matrix (very few non-zero elements), [13] [14]. It is often represented by a Tanner Graph, named after Michael Tanner, a pioneer in iterative decoding. The Tanner Graph has three types of components; the variable nodes, the
check nodes, and the edges. The Tanner Graph is implying a possibility to utilize
an iterative decoder when decoding LDPC codes.
Each variable is operating wherever its corresponding column in the Hmatrix has a 1, and each row is corresponding to a parity check function. In a
Tanner Graph, each symbol, or variable is represented by a variable node, and
each parity check function is represented by a check node. Wherever a row and
column is sharing a 1, the variable will be connected to a parity check function,
and this is represented by an edge between the corresponding variable node and
check node. An illustration of a parity check matrix and its corresponding Tanner
Graph can be seen in Figure 2.6. The variable nodes are here depicted by circles
and the check nodes by squares.
A very important factor to the performance of a LDPC code is its node degree distribution. The distribution is defined as the distribution of edges for a node
type, so each LDPC code has a check node distribution (denoted dc) and a variable
node distribution (dv). Normally, a set of LDPC codes are distinguished by its
node distribution. If all check nodes have the same number of connected edges
and all variable nodes also have it (though, not necessary the same), then the code
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is called a regular LDPC code. The node distribution for a regular LDPC code is
written as (dv, dc). A very common regular code ensemble are the (3, 6)-LDPC
codes.
In the notation of the irregular variable degree, the different variable node
degrees are presented, together with how many of the total variable nodes that
have that degree. The same notation is used for the check node degree for irregular ensembles. This is illustrated in Example 6, were the node perspective of the
degree distribution is used. That is; how many nodes with a specific number of
edges are there in the graph. One other way of looking at it is with an edge perspective. Then the number of edges with a specific degree node is taken into account. This is illustrated in Example 7 for the same code as in Example 6. When
the weighting of the messages in the DE analysis is performed later on the edge
perspective is used.
Example 6.

If an irregular ensemble with 3000 variable- and 1000 check nodes
is given. There are 600, 900 and 1500 degree 2, 4 and 16 variable
nodes, 300 and 700 degree 3 and 10 check nodes. The node perspective notation for this irregular ensemble looks like:

λ ( x ) = 0 . 2 λ 2 + 0 . 5 λ 4 + 0 . 3 λ 16
ρ ( x ) = 0 . 3 ρ 3 + 0 . 7 ρ 10

Where ρ3 is the degree three check node and λ16 is the degree 16
variable node.
Example 7.

The same code as in Example 6 is used. There are a total of
(600·2) + (900·4) + (1500·16) = 28800 edges connected to a variable
node. (600·2) edges are connected to a degree two variable node,
(900·4) to a degree four and (1500·16) edges are connected to a degree
16 variable node. This gives that 0.042, 0.125 and 0.83 ,as a fraction
of 1, of the edges is connected to a degree two, four and sixteen variable node respectively. The same types of calculations are performed
for the edges connected to different check node degrees.

The code rate is usually not directly calculated from the LDPC code, but a
design rate can easily be calculated from the node distribution [8]. For a regular
LDPC code, the design rate is
r = 1−

dv
.
dc

The actual rate of the code may be higher, since the rows in H may be dependent on each other.
Since a LDPC code is usually large, it will have a good chance of having a
very large minimum distance, which makes the codes very good in correcting and
detecting errors. In fact, a good LDPC code almost never decodes a codeword that
has not been sent; it either corrects the received symbols to the correct codeword
or just detects an error in transmission.
Another advantage with a large, well designed, LDPC code is that its corresponding Tanner Graph will have a large girth. The girth is defined as the minimum number of edges that needs to be traversed to return to the starting point
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without using the same edge twice. A large girth will make a Message Passing
Decoder (will be described in Section 3.1) perform better.
V1

C1

V2
V3

C2

V4
V5

C3

⎛1
⎜
⎜0
H =⎜
0
⎜
⎜1
⎝

1 0 1 0 0 1⎞
⎟
1 1 0 1 1 0⎟
1 1 1 0 1 0⎟
⎟
0 1 0 1 0 1⎟⎠

V6
V7

C4

Figure 2.6 Example of a Tanner Graph and its corresponding decoding matrix. Note that
this matrix is not a LDPC code since it is not sparse.
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3 Methods and Algorithms
This Section will present the pre-existing algorithms and evaluation methods that
are being used in this thesis to create and evaluate LDPC decoders. First, a common algorithm family for decoding LDPC coded symbols, Message Passing Decoders, is presented along with its most common algorithm, Belief Propagation.
Next, Density Evolution, an abstract analysis method for measuring performance
on code ensembles, is presented together with an one-dimensional approximate
version, the Extrinsic Information Transfer (EXIT) chart algorithm.

3.1 Message Passing Decoding
Message Passing is a very effective decoding algorithm for decoding LDPC
codes. It is an iterative and highly parallelizable algorithm, where the idea is to
pass messages along the edges between the variable and check nodes in a Tanner
Graph. Each node type is processing the incoming messages and a set of outbound
messages are created according to a predefined function. The function is naturally
different in the variable nodes and the check nodes. An important condition is that
the outbound message on an edge may not depend on the incoming message on
the same edge. This condition is known to be a trait of good message passing decoders. When the decoder is initialized, the variable node initializes all of its outbound edge messages with the initial message from the channel.
There are three functions that need to be designed:
1. Variable node update function
2. Check node update function
3. Stop rule(s)
The following steps are performed during every Message Passing iteration:
1. Update each check node and its outbound messages with the predefined
check node function.
2. Update each variable node and its outbound messages with the predefined
variable node function.
3. Check if the stop criterion has been fulfilled. If so, stop the decoder.
Example 8.

Assume binary input from the channel, {0, 1}. A very crude message passing algorithm that only passes a binary message between the
nodes will be used.

Although the idea is simple, it can be complex when using other alphabets
than GF(2). Additional information can be found in [13] and [14]. The following
chapters will deal with the design of the node functions and the stop rules.
In order to keep track of the direction of a message, they will be named depending on the direction. Messages going from a variable node to a check node
will be denoted u. Messages going from a check node to a variable node will be
denoted v. In an implemented version, the direction of the message can most of
the time be omitted, and the same (memory) space can be used for both directions.
Sometimes it is unclear what the direction the message has, for example in an
FOI-R--1963--SE
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analytic calculation. These messages will be denoted w. When the calculation has
decided on a direction for the message, it will change w to the appropriate direction, u or v. Also, when messages are passed internally inside a node, w will be
used (Figure 3.1).

v
w
u
Figure 3.1 Message naming definitions.

3.1.1 Variable Node Update
The update function of a variable node is normally some kind of mean value, or a
value that correspond to a symbol that all incoming messages can agree upon.
Figure 3.2 is showing an example of a variable node update, where the outbound
message is the mean of all incoming messages.
Example 9.

Assume the same decoder type as in Example 8. An updated outbound message will be the mean value of the other incoming messages, rounded to either 0 or 1.

u channel

v1
u2
u3

+ u 2 + u3 ⎫
⎧u
v1 = round ⎨ channel
⎬
3
⎭
⎩
Figure 3.2 Example of a variable node and a message update function.

3.1.2 Check Node Update
The check node performs the update according to some kind of error correction
scheme.
Example 10.

Assume the same decoder as in Example 8. The check node needs
to perform some kind of correction, but how? When the check node
receives only correct messages, the parity check summation will be 0.
The summations are made in GF(2).

∑w

i

=0,

i

But if one or more of the incoming messages are incorrect, there will
be no way of knowing which one are wrong. The (probably) best assumption that can be done is:
for each outbound message, ui , assume that all other incoming mes-

FOI-R--1963--SE

3.1 Message Passing Decoding

29

sages, vj, are correct and assign ui so that the parity check summation
will be 0. Since we are in GF(2), the following function can be used
(Figure 3.3)

u i = ∑ v j , j all incoming edges except i.
j

w0 + w1 + w2 + w3 = 0
⇔
u 0 = v1 + v2 + v3

Figure 3.3 Example of a check node and its parity check function.

3.1.3 Stop Rule
There are mainly two types of stop rules that can be used, most of the time both
are used in the same system. The first rule is allowing only a certain number of
iterations in the decoder, the other rule is to determine whether or not a codeword
has been detected and, in that case, make a pre-emptive stop.
Example 11.

We can set a maximum number of iterations to 80. As stated in
Example 10, a check node with only correct input messages will not
change any of its messages. As a preemptive stop function, we can
sum all incoming messages in the check node and see if the result is 0.
If this is the case for all check nodes, then no corrections will be made
and we can assume that we have found a codeword and stop the decoder. The codeword can then be found by calculating all its symbols
from every variable node in the Tanner Graph. The symbol out of
every variable node is calculated as a mean value out of all the incoming messages from all the edges to that node. But at this time all incoming messages to a variable node should be the same.

3.1.4 Faster Decoding by Serializing Node Operations
Before continuing, remember that it was stated in Section 2.3.1 that an algebraic
operation in a group takes two arguments and returns one. When working with
message passing, updating each output message requires input from multiple
edges, all edges but itself. It is possible to create an algorithm that processes, for
each edge, the result of all other edges. However, this algorithm is very slow,
since it needs to loop through the messages several times. Assuming there are n
edges connected to a node, there are n incoming and n outbound messages. For
each outbound messages, about n-1 operations needs to be done, so the algorithm
would scale O(n2).

Instead of having one node with m edges connected to it, we create n nodes
with three edges connected to each one, with intermediate edges between these
nodes. Each outbound message will now only depend on two incoming messages,
but we will have additional messages between the nodes. An example with 5FOI-R--1963--SE
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edged check node and its serialized version is illustrated in Figure 3.4. The messages, mi, consist of the inbound and outbound message, vi and ui, on that edge
while the internal messages will be denoted w.

m1
m2
m3
m4
m5

⎛u ⎞
mi = ⎜⎜ i ⎟⎟
⎝ vi ⎠

w1

m1

w2

m2

m3

m5

m4

Figure 3.4 Serialization of a degree-5 node.

The algorithm will go from the left side to the right, updating the intermediate messages. When reaching the last node, it will update the outbound messages,
turn around and update the outbound messages and the intermediate messages
until it reaches the last node.
The algorithm:
1.
2.
3.
4.

Start at the node at one side of the chain (here we assume the left side).
Update the intermediate message w1 by operating on v1 and v2.
Go to the next node.
Update the next intermediate message w2 by operating on the already (incoming) intermediate message w1 and the inbound message, v3, attached to
the node.

Repeat 3 and 4 for all nodes except the last one.
5. Update un by operating on the incoming intermediate message, wn-3, and
vn-1.
6. Update un-1 by operating on the incoming intermediate message,
wn-3, and vn.
7. Update the intermediate message, wn-3, by operating on vn and vn-1.
8. Go back to the node to the left of the current node.
9. Update the outbound message attached to the node, un-2, by operating on
the two intermediate messages attached to the node, wn-3 and wn-2.
10. Update the intermediate message, wn-2, attached on the left hand side by
operating on the intermediate message on the right hand side, wn-3, and vn2.
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Repeat steps 8-10 for all remaining nodes, except the leftmost node.
11. Update u2 by operating on v1 and the incoming intermediate message w1.
12. Update u1 by operating on v2 and the incoming intermediate message, w1.
This algorithm gives two main advantages; the decoding complexity scales
only to O(n) since each incoming message is only used once, and performing the
analysis of the check node is possible to by only analysing two incoming messages and one outbound message of a degree-three check node.

3.2 Belief Propagation Decoding
A very powerful Message Passing decoder is the Belief Propagation Decoder. The
messages passed along edges are probability-based. There are mainly two types of
Belief Propagation decoders, one passes real probabilities for each symbol, and
the other one passes logarithmic probabilities. Davey and MacKay have, in [15],
described a method of using Belief Propagation in higher order Galois Fields using real probabilities. This thesis will use higher order Galois Fields extensively,
so real probabilities will be passed in the Belief Propagation Decoder. Logarithmic Likelihood Ratio will only be used in the DE analysis description part of this
thesis.
3.2.1 Check Node Update
The check node update is based on parity checks in GF(q), where the outbound
message, u, is the additive operation of v1 and v2

u=v1+v2.

The outbound message in the check node is the probability of the actual outbound
message being one of the M possible symbols. In the binary case, the outbound
Likelihood Ratio messages are two-dimensional
⎛ P(u = 0)⎞
⎟⎟ .
Pu = ⎜⎜
⎝ P(u = 1) ⎠

It is possible to keep track of just one of the probabilities as a message
since P (u = 0 ) = 1 − P (u = 1) , but we will keep both for clarity.
To decide the outgoing message, we need to look at the binary additive operation table (Table 3.1), and decide the probabilities for getting a 0 and 1 respectively
⎛ P(u = 0 )⎞ ⎛ P(v1 = 0 )P(v 2 = 0 ) + P(v1 = 1)P(v 2 = 1)⎞
⎟⎟ .
⎟⎟ = ⎜⎜
Pu = ⎜⎜
⎝ P(u = 1) ⎠ ⎝ P(v1 = 0 )P(v 2 = 1) + P(v1 = 1)P(v 2 = 0 )⎠

v2

+
0
1

v1
0 1
0 1
1 0

Table 3.1 Addition in GF(2).
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In higher order fields the probability calculations will become more complex,
but the same principle applies. The calculations for q=22 are presented in Table
3.2.
v1

v2

+
0
1
2
3

0
0
1
2
3

1
1
0
3
2

2
2
3
0
1

3
3
2
1
0

Table 3.2 Addition in GF(4).

P(u = 0) = P(v1 = 0)P(v 2 = 0) + P(v1 = 1)P(v 2 = 1) +

P(v1 = 2 )P(v 2 = 2) + P(v1 = 3)P(v 2 = 3)

P(u = 1) = P(v1 = 0 )P(v 2 = 1) + P(v1 = 1)P(v 2 = 0 ) +

P(v1 = 2 )P(v 2 = 3) + P(v1 = 3)P(v 2 = 2 )

P(u = 2) = P(v1 = 0)P(v 2 = 2 ) + P(v1 = 1)P(v 2 = 3) +
P(v1 = 2 )P(v 2 = 0) + P(v1 = 3)P(v 2 = 1)

P(u = 3) = P(v1 = 0 )P(v 2 = 3) + P(v1 = 1)P(v 2 = 2 ) +
P(v1 = 2 )P(v 2 = 1) + P(v1 = 3)P(v 2 = 0)

Formally, this can be expressed as:
q −1

P(u = a ) = ∑ P(v1 = i )P(v 2 = i + a )

i, a ∈ GF (q ) .

i =0

Observe that the addition v2=i+a is made in GF(q), so the resulting v2 can be
found in the addition table (Table 3.2 for GF(4) ).
3.2.2 Variable Node Update
The variable node message update works in a slightly different way than the
check node update functions. First of all, the result needs to be normalized to have
a proper probability distribution as a result. Second, the channel input needs to be
considered at some point.

The basic, binary two input- one output, algorithm can be viewed as
⎛ P (v = 0 )⎞ 1 ⎛ P(u1 = 0 )P(u 2 = 0 )⎞
⎟⎟ .
⎟⎟ = ⎜⎜
Pv = ⎜⎜
⎝ P (v = 1) ⎠ α ⎝ P (u1 = 1)P(u 2 = 1) ⎠

To ensure that the outbound message is a proper pdf, the message is normalized by α.

α = P(v = 0 ) + P(v = 1) .
In a higher order field, each outgoing symbol probability can be expressed as
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P(u1 = a )P(u 2 = a )

where
q −1

α = ∑ P (v = i ) .
i =0

The channel input can be treated as an input edge, but without updating it.
A single, outbound, message for a symbol from a variable node on edge k of
dv edges can be fully expressed as
P(v k = a ) =

1

α

P(u channel = a )∏ P(u r = a )

r ∈ {1K d v ¬k }

r

q −1

α = ∑ P (v = i ) .
i =0

3.2.3 Stop Rule Design
Except of having a maximum number of allowed iterations, an additional stop rule
may be used. The second stop rule is based on deciding whether or not the most
probable code word is a correct code word by finding the most probable symbols
from the variable nodes, and see if they fulfil the parity check. If so, stop the decoder and declare success. This can be expressed as stopping the decoder when
Hxˆ = 0 ,

where H is the sparse decoding matrix used and x̂ is a vector with the most
probable symbol from every variable node.
xˆ = ( x1

x2

K

xn ) ,
T

xi = arg max{Pk ( x = a )}

a ∈ {0K (q − 1)} .

a

Pk (x = a ) is the probability that variable node k contains the symbol a and is
derived in a similar way as the message updates, but this time messages from all
edges are considered.
q −1

P( x = a ) = P(u channel = a )∏ P(u i = a ) .
i =0

In a decoder, this can be solved by determine the most probable symbol at the
same time as updating a variable node, then send the most probable symbol along
with the actual message to the check nodes, where a GF(q)-parity check is performed before updating the check node.
If the parity check is summed to 0 for all check nodes, then the decoder has
found a valid code word and may stop.
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3.3 Non-binary LDPC Codes and M-PSK Modulation
When using non-binary LDPC codes together with M-PSK modulation for data
transmission, the information data is processed accordingly (Figure 3.5 and Figure
3.6).
1. The n length binary information Data is mapped onto n/log2M length Mary symbol information data.
2. The symbol information data is encoded into codewords with the GF(M)
generator matrix for the LDPC code used.
3. The symbols of the codewords are M-PSK modulated to I/Q symbol vector representation.
4. The codewords is sent trough the channel and their symbol vectors are distorted by the channel noise.
5. The received distorted vector symbols of the codewords is M-PSK Demodulated into symbol representation.
6. The received codewords is decoded with a Message Passing algorithm for
higher order modulation formats (Section 3.2).
7. The M-ary data symbols of the decoded codewords are converted to their
binary representation, the binary data is sent to the user.
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Figure 3.5 Transmission of M-ary data when using LDPC codes together with M-PSK modulation.

Figure 3.6 Example of 8-PSK modulation of binary data and its corresponding M-ary symbol.

3.4 Density Evolution
Density Evolution (DE) is an algorithm used to analyse the performance of an
ensemble of LDPC codes with a certain degree distribution, regular or irregular,
when using Message Passing decoding. The algorithm only depends on degree
distribution of the nodes and the SNR of the channel, it is not performed on a specific LDPC code belonging to that ensemble. So DE does not for example depend
on the Tanner Graph representation of a Code. The ensemble of codes contains all
codes with the same degree distribution. The result of a Density Evolution calculation is the lowest SNR possible, the SNRThreshold, for which successful Message
Passing decoding is possible for an ensemble. Density Evolution returns a channel
performance measurement constrained to a specific code ensemble.
The results from Density Evolution can be used to compare different degree
distributions to find the best code ensemble. Even though different ensembles
have the same rate R, they will not perform equally. The degree distribution of the
regular (3,6) ensemble is unique. But the realizations (connections between nodes)
are different between different codes in the ensemble. In the case of the regular (3,
FOI-R--1963--SE

36

3 Methods and Algorithms

6) and (5, 10) ensembles, they have the same rate, R=0.5, but the regular (3, 6)
ensemble have a smaller SNRThreshold than the regular (5, 10) ensemble. In fact the
regular (3, 6) ensemble have the best SNRThreshold of all the R=0.5 ensembles. This
means that there are codes with a regular (3, 6) degree distribution that perform
better than any other regular R=0.5 LDPC code.
3.4.1 Main Idea
Density Evolution is an iterative algorithm performed on an ensemble of LDPC
codes with a certain distribution, regular or irregular, for a fixed SNR value. In the
DE algorithm the assumption is made that the code length is infinite. The reason
for assuming this is that the Tanner Graph for the code can then be assumed to be
cycle free. Infinite code lengths give infinite number of nodes. By assuming this,
it is possible to assume that the code will have an infinite girth, i.e. it is cycle free.
This means that a message has to travel an infinite length before returning to the
same node, which basically means that the message is independent from messages
previously sent from the node.

By assuming a cycle free Tanner Graph for the code, the calculations of a
single DE iteration can be seen as updating the outgoing pdfs from one check
node and one variable node representative for regular ensembles. In the case of
irregular ensembles one representative for each degree for the check- and variable
nodes has to be updated. That is because for regular (dv, dc) ensembles of LDPC
codes there are only two different node types, the dv -degree variable node, and
the dc-degree check node. For irregular ensembles there are as many different
node types as there are different node degrees for the variable- and check nodes
(Section 2.4 and [12]). For irregular codes, the output densities from all the degree
representatives for the variable- or check node are added, with the degree distribution (edge perspective) as weight factor. The idea of only updating one node representative for each unique node type in the ensemble is the key approximation of
DE, making it a tractable algorithm for analysing the performance of code ensembles.
The main idea with density evolution is to update the probability density
function, pdf, of the messages between the nodes representatives, instead of the
messages themselves. The outbound densities from the node representatives will
then evolve during the iterations, and if the pdfs evolve in such a way that the
error goes to zero then the current SNR is not below the SNRThreshold.
The update of the outgoing pdf messages fuk , fvk+1 and f0 is illustrated for the
regular (3, 6) LDPC code ensemble in Figure 3.7, where k is the iteration index.
Here, f0, fuk and fvk+1 are the outbound pdf from the channel and the variable- and
check node representative, describing the Log Likelihood Ratio (LLR) of the
transferred messages. When LLR probabilities are used the mean of the pdf can
have values between -∞ and +∞.
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f uk = F ( f vk +1 , d c − 1)

dc = 6

f vk +1 = f 0 ⊗ f uk ⊗ f uk
f uk
f uk

Figure 3.7 Pdf updates on the regular (3, 6) ensemble. Check node on top and variable node
below, dc=6 and dv=3.

3.4.2 Performing Density Evolution
The initial pdf, f 0 created from the messages received from the channel, depends
on the type of channel noise, order of modulation M, and the SNR. The channel is
assumed to be an AWGN channel, so the DE algorithm only depends on the SNR
from the channel and the analyzed node distribution. The initial pdf from the
channel is computed for the SNR under consideration. The DE algorithm is then
iterated a great number of times with this as the initial input to see if the error
probability Pek from the pdf of iteration k, fuk, from the check node, converges to
zero when the number of iterations increases towards infinity (k → ∞). Pek is calculated by integrating fuk for all LLR values ≤ 0. This is the same as looking at the
SNR-values when the mean LLR muk of fuk approaches infinity. The initial error
probability Pe0 from the channel is the Log Likelihood Ratio between the wrongly
detected messages and the number of transmitted symbols, and the Pek is that Log
Likelihood Ratio after k Message Passing iterations.

The basic algorithm for Density Evolution works according to the following
steps:
Preparations
1. Choose the ensemble to be analyzed, i.e. the node distribution.
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2. Set the range of the AWGN SNRi = {SNR1 SNR2 ... SNRmax } values to
be tested with DE. The SNRi is chosen as the lowest SNR value, and first to be
tested. Then the SNR values should increase to the largest in the range,
SNRmax.
3. Set the number of iterations n and an acceptable error threshold limit Pemax
(biggest acceptable error). This should be 0 but is for practical reason set to a
value very close to zero.
Density evolution
4. Calculate the initial f 0 from the channel depending on the first SNR1 value in
the interval and the type of noise.
5. A) If regular ensemble: Iterate the algorithm n times. Update and fuk and fvk+1
every k ∈ {1 2 ... n} iteration.
B) If Irregular ensemble: Iterate the algorithm n times. Update each pdf out
from each node representative for all the unique node degrees of the variableand check nodes. Calculate fuk and fvk+1 from the weighted calculations for the
pdfs [12]
6. Calculate the error Pen out of the final check node output fun. Stop the DE if
Pen ≤ Pemax , the SNRThreshold has then been found. Otherwise increment i and
go back to step 4 (test next SNR)
If SNRThreshold is not found during these steps a different range of SNRi values
has to be defined and tested for the ensemble.
The node degree distribution and pdf update functions for an ensemble of
regular (3,6) codes is illustrated in Figure 3.7. The notation for node degree distribution for an irregular ensemble of codes looks a little different. For irregular
codes there is more than one node degree distribution for the variable- and check
nodes.
One example of Density Evolution on a regular (3, 6) LDPC ensemble is illustrated in Figure 3.8. The SNR value is here set to 1.73 dB, which appears to be
the SNRThreshold for that ensemble. That is because Pek →0 and muk → ∞ as k → ∞.
This SNRThreshold calculation concurs with the results calculated by Barry in [13].
The Likelihood ratio (LR) for the messages has here been transformed to the Log
Likelihood ratio (LLR) before calculating the pdf, which gives LLR values on the
horizontal axis in the figure.
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Figure 3.8 The outbound pdf of the messages as a function of SNR for the (3, 6) ensemble.
The number above each curve is the number of iterations for that curve.

3.4.3 One-Dimensional Approximation of Density Evolution
Since the update functions for fuk and fvk+1 in Section 3.4.1 and 3.4.2 are performed on probability density functions, they are very complex and time consuming when implemented. However, less complex algorithms that approximate DE
has been developed. These are one-dimensional analysis of LDPC codes, instead
of the multi-dimensional analysis in ordinary DE. Likelihood Ratios (real probabilities) will be used instead of LLR for denoting the error probability in the
EXIT chart algorithm below.
3.4.3.1 The EXIT Chart Algorithm

A one-dimensional approximation of DE is the Extrinsic Information Transfer
chart algorithm, or the EXIT chart algorithm [10]. A one-dimensional variable
describing the extrinsic information transfer between the nodes are here sent between the check- and variable node representatives instead of the pdf for the messages. The information used in the EXIT chart calculations is the initial information about the received messages from the channel (intrinsic information) and the
information about the messages from the previous iterations (extrinsic information). Other one-dimensional analysis methods for LDPC Codes makes the assumption that all pdfs sent between the representatives are Gaussian, the all Gaussian approach [13][11]. This is not the case in the reality, because the update functions in the check node make its outbound pdf messages non-Gaussian.
For the EXIT Chart algorithm, Gaussian distribution is only assumed for the
pdf of the messages sent from the variable node to the check node representative.
The pdf for the messages sent from the check node to the variable node representative is not assumed to be Gaussian distributed. So using the semi-Gaussian approach in the EXIT Chart calculations makes the results more accurate and closer
to those of the non-approximate DE. The main idea behind the EXIT chart algorithm is to represent the pdf messages fuk and fvk+1 sent between the nodes, and fu0
from the channel, with a corresponding one-dimensional variable for the intrinsicand extrinsic information. In other words describe the pdfs with scalars instead of
a multidimensional vector (discrete pdf) which otherwise represents the pdf in the
FOI-R--1963--SE

40

3 Methods and Algorithms

computer calculations. The scalars can be the corresponding error probability for
f, its mean or mutual information [10]. This approach gives calculations with scalars instead of multidimensional calculations with discrete probability density
functions represented by vectors. From now on, EXIT chart calculations are assumed to be performed with the error Pe corresponding to the pdf f.
The channel used is the AWGN, but the calculations are the same as for the
BSC channel. This can be done since the EXIT chart calculations depend on the
initial error, Pe0, for the received messages from the channel, not the shape of their
pdf. The incoming (initial) pdf, f 0, from the channel is the probability distribution
of the incoming messages from the channel. If all the messages sent through the
channel is the ‘0’ M-PSK symbol, then because the distortion in the channel all
incoming messages will have different probabilities of being detected as the ‘0’
symbol with the Maximum Likelihood Detection. The greater the distortion of the
channel the more symbols will be more likely to be detected as any of the other
M-1 possible symbols rather then the correct ‘0’ with Maximum Likelihood (ML)
detection. This ratio between the number of wrongly detected symbols divided
with the number of correctly detected symbols is the calculated initial error Pe0
from the channel for the sent symbols. This is the same as constructing a discrete
pdf, f 0, out of a great number of sent and received ‘0’ symbols from the AWGN
channel, and then calculate the initial error Pe0 as the area of the pdf where
wrongly ML detection takes place.
The initial input,Pe0 , to the EXIT chart algorithm is calculated for the initial
pdf, f 0, from the channel. For each iteration k ∈ {1 2 ... n} , a new outbound
message Pek+1 from the variable node representative is calculated from Pek and
Pe0. The update function for a regular ensemble is Equation 3.1. The error probability information Pek+1 from the variable representative is calculated for each k
iteration. As in Density Evolution for an ensemble, a range of SNRi values are
tested with n iterations. The reason and background for using the initial error
probability Pe0 as the extrinsic information for the initial pdf is described in [10].
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Here dc and dv is the check- and variable node degree for the ensemble being analyzed. A regular (3,6) code would for example have dc= 6 and dv = 3.
3.4.3.2 Performing EXIT Chart Analysis

The EXIT chart calculations for a regular ensemble are performed in the following steps:
Preparations
1. Choose the code ensemble to be analyzed, i.e. the node distribution.
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2. Define the SNRi = {SNR1 SNR2 ... SNRmax } to be tested in the
EXIT chart analysis.
3. Define the maximum number of iterations, n, and an acceptable error limit
Pemax.
EXIT chart Calculations
4. Calculate the initial Pe0 corresponding to the pdf f 0 from the channel. f 0
depends on the type of noise and the first SNR1 value in the SNRi vector
from step 2.
5. Iterate algorithm Equation 3.1 n times with k ∈ {1

2 ... n}.

6. If Pen ≤ Pemax, then SNRThreshold has been found, otherwise increment i and
go back to step 4 (test next SNR).
The result of the EXIT chart calculations is close to the result of the ordinary
Density Evolution, but the complexity of the calculations is much lower.
The result from EXIT chart calculations on an ensemble a given SNR can be
visually illustrated by printing the EXIT chart. One example of a printed EXIT
chart is given in Figure 3.9. In the EXIT chart, the incoming error from the algorithm, Pin = Pek, is on the horizontal axis. The outgoing error, Pout = Pek+1, is on
the vertical axis. The initial Pe0 from the channel is used as a starting point in the
diagram. Pek+1 can be expressed as a function of the incoming error as Pek+1 =
F(Pek). To make the EXIT chart easier to analyse, the inverse, F-1, of F is also
plotted in the chart. F-1 is a function of the outgoing error, and returns the incoming error. The space between F and F-1 is called the decoding tunnel. The development of Pek+1 depends on the previous Pek, and can be viewed in the chart for
each iteration k. If Pek+1< Pek for all k, then the error Pek+1 will approach zero as k
approaches infinity, then F-1 and F will never cross each other. The decoding tunnel is then open for all k [10]. The SNRThreshold for the ensemble is found as the
SNR when the decoding tunnel opens up from a closed state, and is open for all
iterations. In other words; the SNRThreshold is the SNR value giving an almost
closed decoding tunnel, so that just a little smaller value on the SNR will close it.
An open decoding tunnel will guarantee that the final decoding error Pen →0 when
n → ∞. In practical implementations the error becomes very small for only a couple of hundred iterations when the SNRThreshold is found.
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Figure 3.9 EXIT chart for a regular (3, 6) code ensemble. The decoding tunnel is opened so
the set SNR value is above SNRThreshold.

3.4.4 EXIT Chart with M-PSK Signaling
This section will describe a practical algorithm for performing the EXIT chart
calculations on an ensemble of regular non binary LDPC codes using M-PSK
symbols. There are several algorithms which perform one-dimensional DE on
ensembles of codes, but EXIT calculations have proven to be one of the best
methods [10]. The results of performing EXIT chart calculations with the implementation in this Section will be presented in Section 6.

The first part of this section will describe how to calculate the initial pdf, f 0,
for the algorithm, and the second part will describe the basic EXIT chart calculations with the corresponding initial Likelihood Ratio, Ps0. It is the Likelihood Ratio of having detected symbol s as the initial symbol when s has been sent. Detection is made using an ML detector. The possible symbols are s ∈ {0 1 ... M − 1} .
3.4.4.1 Calculating the Initial pdf for the Zero M-PSK symbols

In M-PSK modulation one can view and process the modulated data in two different ways, either as the M=2k different vector symbols, or as the M different length
k binary representations of the vector symbols. The two different representations
for 8-PSK symbols are illustrated in Figure 3.10.

FOI-R--1963--SE

3.4 Density Evolution

43

Figure 3.10 The symbols and their binary representation for 8-PSK.

EXIT chart is often calculated using binary representation of the symbols, assuming a Binary Symmetric Channel [9], where a total independence between the
incoming bits then can be assumed when calculating the initial pdf from the channel. However, when using non-binary symbols the incoming bits will not be independent from the other k-1 bits representing the symbol. When, for example, 8PSK symbols with binary representation are used, every bit is dependent on two
other bits. Here some dependency calculations between the incoming bits have to
be made, which depends on the behaviour of the binary representations for the M
possible symbols when distorted by the noise in the channel. When updating the
pdfs of the k bits in the binary representation of the symbols, assumptions about
their dependency can be made by using different approaches. For instance, it is
possible to first update the pdfs independently and then create a mean pdf between
the bits and add it to the bits pdf.
A slightly different approach for performing EXIT chart on the symbol representation of the M-PSK symbols will here be presented. The focus will be on the
symbol representation of the M possible symbols, where the possible symbols are
0
i ∈ {'0' '1' ... ' M − 1'}. First the M different initial pdfs, f i, from the channel for
the M symbols are calculated. But when transmitting over the AWGN channel, all
the symbols in the M-PSK signalling constellation used will have the same pdf
(Figure 3.10). This gives that only one pdf has to be calculated for one symbol,
which is then valid as the pdf for all M possible symbol pdfs. This will allow the
simplification of only calculating and analysing the code for one of the M possible
M-PSK symbols that can be sent. Here, the symbol used for the EXIT chart analysis is the zero symbol, ‘0’. The basic algorithm calculating the initial pdf for the
zero symbol, f00 is performed accordingly:
1) Set the SNR value to be tested in the symbol-wise Density evolution.
2) Transmit a large number of Zero M-PSK symbols over an AWGN channel
with the SNR from step 1. Store the received distorted zero symbols in a
vector Vmessages.
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3) Calculate the probability vector Pi0 from Vmessages (Appendix A.1), where
every element in Pi0 is the probability that the corresponding element in
Vmessages is the ‘0’ symbol.
4) Create a vector Vtemp with every column containing the number of each
unique zero symbol probabilities in P’0’. Sort the columns so the unique
zero probabilities lie in ascending order.
5) Divide all the elements in Vtemp with the total number of zero symbols sent
in step 2. The resulting vector can be used as the discrete pdf, ~f ' 00' for the
received messages from the AWGN channel. With each element in ~f ' 00'
giving the Likelihood Ratio that the received messages have one of the
unique zero probabilities of being the zero symbol.
Example 12.

After step 3; if the first column in Vtemp is 13 and the smallest element in P’0’ is 0.1, then there are 13 received messages with 0.1 probability of being the ‘0’ symbol. After step 4; if 1000 symbols were
~
sent in step 2 the first element in f ' 00' should be 13/1000 = 0.013. Here
1.3 % of the received symbols have 0.1 probability of being the zero
symbol.

~

In the EXIT Chart calculations in Section 3.4.4.2 f '00' will be used as the approximated discrete pdf for the received distorted zero M-PSK symbols from the
~
channel. An illustrative example of f '00' for 1000 AWGN distorted zero 8-PSK
symbols with channel SNR=9.5dB is presented in Figure 3.11.

Figure 3.11 The pdf for 1000 8-PSK symbols with SNR =9.5dB. The notation on the axis is
Likelihood Ratio.
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3.4.4.2 EXIT Chart Calculations for a LDPC Code with M-PSK Symbols

~

After the discrete probability density function f '00' for the M-PSK symbols is calculated in Section 3.4.4.1, its corresponding error probability Pe0 can be calculated
with Equation 3.2.
0.5
~
Pe0 = ∑ f '00'

(3.2)

0

~

In other words; sum all elements of f '00' with probabilities (LR) value on the horizontal axis equal or below 0.5 (Figure 3.11).
The EXIT chart calculations for a LDPC code with M-PSK symbols are performed according to the following steps:
1) The Exit chart calculations from Section 3.4.3 are executed with the Pe0
calculated out of Equation 3.2, with Pe0 being the one-dimensional representative for f '00' .
2) If the check in step 6 in the EXIT Chart calculation (Section 3.4.3) is not
~
fulfilled, a new SNRi range is selected and new f ' 00' and Pe0 are calculated.
3) These Pe0 are again used in step 4-6 in the EXIT Chart algorithm from
Section 3.4.3.
These steps are performed until the SNRThreshold for the analysed ensemble is
found.
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4 Angular Sum Decoding
In this section we present a Message Passing decoder for the vector representation
of the M possible M-PSK symbols, using the angle and length as information of
the M-PSK symbols. When sending M-PSK signals, the symbol information will
be represented by the angle, while the length of the received vector can be seen as
some kind of reliability information. The parity check will be made by requiring
that the sum of all angles in a check node will sum to 0 mod 2π. This summation
requirement is the cause of the name of the decoder, Angular Sum Decoder.
The aim is to keep the messages and decoding simple for the decoder, and to
see whether or not this type of decoder is possible to create. Since this approach is
a simplification of a Belief Propagation decoder, it will probably need a higher
SNR in order to keep the same BER as the Belief Propagation decoder. An interesting version of the Angular Sum Decoder is to only pass the angular information
as messages in the Message Passing algorithm and assume the length of the vector
to be 1. This version will need to send less information and thereby become less
complex.
If a working Angular Sum Decoder can be constructed, the messages sent between the nodes in the Message Passing algorithm will contain significantly less
information than in the Belief Propagation algorithm. Instead of sending a probability vector of length M, only scalars representing the angles (and lengths) are
sent as messages between the nodes. Also, the calculations in the nodes will be
much less complex than in a Belief Propagation decoder. If a successful decoder
can be constructed, the version without length information would probably require
a higher SNR to work since it is strapped on the reliability information.
As described in Section 3.1.4, message operations can be described by two
input and one output message. Outbound messages from variable nodes and check
nodes respectively, will be calculated as:

{

•

Variable node: v = arg e

•

Check node:

iu1

+ eiu 2

}

u = −(v1 + v 2 ) mod 2π

where u and v are the angles of the messages. If length information is considered, update operations are performed as:

•

Variable node:
iu
u
o Angle Update: v = arg{ U 1 e 1 + U 2 e 2 }

u
u
o Length Update: V = U 1e 1 + U 2 e 2

•

Check node:
o Angle Update: u = −(v1 + v2 ) mod 2π
o Length Update: U = min{V1 , V2 }

Where u and v are the angles of the messages and U and V are the lengths of
the messages. Figure 4.1 and Figure 4.2 illustrate the variable node and check
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node operations. u and v denote the vector messages that have angle u and v and
length U and V respectively.
In essence, the operation in the variable node is just a vector summation
(Figure 4.1), while the operations in the check node (Figure 4.2) are a bit more
complex. The angular summation made in the check node is very simple, but the
question lies in how to adjust the length. The approach made in this decoder is
quite simple: Find the least reliable information (the shortest length) and set the
length of output to it.

Figure 4.1 Length and angle calculations of the outgoing message vectors from the variable
nodes. Here v is calculated out of three incoming messages (one from the channel and two
from check nodes).

Figure 4.2 Length and angle calculations of the outbound message vectors from the check
nodes.
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4.1 Vector Summation in a Variable Node
As mentioned in Section 3.1.1, a variable node update should be something all
edges should agree upon. When dealing with Belief Propagation, they determine
the probabilities of the symbols. When two edges agree that a specific symbol has
a high probability, the outbound probability for that symbol will be higher, while
two edges agreeing on a low probability of a symbol, it will have a lower outbound probability. This behaviour should also be found in the approximate decoders and vector summation will do that.
As a matter of fact, given that two probability vectors are representing two
vectors from the channel, a summation of these two vectors returns a vector that
has a probability vector that is exactly the one that would be returned from a Belief Propagation variable node operation on the first two probability vectors. The
proof of this can be found in Appendix A.3. That is, having two vectors taken
from an AWGN channel using M-PSK signaling,
⎛ IB ⎞
⎛I ⎞
m A = ⎜⎜ A ⎟⎟ m B = ⎜⎜ Q ⎟⎟ ,
⎝ B⎠
⎝ QA ⎠

and adding them,

mC = mA + mB ,
will be equivalent to

P (mi mC ) =

P (mi m A )P (mi mB ) .
∑ P(m j m A )P(m j mB )
q −1
j =0

Having this proof, it is safe to determine that a vector summation in the variable node is equivalent to a Belief Propagation message update. This operation
will be used as a variable node operation in the Angular Sum Decoder as well as
the Table Decoder described in Section 5.
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5 Table Decoder
Simulations performed on the Angular Sum Decoder from Section 4 indicated that
this type of decoder would not work (simulation results in Section 7.2.2). Due to
this, an alternative solution for MP decoding with angle and length messages
needs to be found. As discussed in Section 8.1 the node operations that need to be
changed are the operations in the check node. However, since the aim is still to
send geometrical vectors, it is possible to reuse the variable node functions described in Section 4.
The solution lies in finding an alternative check node operation which gives
an error correcting Message Passing decoder when using angle and length messages for the M-PSK symbols. This problem can be approached with a Black Box
Model for the operations in the check node. As described in Section 3.1.4, it is
possible to serialize a check node with any number of edges into a concatenated
system of degree three check nodes, so the Black Box algorithm only needs to be
designed for check node with two inputs and one output.

5.1 Variable Node Operation
As discussed in Section 4.1, making a vector summation is equivalent to a Belief
Propagation variable node operation, so the Table Decoder will also use vector
summation in the variable nodes.

5.2 Black Box Model for Check Node Operations
The main idea with the black box approach is to use the knowledge about how the
probability vector messages sent to and from a degree three check node in the
Belief Propagation decoder are processed. This can be done by trying to create
check node calculations that imitates check node calculations for Belief Propagation, but instead of messages based on probabilities, geometrical vectors are being
used as messages. One way of creating the check node functions for geometrical
vectors is to start with a Belief Propagation check node, but immediately inside
the node, convert the messages from probabilities to geometrical vectors. On the
outbound side, the opposite conversion is made. Now, all that needs to be made is
to design some kind of function that makes the entire check node a good approximation of the original Belief Propagation check node, and then remove the conversions and pass the geometrical vectors as messages between the nodes (Figure
5.1).
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Angle and
Length to
Probability
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Figure 5.1 Approximation of a Belief Propagation check node update.

The internal messages, ma, mb, and mc, consist of either angle and length
(vector) information, or just the angle information. The angle/vector to probability
conversion is described in Appendix A.1.
There is one problem left to deal with before designing the function f(ma,mb)
in Figure 5.1. It is the conversion from probabilities to geometrical vectors. There
is no good analytical way to convert from arbitrary probabilities, but an approximate method can be used, which only allows a limited number of probabilities in
a quantified probability space. The allowed probabilities can be found by converting a number of geometrical vectors to probability vectors. The number of vectors
converted gives the number of reconstruction points used to convert from probability vectors to geometrical vectors, which also gives how fine the quantization
will be.
Our proposed decoder will be designed as a four-dimensional table. The dimensions represent the angles and lengths of the two incoming signals. A simpler
decoder does not keep the length information, so it can be represented as a twodimensional table. The elements in the tables are the reconstruction points. An
illustrative example of a two-dimensional table is presented in Figure 8.9.
5.2.1 Table Vector Decoder
When implementing the Table Vector decoder with the algorithm presented in the
beginning of Section 5.2, we need to decide which M ∈ {2,4,8} it will operate on.
We also need to decide a SNR that it will assume to receive from the channel.

Next, the vector space need to be quantified into a set of allowed points. The
suggested strategy for doing this is to first decide a set of allowed angles, preferably A = a · M angles (where a is a positive integer) evenly spread. This will allow
each ‘correct’ angle (angle where a signal point is located) to be represented in the
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set. Deciding upon a set of L allowed lengths is also suggested, which are l · k
where l ={1,2,….L}, and k is a fixed length. If only one length is allowed (for example length 1), then the decoder is called the Table Angle decoder. The points in
the vector set are the reconstruction points rj. More strategies, and a concise discussion of the placement of reconstruction points, can be found in Section 8.5.
2
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Figure 5.2 Reconstruction points for 4 lengths and 8 angles.

Now, a quantified vector space containing N=AL reconstruction points has
been developed. Next thing to do is to find the corresponding probability distributions Pj for these points (see Appendix A.1). Each vector space point rj will now
have one corresponding probability space point Pj (Figure 5.3). It is possible to
have one reconstruction point in the origin, which would give an additional reconstruction point (N=AL+1).
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…

PN

Figure 5.3 Each vector space point corresponds to one probability space point.
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PNj

…
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P2N

…

PiN

…
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Figure 5.4 Probability Table, check node operation on probability space points. The return
values need to be adjusted so they too belong to the probability space points.

The probability space is a known space (calculated in Appendix A.1). The
parity check made for two incoming probability distributions is known, (Section
3.2.1). Now, a table of all possible outbound probabilities using all possible combinations of two inbound probabilities from the allowed set can be built (Figure
5.4). At this point, the probability table is not a proper algebraic operation table,
since the outbound probabilities are not necessary from the set of allowed probabilities. This can be solved by, instead of returning the real outbound probability,
return the probability from the allowed set that is closest to the real one. In other
words quantize the real outbound probability distributions to the allowed probability distributions (reconstruction points rj). There are several ways of deciding the
closest point; the algorithm used in this thesis decides the closest reconstruction
points, rj, by calculating the closest minimum squared Euclidian distance:
M −1

a
− Pka ) 2 }
Pout = min{ ∑ ( Pout
Pk

a =0

⎛ P ⎞
⎜
⎟
Pout = ⎜ M ⎟,
⎜ P M −1 ⎟
⎝ out ⎠
0
out

⎛ Pk0 ⎞
⎜
⎟
Pk = ⎜ M ⎟.
⎜ P M −1 ⎟
⎝ k ⎠
The probability table is now only containing probabilities from the allowed
set, Pj, which makes it possible to perform algebraic operation with its elements.
Not only that, but since all probabilities are from the allowed set, each one of
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them corresponds to a point, rj, in the vector space which allows us to create a
table that is a copy of the probability table, but contains the corresponding geometrical vectors instead. This table is all we need when making an approximation
of the parity check summation described in Section 3.2.1. The Vector Table used
in Vector Decoding is built according to the following steps.
1. Decide M and an appropriate SNR.
2. Decide allowed lengths and angles and create a table of allowed vectors ri
with them.
3. Calculate the probability distributions Pj from the allowed vectors ri (Appendix A.1), having M possible symbols and the decided SNR.
4. Build a probability table (Figure 5.4). Quantify the outbound probability
vectors to the closest allowed probability vectors Pj in the probability table.
5. Replace the probability vectors Pj in the probability table with the corresponding vector rj , gives the corresponding Vector Table (Figure 5.5).
r1

r2

…

ri

…

rN

r1

r11

r21

…

rj1

…

rN1

r2

r21

r22

…

rj2

…

rN2

:
:
:

…

rj

r1j

:
:
:

…

rN

r1N

…
…
…
r2j

…

rij

…

…
…
…
r2N

…

rjN

…

rNN

Figure 5.5 Vector Table of check node operation on vector space points.

The incoming messages to the parity check node need to be quantified into
the allowed vector points rj. This can also be done by finding the minimum
squared Euclidian distance between the incoming messages va and vb to the closest
reconstruction points rj (Figure 5.6).
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ra

va
Quant.

rb

vb
Quant.

Vector
table

u

Figure 5.6 Check node operation on two arbitrary geometrical vectors as inbound messages.

One unfortunate effect is that the Vector Table will probably be less correct if
using a different SNR. That is because the SNR level of the incoming messages
from the channel will effect the conversion from vector representation into probability vector representation. Also, the amount of different possible signals sent
will affect the conversion, so a different M requires a different Vector Table.
However, it will be shown in Section 8.3.1 that once the Vector Table is calculated for a specified M and a sufficiently high SNR, it will be possible to change
the channel SNR with a little or no degradation of the performance. From now on,
a decoder with a table having only angular information will be called Angle Table
Decoder, and one with length information as well will be called Vector Table Decoder. The family of these two decoders will be called Table Decoder.
5.2.2 Visualization of Output Values for the Angle Table
If only angles are used for creating a table, it is possible to visualize it with a 3dimensional surface plot. The result is a very peculiar shaped surface with very
sharp edges, see Figures 5.7 and 5.8. The figures show the inbound angles to the
check node on the x- and y axis, and the outbound angle from the check node on
the z-axis. These tables are made for 4- and 8-PSK over an AWGN channel with
SNR at 6 dB and 13 dB respectively. The inbound angles to the check node are on
the horizontal axes, ranging from 0 to 2π. The resulting outbound angle is the angle on the vertical axis. Some of the edges in the figure are 2π jumps, since the
output angle is shown in the interval – π to + π.
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Figure 5.7 3-D surface plot of the angle tables used in the Table Angle Decoder for 4-PSK

Figure 5.8 3-D surface plot of the angle tables used in the Table Angle Decoder for 8-PSK.
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6 EXIT Chart Calculations for M-PSK
This section contains the results from EXIT chart calculation for an ensemble of
regular (3, 6) LDPC codes when using M-PSK symbols. The theory and algorithms from Section 3.4.3 and 3.4.4 are used in the following EXIT chart calculations. The purpose of this section is to calculate the SNRThreshold of the ensemble of
non-binary regular (3, 6) LDPC Codes when using M-PSK symbols.

6.1 Threshold Calculation with EXIT Chart
The results that will be presented here are calculated with the pdf for the zero
symbols ‘0’ (of M possible symbols) as in Section 3.4.4, not its binary representation 000. When using the EXIT chart algorithm from Section 3.4.3 to calculate the
SNRThreshold, the first SNR to be tested was -4dB, then the SNR value was increased by 0.1 dB every time the algorithm was iterated until SNRmax was reached
according to this algorithm. If the SNRThreshold is- or is not found the procedure in
the algorithm is followed. The number of symbols transmitted over an AWGN
channel in each analysis to compute the initial pdf from the channel is 100 000.
The number of iterations n in each EXIT chart calculation is 1000. No more is
needed since after only a couple of hundred iterations the error probability Pen has
already converged. The SNRThreshold of an ensemble of regular (3, 6) LDPC codes
with M-PSK modulation for M={2, 4, 8} is presented in Table 6.1. Only 7 SNR
values near the SNRThreshold for each M are presented, even though many more
values were tested.
Figure 6.1 shows an illustrative example of how the initial error, Pe0 , is calculated out of all received zero symbols from the channel, using the initial pdf, f 0.
The EXIT chart for the ensemble with the modulation- and AWGN channel parameters M=2 and SNR = -2dB is presented in Figure 6.2. Notice that the decoding
tunnel is open and that 12 iterations will make the Pek very small, so Poutn will
converge towards zero. Pe0 is the Likelihood Ratio between the black area and the
total area (gray and black). The black area is the amount of sent ‘0’ symbols
through the AWGN channel that will be detected as another of the M-1 possible
symbols with a Maximum Likelihood detector.
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Figure 6.1 100 000 symbols with AWGN noise added (horizontal axis) and the probability of
them being the zero symbol (vertical axis). The symbols are sorted in ascending order with
respect to their probability to be the zero symbol. M=2, SNR=-2 dB, n=1000, Pe0 =0.0367.

Figure 6.2 EXIT chart for the same parameters as in Figure 6.1.
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M

SNR

P0n

2
2
2
2
2
2
2
2
2
2
4
4
4
4
4
4
4
4
4
4
8
8
8
8
8
8
8
8
8
8

-2.5
-2.4
-2.3
-2.2
-2.1
-2.0
-1.9
-1.8
-1.7
-1.6
2.7
2.8
2.9
3.0
3.1
3.2
3.3
3.4
3.5
3.6
7.8
7.9
8.0
8.1
8.2
8.3
8.4
8.5
8.6
8.7

0.2577
0.2570
0.2562
0
0
0
0
0
0
0
0.2612
0.2599
0.2591
0.2583
0.2575
0
0
0
0
0
0.2633
0.2625
0.2611
0.2601
0.2590
0.2583
0.2573
0.2564
0
0

61

Table 6.1 Threshold calculations whit EXIT chart algorithm for an ensemble of regular (3,6)
LDPC codes with M-PSK symbols for different M. Number of EXIT chart iterations is n =
1000, and the amount of distorted symbols used to calculate the pdf f0 for the symbols is
100 000. The SNRThreshold for the three different modulation levels are -2.2, 3.2 and 8.6 dB.
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7 Simulations
In this section the results from simulations with the Angular Sum Decoder, Table
Vector Decoder, Table Angle Decoder and the Belief Propagation Decoder are
presented. The use of the term Table Decoder will refer to both the Table Angleand Table Vector Decoder. The simulation results presented in this Section will be
analyzed and discussed in Section 8.3. 80 Message Passing decoding iterations
per decoding session were always used in the simulations. All simulations have
been made using the same LDPC code [18], which is a regular, (3, 6) LDPC code
of length 504.
The simulations were made using Monte Carlo simulations in Matlab where
data was transmitted over an AWGN channel with various SNR values. The result
consists of trace of BER and FER for the different setups. Up to 500000 codewords were transmitted through the AWGN channel and decoded with the tested
decoder every decoder simulation. If less “bumpiness” for some of the curves in
this section is needed, more codewords have to be sent during the decoder simulation.
When a Table Decoder uses a “floating table” it calculates and uses a new
angle- or vector table for each channel SNR. These tables have to be precalculated and stored. This also results in additional bookkeeping during simulations/decoding. When a Table Decoder uses a “fixed table” only one table is calculated and used for each order of modulation, M, for all shifting channel SNR.
This table is calculated with an SNR giving a very low BER when using the corresponding floating table for the order of modulation used. A fixed table gives much
less data to store and less calculations to be made for the Table Decoder.

7.1 Simulation Algorithm
The same basic simulation algorithm was used for all the different decoders
tested. It consists of a preparation step and an iterated simulation step.
Preparations for the decoder simulations
1. Choose the PSK modulation alphabet, M={2, 4, 8} (order of modulation).
2. Choose the LDPC code to be used in the simulation, which gives the generator matrix G and the parity check matrix H.
3. Set the SNR for the AWGN channel.
4. Set the number of codewords to be sent through the channel. A large
amount of codewords sent and received in the simulation gives better protection against quick random changes in decoding performance.
5. Set a maximum number of MP iterations for the decoder.
Steps performed each iteration for the decoder simulation
1. Generate a codeword with a generator matrix G, using random input data.
Input data is evenly distributed in {0, …, M-1}.
2. Modulate the codeword symbols to the M-PSK constellation, with symbol
‘0’ at angle = 0, going counter-clockwise (Section 3.3).
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3. Transmit the modulated codeword through the AWGN channel (Section
2.2.2.3)
4. Receive the modulated codeword.
a. If using Belief Propagation, transform the received symbols to
probability vectors (Appendix A.1).
b. If using the Angular Summation- or the Table Decoder, the vector
representation of the messages received from the channel is used as
messages (Section 4 and 5).
5. Try to decode the received codeword using the Message Passing algorithm
with the used LDPC code and decoder. The general Message Passing decoding algorithm is described in more detail in Section 3.1. Stop the decoding if the maximum number of iterations is reached or if a codeword is
found.
6. Compare the generated codeword from step 1 with the decoded in step 5.
Determine if the codeword is properly decoded. If not, count the number
of bits that differ and adjust FER and BER.

7.2 Simulation Results
In this section the simulation results will be presented for the different decoders
together with some modifications on the construction of the tables used in the
Table Decoders. The main focus in the simulations was on Table Decoders using
4-PSK signalling. This is because 2-PSK signalling with Table Decoders is not
that interesting because of bad error correcting- and complexity performance
compared to the Belief Propagation Decoder. Even though simulations for 8-PSK
signalling with Table Decoders are very interesting, they are also very timeconsuming (further discussion in Section 8.3).
7.2.1 Belief propagation Decoder
The simulation results for the Belief Propagation (Section 3.2) are presented in
this Section. M-PSK signaling was used (Section 3.3), and different order of MPSK modulation on the symbols are 2, 4 and 8. The results are presented in Figure
7.1.
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Figure 7.1 Simulations with Belief Propagation Decoder for the regular (3,6) LDPC code
with codeword length 504 and M-PSK modulation. The maximum number of iterations is 80.

7.2.2 Angular Sum Decoder
The simulations with the Angular Sum Decoder (Section 4) was performed for {2,
4, 8}-PSK. The results were very poor. The Angular Sum Decoder failed to decode a correct codeword, even for very large SNR. Even when the SNR was set to
a level so only one of all the received symbols in the codeword was incorrectly
detected, the decoder still failed to decode the codeword. Figure 7.2 visualizes the
performance of the decoder for iterations 0-9. 2-PSK signalling was used and only
one symbol was initially on the left hand side of the Q-axis.

This led us to the conclusion that the approach of Angular Sum Decoding
presented in Section 4 with M-PSK symbols do not work.
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Figure 7.2 Decoding BPSK symbols with Angular Sum Decoder and the regular (3,6) LDPC
code with codeword length 504, from iteration 0 to 9. Only one of all the symbols in the
codeword is wrong in iteration 0, i.e. a very large SNR is used. The horizontal axes are the
In-Phase signal and the vertical axes are the Quadrature signals.

7.2.3 Angular Sum Decoder using Length Information
The simulations in this section were carried out in the same way as with the Angular Sum Decoder, but with node operations that also updated the length (Section
4).

The result from decoding with added length information was as bad as decoding with only angle information. This lead us to question whether there is something fundamentally wrong with Message Passing decoding using the algorithms
described in Section 4. This will be further discussed in Section 8.1.
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7.2.4 Table Angle Decoder Using Floating Table
Simulations with the Table Angle Decoder from Section 5.2 were made using a
floating table. The number of possible angles was set to 512. This relatively small
number of reconstruction points was chosen because of the large amount of time it
took to create the different tables for shifting channel SNR. 512 was the highest
number of reconstruction points that still kept table creation time fast enough. The
512 reconstruction points are evenly distributed on the unit circle. The results for
different M-PSK signalling are presented in Figure 7.3.

Figure 7.3 Simulations with Table Angle Decoder for the regular (3,6) LDPC code with
codeword length 504 using floating table and M ={2, 4, 8}. The number of angles (reconstruction points) is 512. The maximum number of iterations is 80.
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7.2.5 Table Vector Decoder Using Floating Table
The simulations with the Table Vector Decoder described in Section 5.2 were
made using 512 reconstruction points. Now, in the Table Vector Decoder, the
angular resolution is lower, but there are different amplitudes (lengths) which
represents different reliabilities for the message. The Table Angle Decoder has
higher angular resolution but all messages have the same reliability. The reconstruction points in the vector tables for 4-PSK used in this simulation were built
with 16 different lengths and 32 angles, evenly distributed in the vector plane (see
Figure 5.2 for an example). The created tables had a reconstruction point in the
origin in the vector plane. The simulation results are presented in Figure 7.4.

Figure 7.4 Simulations with Table Vector decoder for the regular (3,6) LDPC code with
codeword length 504 and a floating table. The number of reconstruction points is 512, with
16 different angles and 32 different lengths.
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7.2.6 Table Angle Decoder Using Fixed Table
In a real implementation of a Table Angle Decoder, it will not be preferable to
calculate and keep multiple tables in storage (one for each SNR). Because then a
different vector table for the decoder have to be calculated for each SNR value the
channel is expected to have (Section 7.2.4 and Section 7.2.5). These simulations
will instead create one angle table (fixed table) based on an SNR value which
gives very low BER in Section 7.2.4 and 7.2.5 for the different M-PSK used. The
reconstruction points (possibly angles) used in the tables are evenly distributed on
the unit circle. These fixed tables (one for every M = (2,4,8)) are the used in the
Table Angle Decoders for all shifting channel SNR. The results from the simulations are presented in Figure 7.5.

Figure 7.5 Simulations with Table Angle decoder for the regular (3,6) LDPC code with
codeword length 504 and a fixed table. The angle resolutions for the tables are noted in the
figure.
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7.2.7 Table Vector Decoder Using Fixed Table
For the same reason as in Section 7.2.6, a fixed table is created and used for every
order of modulation M in the Table Vector Decoder. The simulations were made
for 4-PSK when having evenly distributed angles and lengths, and a reconstruction point in the origin in the vector plane. The simulation results are presented in
Figure 7.6. The simulation results for 4-PSK when having evenly distributed angles and lengths but with no reconstruction point in the origin is presented in
Figure 7.7. Finally the results for 8-PSK simulation with evenly distributed angles
and lengths but with no reconstruction point in the origin in the vector plane is
presented in Figure 7.8.

Figure 7.6 Simulations with Table Vector decoder for the regular (3,6) LDPC code with
codeword length 504 and a fixed table and 4-PSK. The number of possible angles and lengths
in the tables is denoted L and A in the figure.
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Figure 7.7 Simulations with Table Vector decoder for the regular (3,6) LDPC code with
codeword length 504 and a fixed table and 4-PSK. The number of possible angles and lengths
in the tables is denoted L and A in the figure.

Figure 7.8 Simulations with Table Vector decoder for the regular (3,6) LDPC code with
codeword length 504 and a fixed table and 8-PSK. The number of possible angles and lengths
in the tables is denoted L and A in the figure.
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8 Results and Analysis
This section will analyze the results from the simulations in Section 7. Suggestions on future work will also be given.

8.1 Why Does Not Angular Summation Work?
Here, we will try to give an explanation why Angular Sum Decoding does not
work. It is not a proof in any sense, only a short discussion of our way of thinking
when we stopped developing it.
To begin with, LDPC codes are using finite fields, while the Angular Sum
Decoder is not. It is possible to decode with the Angular Sum Decoder using an
LDPC code as long as only the all-zero codeword is sent, since this codeword also
exist in this decoder. The all-zero codeword corresponds to sending the zero angles for all the codewords symbols.
The parity check in this decoder is a modulo 2π summation of the incoming
nodes. As long as this summation is made using a finite set of possible angles (N
angles), it will work in a ring. A finite set can be assumed when using computers,
since only a fixed number of decimals are stored. It may not be clear that it is a
ring, but if all elements are multiplied by N/2π, the elements would be integers
ranging from 0 to N. The summation can be made as a modulo N summation. As
mentioned in Example 3, a modulo summation of integers is a ring. N can be
made very large and thus make the angle precision be close to infinite.
Out of the N possible angles, only M angles are corresponding to a symbol,
and problems occur when another angle is received. It is possible to quantify the
angle to the closest symbol angle, but in that case all channel information (soft
information) is lost and only the symbol itself (hard information) can be passed as
messages in the decoder. Another approach is to make all angles correspond to a
symbol, thus getting an N-sized alphabet. This is what is done in the Angular Sum
Decoder.
The problem with increasing the alphabet is that an uncoded signal would
have an error probability that is corresponding to the distance between the angles.
Having a very large set of allowed angles would require a very large SNR in order
to get a low BER. In essence, an infinitely small angular difference would require
an infinite SNR to get an arbitrary small error, and no coding would be able to fix
that.

8.2 EXIT Chart Analysis
Because of the lack of working equations in the check node for the Table Angleand Table Vector Decoder it was not possible to perform EXIT chart Analysis on
these decoders. It is probably possible to perform EXIT chart analysis on the table
based Table Angle- and Table Vector Decoder, but this will most certainly be a
complex and time demanding solution and is beyond this thesis work. The main
idea behind EXIT chart analysis of Table Vector- and Table Angle Decoder is
briefly discussed together with possible approximations in Section 8.6.2. In this
Master Thesis work, the EXIT chart analysis performed is on the ensemble when
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using Belief Propagation (Section 3.2). The result is presented in Table 8.1. The
analysis was made on the vector symbol representation instead of the binary representation of the M-PSK symbols (Section 3.3). The EXIT chart algorithm and
calculation results are presented in Section 3.4.4 and Section 6. As expected, increasing the M possible M-PSK symbols on the unit circle for the modulation will
increase the SNRThreshold for the ensemble used. When the symbols lie close to each
other when modulated, a large SNR is needed to separate them at detection.
It seems like the increase for the SNRThreshold is linear when going from 2-PSK
to 4-PSK, and from 4-PSK to 8-PSK. In both cases the SNRThreshold is increased by
5.4 dB (Table 8.1).
M

SNRThreshold

2

-2.2

4

3.2

8

8.6

Table 8.1 SNRThreshold for 2-, 4 – and 8-PSK using a regular (3,6) LDPC ensemble with Belief
Propagation.

8.3 Simulations Results
The simulations in Section 7 were performed with the purpose of producing comparable results for the Belief Propagation-, Table Angle- and Table Vector Decoder, using different order of M-PSK modulated symbols. Some modifications
on the Table Angle- and Table Vector Decoder were tested to see how they affected the simulation results (different tables). The three decoders with their modifications could then be compared using the simulation results. First, a comparison
will be made on the SNR needed for low decoding error using the different decoders. Next, a complexity comparison between the decoders will be made. The
regular (3, 6) LDPC code [18] used in these simulations is a code optimized for
BPSK, but it does not matter since only the relative results between the decoders
are of interest here. The main focus on the curves in the figures should be at BER
>10-5, because when having BER lower than 10-5, small random errors will have a
large impact on the local appearance of the curve. The local “jumps” in the curves
depends on an insufficient number of simulations. If, say, another million simulations (codewords sent and decoded) were executed, the resulting curves can then
be expected to be smoother. This is of minor importance here, the general shape
of
the
curves
is
still
clear
for
simulations
with
500 000 codewords. The use of the term Table Decoders refer to both the Table
Angle Decoders and Table Vector Decoders.
8.3.1 Table Decoding with a Fixed Table
Simulations with Table Decoding using a fixed table independent of the SNR
changes of the channel were performed in Section 7.2.6 and Section 7.2.7. This
was done to see if the SNR used to design the table needs to be equal to the actual
SNR of the channel in order for the decoder to perform well. If it is necessary to
recalculate the table, or store several versions of the table (floating table, one per
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SNR), then it could be argued that this type of decoder is too complex to justify its
decoding performance. The SNR used to calculate the angle- and vector table
were 6.4 dB. The results are presented in Figure 8.1 for 4-PSK.

Figure 8.1 Table Angle Decoder and Table Vector Decoder performance for fixed and floating tables. Order of modulation is 4-PSK.

From Figure 8.1 one can draw the concussion that the performance of the decoder
is approximately the same for both a fixed and floating table vector- and angle
tables for 4-PSK. Because of this, the Table Decoders using fixed tables will from
now on be used when comparing decoding performances. This is because the
lesser complexity in these decoders compared with the ones using a multiple set
of tables (that is, a floating table) for each possible SNR. From now on, the terms
Table Vector- and Table Angle Decoder will refer to Table Decoders with fixed
tables. The possibility to use fixed instead of floating tables in the Table Decoders
will give a large improvement of the decoders due to the reduced complexity.
8.3.2 2-PSK Simulations
In this section two different decoders are compared for 2-PSK symbols in Figure
8.2. It is possible to see that the Table Angle Decoder needs approximately 2 dB
more than the Belief Propagation Decoder to achieve the same BER. 2-PSK is not
a good case for using a Table Decoder, since a Belief Propagation Decoder can be
made very simple, and it is the best known decoder. This is why Table Decoding
on 2-PSK is only presented very briefly, just to show that it works, although not
very good compared to the Belief Propagation Decoder.
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Figure 8.2 2-PSK simulations with the Belief Propagation- and Table Angle Decoder.

8.3.3 4-PSK Simulations
The first result that was noted when running 4-PSK was that it did not matter if a
fixed table, designed for a sufficiently high SNR, was used instead of a floating
table designed for every shifting SNR (Figure 8.1). This lead to the conclusion
that it is possible to use a single fixed table designed for a specific M-PSK signalling with approximately the same error correction performance. Another thing that
was noted was that there seemed to be a limit on how many angles that was
needed. When the Table Angle Decoder was used, this limit was measured to 32
angles. In Figure 8.3, it can be seen that all three table designs have almost the
same performance. The differences can be explained by the relatively low number
of simulations (codewords sent) that were made. In Figure 8.4, the simulation
using 32A, 16L (Table Vector Decoder) can be considered as a “refined” Table
Angle Decoder, now with 16 lengths as well. This increases performance by 0.50.7 dB

When simulating using the Table Vector Decoder, the reconstruction points
could not be removed as easily. Figure 8.4 shows the effects of cutting the number
of lengths and angle to half, thus reducing the number of reconstruction points to
¼. A large drop in performance was noted immediately. Since 8L, 16A is worse
than 1L, 32A, it indeed seems like 32A is the minimum angular resolution needed
for 4-PSK.
A very important thing was discovered when trying to improve the Table
Vector Decoder. Removing reconstruction points from the origin gave an increase
in performance with up to 1dB when using 4-PSK (Figure 8.5). These reconstruction points were placed evenly in the range of {0.00625, K ,2}. Tests with other
placements (with and without points in the origin) did not give as good results.
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Finally, it was noted that an increase in the number of reconstruction points
could give an increase in performance. The results of having 2048 instead of 512
reconstruction points in the Table Vector Decoder can be seen in Figure 8.6.
However, it was not easy to find a good placement of the reconstruction points,
and it is probably possible to find points that give better results. The best Table
Decoder found was the Table Vector Decoder using 2048 reconstruction points. It
was performing about 1dB worse than the Belief Propagation Decoder (Figure
8.7).

Figure 8.3 Comparison of fixed table, floating table, and reduced number of reconstruction
points for 4-PSK.
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Figure 8.4 4-PSK simulations with fixed and floating tables, and reduced numbers of reconstruction points. All tables have reconstruction points in the origin.

Figure 8.5 4-PSK simulation with and without reconstruction points in the origin.
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Figure 8.6 4-PSK simulations without reconstruction points in the origin.

Figure 8.7 Comparison between the Belief Propagation Decoder and the best Table Decoder
found.
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8.3.4 8-PSK Simulations
In Figure 8.8, the BER curves as function of SNR for the three different decoders
depending on SNR when using 8-PSK signalling are presented. The Table Vector
Decoder needs approximately 1 dB more than the Belief Propagation Decoder to
achieve the same BER. The Table Vector Decoder performs approximately 2 dB
better than the Table Angle Decoder. The Table Angle- and Table Vector Decoder
both have 512 reconstruction points but with different placement in the plane as in
the 4-PSK case. There is an increase in the time that it takes to make the table
when using higher order modulations, which made it difficult to make many simulations using 8-PSK. However, a Table Vector Decoder that performed about 1 dB
worse than the Belief Propagation was found. The lengths were placed evenly in
the range {0.333, K ,1.333}. The decoding itself is, however, much faster than Belief Propagation, which makes this Table Vector Decoder a very interesting approximation of the Belief Propagation Decoder.

Figure 8.8 8-PSK simulations with Belief Propagation, Table Angle Decoder, and Table Vector Decoder.

8.4 Analysis of Simulation Results
With the results from Section 8.3, we will now analyze the decoding performance
for the three decoders for M={2, 4, 8}, with BER as the quality parameter, depending on the SNR. From the diagrams in Section 8.3, we can see that, not very
surprisingly, the Belief Propagation Decoder performs better than the Table Decoders. It is to be expected, since the Table Decoder is an approximation of the
Belief Propagation Decoder, with information loss in the quantization made on the
messages in The Table Decoder (Section 5.2.1). With a larger amount of reconstruction points, and/or with good reconstruction point placement, the performance of the Table Decoder gets closer to the Belief Propagation Decoder. An enFOI-R--1963--SE
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couraging result from the simulations in Section 8.3.1 is that the Table Decoder
only needs to store one pre-calculated table. The performance gap is slim between
Table Decoders with a fixed table and Table Decoders with floating tables.
An illustrative figure describing the similar appearance between the angle tables created for different SNR but for the same M is presented in Figure 8.9. The
surfaces are approximately the same, but the surface for the 3 dB plot is more
rugged.

Figure 8.9 The angle tables for 3 dB and 6 dB over 4-PSK signaling.

A very interesting result is also that the Table Vector Decoder performs significantly better than the Table Angle Decoder for all SNR, even though they both
have 512 reconstruction points, just with different placement in the plane. The
Table Vector decoder performs better when there is no reconstruction points in the
zero point in the plane. This could have something to do with that it is better for
the decoder to quantize messages to a vector other than the null vector, because
the point in the origin gives no information about the probability of a symbol. In
other words; it is better that the decoder guesses on the possible symbol, even
with very little information, than to “say” that the message could be any of the
possible symbol with equal possibility (null vector). Much could probably be
gained by careful design of the Table Decoders fixed table, regarding the placement and amount of reconstruction points. The above implies that it would be
possible to optimize a Table Vector Decoder (the best Table Decoder) for an M
and a channel by placing the limited reconstruction points in a certain pattern on
plane. This Table Vector Decoder would probably perform close to the Belief
Propagation Decoder with respect to the BER if the number of reconstruction
points is sufficiently large.
The next quality parameter to take into consideration when comparing the
best Table Decoder, the Table Vector Decoder, with the Belief Propagation Decoder is the decoding complexity for the decoders. Decoding complexity is an
important quality parameter because it gives a measurement of the time and space
(hardware implementation) consumption for the decoding algorithm. When considering this quality parameter, the advantage of the Table Vector Decoder starts
to show. The increasing decoding complexity of the Belief Propagation algorithm
when going from 2-PSK to 4- and 8-PSK is far from linear [15]. Belief Propagation with 4-PSK symbols is four times more complex than for 2-PSK, and Belief
FOI-R--1963--SE
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Propagation for 8-PSK is 16 times as complex as for 2-PSK. The Table Decoders
have constant decoding complexity for 2-, 4- and 8-PSK symbols, so if one only
looks at the decoding complexity it is obvious that the largest complexity gain
when changing from a Belief Propagation- to a Table Decoder is achieved for 8PSK. In the 2-PSK case the Belief Propagation Decoder is less complex than the
Table Decoder. That is because BPSK is a special case since it has only 2 probabilities which can be expressed as a single Likelihood Ratio [13].
There is log-linear loss in decoding performance (BER) when using Table
Vector decoding instead of Belief Propagation decoding for 2-, 4- and 8-PSK. The
loss for the best Table Vector Decoders tested in Section 7.2 in SNR about 1 dB
for 4-PSK and 8-PSK. One could therefore argue that The Table Vector Decoder
for 8-PSK is the best choice of the three decoders, since this decoder gives the
best complexity gain comparing to the SNR loss when going from Belief Propagation to Table Vector Decoding. The Table Vector Decoder is probably a better
choice than the Belief Propagation Decoder even in the 4-PSK case. It is possible
to improve the results for 4-PSK and 8-PSK even further by running more simulations and finding a better reconstruction point placement. However, using 2-PSK
gives the Belief Propagation a clear advantage since it has a smaller decoding error and a less complex decoder than the Table Vector Decoder. In this thesis, we
have not simulated much at all using 2-PSK signalling, since there is no gain to be
made in this case by changing from Belief Propagation to Table Decoding.

8.5 Analysis of the Implementation
There are many aspects to consider when designing a Table Decoder. In this chapter, we will try to bring focus to some important discoveries we made when we
made our Table Decoder. It is not a complete description of our system, but a discussion of some problems and solutions we found on the way.
The calculation complexity of the Table Decoder only depends on the LDPC
code it is designed to decode, not on the number of reconstruction points (size of
the table). However, the memory requirements are based on the number of reconstruction points. More precisely, it needs O(N2) memory cells where N is the
number of reconstruction points in the table.
Although our implementation actually sends real value angles and lengths, it
is possible to minimize the messages sent between the nodes by only sending the
indices of the reconstruction points. Doing this will limit the information that
needs to be passed between the nodes in the decoder to log2N bits.
The design of the reconstruction points can have a great impact on the decoding performance. A good example can be found in Figure 8.8, which shows a gap
between using only angles and using angles and lengths in 8-PSK signalling.
Some notes for good reconstruction point design:
1. Use even length differences. Having two inputs to the variable node pointing in the same direction should always increase the length. The length is a
reliability measure, and having two pointing in the same direction should
increase the reliability.
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2. Make sure there are lengths on both sides of 1, this greatly improves the
decoder. If all values are less than 1, most inputs will start at the maximum
possible length, and cannot improve.
3. Use a multiple of M angles. Split the angles evenly into M groups and distribute each group around a constellation point. Distribute all groups in the
same way. Doing so will make the decoder act the same way regardless of
the symbol received. Our implementation spread all angles evenly around
the unit circle.
4. Avoid putting reconstruction points in the origin. According to our simulations, they will make the error correcting capabilities worse.

8.6 Future Work
Simulations were done using a large number of reconstruction point constellations. However, it is very likely that there exist constellations that have better error correcting performances. Using methods for designing Vector Quantizers
(VQs) one could probably find the optimal set of reconstruction points.
8.6.1 Blackbox Modelling for Check Nodes Using Equations
An alternative solution to the table lookup presented in Section 5.2.1 is to find an
equation depending on va, vb, SNR and M, which returns u. This should give approximately the same result as if the Table Vector Decoder method was used. The
advantage with an equation approach instead of a table lookup approach for the
decoder is that it is then not necessary to store a Table for each different M and
SNR, just an equation depending on these variables. If an equation is found that
approximates the Belief Propagation Decoder very well, it may lead to a decoder
with less complexity than the Table Decoder and the Belief Propagation Decoder.

The surfaces in Figures 5.7 and 5.8 have numerous flat surfaces. It is difficult
to describe them in a single function, but it is possible that using neural networks
or linear discriminant functions [6] can be a good approach for calculating them
fast.

8.6.2 Density Evolution on the Table Decoder
It would be of great interest to calculate the SNRThreshold for different ensembles
using the Table Angle- and Table Vector Decoder. These analysis results could
then be compared with the results for the Belief Propagation Decoder (Section
8.2) for the different ensembles. But to perform a more exact Density Evolution
analysis one would need the Variable- and Check node functions, since the Density Evolution algorithm is developed out of these functions [19]. We have developed the variable node function but not the check node function. Density Evolution will probably be possible if Black box Modelling Using Equations (Section
8.6.1) is first developed for the Table Angle- and Table Vector Decoder. This
would give the check node function needed to perform the Density Evolution.

An alternative solution that could work would be to use tables for the angles
like in the Table Angle Decoder, and from all the resulting Angle combinations
out of the check node Develop the discrete message pdf for every Density EvoluFOI-R--1963--SE
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tion iteration. This approach will probably result in rather complex and time demanding computer calculations for 4- and 8-PSK. It is annoying to have to wait
for the computer during time demanding calculations, but since DE is an analysis
tool, not a decoding method, it only has to be performed once to establish the
threshold.
Density Evolution could probably be performed using table representation of
the check node function. However, it would probably have to be a fairly large
table (high resolution) to give useful results.
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9 Conclusions
The main focus in this Master’s Thesis has been to create a Message Passing decoder that uses angles, and possibly lengths, as the messages. Two decoder types
were constructed and one of them, the Table Decoder, was decoding correctly
when angles only, and angles with lengths, were used.

9.1 Angular Sum Decoder
The first approach, using a decoder with simple angular summations (Section 4),
did not produce any successful results at all (Section 7.2.2). Although not mathematically proven, it is not likely that a decoder using angular summation will
work (Section 8.1). One important result from this decoder was made. In Section
4.1, it was proven that vector summation is equivalent to the variable node operation made in Belief Propagation, when the probability distributions are taken from
the channel.

9.2 Table Decoder
The approach to solve the problem encountered in Section 9.1 was to imitate a
Belief Propagation Decoder (Section 3.2) by using a pre-calculated lookup table
(Section 5) with angle and length inputs. This approach made decoding possible,
but demanded a higher SNR than Belief Propagation. The performance gap is
however reducible, and improvements to the decoder have been discussed Section
8.5 and Section 8.6.1. It was also showed in Section 8.3.1 that only one fixed table
per modulation type (M-PSK) has to be pre-calculated as long as the SNR used to
calculate the fixed table is sufficiently high. The fixed table can then be used for
all SNR values on the channel for a specified modulation. This gives a large complexity gain for the decoder. An extra advantage is that the complexity of this decoder is constant, regardless of modulation technique (e.g. {2, 4, 8}-PSK), which
gives the decoder an advantage over the Belief Propagation Decoder, since its
complexity has a quadratic increase for higher order modulation. These two decoders are called Table Angle- and Table Vector Decoder.

9.3 Performance of the Table Angle- and Table Vector Decoder
The Table Vector Decoder performs significantly better than the Table Angle Decoder (Section 8.3), while both can be designed to have the same complexity.
However, it takes a great deal of reconstruction point design to make a good Table
Vector Decoder. In some cases, the performance is decreased even if extra reconstruction points are added. However, the table only needs to be designed once.
With a careful design and a proper amount of reconstruction points in the vector
table, the Table Vector Decoder could probably perform very close to the Belief
Propagation Decoder, with far less decoding complexity in the 8-PSK case (Section 8.4).
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9.4 EXIT Chart Calculations
The method of using a table lookup made it unfeasible to analyze the Table Decoders with Density Evolution or EXIT chart. But analysis was made on the regular (3, 6) ensemble [18] for Belief Propagation (Section 8.2), and showed that the
specific code used throughout the thesis was a good one, even for higher fields.
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Appendix A
A.1 Conversion from Vector (Angle and Length) Representation to Probability Representation
Let mi be the vectors on the unit circle representing the M possible M-PSK sym-

bols for i ∈ {0 1 ... M − 1}. Let m be an arbitrary vector on the vector plane
and Pm be the M-length probability vector, where all of its elements Pi (mi | m) are

the probabilities that mi is sent given that m i is received.
When sending mi ∈ {m 0 m1 ...
m M −1 } through a channel with noise,
the angle and length of the symbol will be distorted in a certain way depending on
the SNR and the type of channel noise Θ. The received signal vector mreceived representing the distorted M-PSK message will then with great probability point at
another point in the vector plane then the sent mi. This is illustrated by an example
in Figure A.1. Depending on the noise distortion on msent, the probability changes
that mreceived is one of the mi possible M-PSK symbols. There is one joint probability Pi (mi | mrecieved ) for each possible symbol mi, i.e. the probability that that one of
each M possible symbols mi is sent, when mreceived is the received vector.

PSent = [0 1 0 0 0 0 0 0]
mRe ceived = m1 + Θ
PRe cieved =

[0.1125 0.7156 0.1665 0.0033..
..0.0001 0.0000 0.0000 0.0019]

m1
mReceived

Figure A.1 Sending the 8-PSK ‘1’ symbol through a channel with Gaussian noise.
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When having an arbitrary vector m in the vector plane, m can be represented
by a probability vector Pm (Equation A.1.1). Here m is the general case of mreceived.
Pm = [P0 (m0 m ) P1 (m1 m ) K PM −1 (m M −1 m )]

(A.1.1)

With length M, and each element in the vector giving the probability for m
being one of the M possible M-PSK vectors mi .
Pm can be calculated by calculating every element Pi (mi | m) in Equation

A.1.1 for every i ∈ {0 1 ... M − 1} with the following equations:

First the geometrical distances d i from the vector point of m to all M possible symbol points for mi on the unit circle is calculated with Equation A.1.2.
(Figure A.2)

d i2 = m − mi

2

(A.1.2)

m2
d1

m2

d2

d0
m0

d3

m3
Figure A.2 The geometrical distances to the four different signal points mi where
i ∈ {0,1,2,3}.

The following holds if the noise is AWGN with known noise variance σ.
P (m mi ) =

1

σ 2π

− d i2

e

2σ 2

(A.1.3)

Bayes’ rule gives:

P(mi m ) =

P (m mi )P(mi )

∑ P(m m )P(m )

M −1
j =0

j

j

FOI-R--1963--SE

(A.1.4)

A.1 Conversion from Vector Representation
to Probability Representation

89

where P(mi ) and P(m j ) is the probability that mi and m j is sent. Inserting
Equation A.1.3 into Equation A.1.4 and assuming that all symbols have equal
probability to be sent gives
− d i2

P(mi m ) =

1
2
e 2σ
σ 2π
M −1

− d 2j

1
2
e 2σ
∑
j = 0 σ 2π

⇔
− d i2

P (mi m ) =

e

2σ 2

(A.1.5)

2
M −1 − d j
2σ 2

∑e
j =0

Equation A.1.5 and Equation A.1.2 are used to calculate every element
P(mi m ) in Pm (Equation A.1.1) for i ∈ {0 1 ... M − 1}.
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A.2 Conversion from Probability Representation to Vector
(Angle and Length) Representation
The conversion from probability representation Pm of M-PSK symbols into vector
representation m on the vector plane is achieved by first rewriting Equation A.1.5
to (11).
M −1

− d i2

− d 2j

∑e σ
2

2

=

j =0

2σ 2

e
P(mi m )

⇔
− d 2j

∑e σ
2

2

− d i2

− d i2

+ e 2σ −
2

j∈U

2σ 2

e
=0
P(mi m )

U = {0K ( N − 1)¬i}

⇔

∑e

− d 2j
2σ 2

+

j∈U

Setting

P (mi m ) − 1
P (mi m )

up

− d i2

e

2σ 2

=0

(A.2.1)

a

system of equations with Equation A.2.1 for
i ∈ {0 1 ... M − 1}, gives a nonlinear system of equations Equation A.2.2.
For simplicity the following notations are used:
p i = P (mi m )

ei = e

− d i2
2σ 2

By setting up all equations for every i, the following equations are received.
⎧ p0 − 1
⎪ p e0 + e1 + K + eM −1 = 0
0
⎪
⎪⎪ e + p1 − 1 e + K + e
1
M −1 = 0
⎨ 0
p1
⎪
LLL
⎪
p
−1
eM −1 = 0
⎪e0 + e1 + K + M −1
p M −1
⎩⎪

(A.2.2)

Given the joint probabilities pi , it is not possibly to develop Equation A.2.2
into an explicit solution for d i . A numerical solution with the Newton Raphson
method is also very difficult to achieve because of the extreme nonlinearity of the
system of equations with respect to d i .
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A.3 Proof That Vector Addition is Equal to Variable Node
Operation in Belief Propagation
Assume M-PSK signalling over an AWGN channel with constant variance σ2 and
equal probability for all signals to be sent.
Let I denote the In-phase signal value in the vector model, and Q denote the
Quadrature signal value.
Bayes’ Rule returns the probability that symbol mi was sent, given that the
received signal is m A .

P (m i m A ) =

P (m A m i )P (m i )

∑ P (m

)

M −1

m j P (m j )

A

j =0

.

(A.3.1)

Equal probability to send all signals gives P(mi ) = P(m )∀i , so

P (mi m A ) =

P (m A mi )

∑ P(m

M −1
j =0

A

mj

)

.

AWGN channel gives
P(m A mi ) =

2
− d Ai

1

σ 2π

e 2σ

2

where d Ai2 is the distance between symbol i’s constellation point and the received signal vector m A .
2

2

⎛
⎛
⎛ 2π i ⎞ ⎞
⎛ 2π i ⎞ ⎞
d = ⎜⎜ I A − cos ⎜
⎟ ⎟⎟ + ⎜⎜ Q A − sin ⎜
⎟ ⎟⎟ =
⎝ M ⎠⎠
⎝ M ⎠⎠
⎝
⎝
⎛ 2π i ⎞
⎛ 2π i ⎞
I A2 + Q A2 + 1 − 2 I A cos ⎜
⎟ − 2 Q A sin ⎜
⎟
⎝ M ⎠
⎝ M ⎠
2
Ai

P (mi m A ) can be simplified further:
−d 2

Ai
2
1
− d Ai
2σ 2
e
2
P (m A mi )
e 2σ
2
σ
π
P(mi m A ) = M −1
=
=
2
2
− d Aj
M −1
M −1 − d Aj
1
2
2
P mA m j
∑
e 2σ
e 2σ
∑
∑
j =0
j = 0 σ 2π
j =0

(

)

FOI-R--1963--SE
91

(A.3.2)

92

Appendix
2
− d Ai
2

e 2σ can be rewritten as

2
−d Ai

e 2σ = e
2

⎡ ⎛ 2 2
⎛ 2πi ⎞
⎛ 2πi ⎞ ⎞ ⎤
⎟−2QA sin⎜
⎟ ⎟⎟ ⎥
⎢ −⎜⎜ I A +QA +1−2 I A cos⎜
M
⎝
⎠
⎝ M ⎠⎠⎥
⎢ ⎝
⎢
⎥
2σ 2
⎢
⎥
⎣⎢
⎦⎥

(

=e

)

⎡ − I A2 +QA2 +1 ⎤
⎢
⎥
2σ 2
⎥⎦
⎣⎢

e

⎡
⎛ 2πi ⎞ ⎤
⎛ 2πi ⎞
⎟⎥
⎟+QA sin⎜
⎢ I A cos⎜
M
⎝ M ⎠⎥
⎝
⎠
⎢
⎢
⎥
σ2
⎢
⎥
⎣
⎦

inserted in Equation A.3.2 gives:

(

P(mi m A ) =

e

⎡ − I A2 + Q A2 +1
⎢
2σ 2
⎢⎣

)⎤⎥
⎥⎦

(

e

)

⎡ − I A2 + Q A2 +1 ⎤
M −1 ⎢
⎥
2σ 2
⎥⎦
⎣⎢

∑e

⎡
⎛ 2πi ⎞
⎛ 2πi ⎞ ⎤
⎟⎥
⎟ +Q A sin ⎜
⎢ I A cos ⎜
M
⎝
⎠
⎝ M ⎠⎥
⎢
2
⎢
⎥
σ
⎢
⎥
⎣
⎦

e

⎡
⎛ 2πj ⎞
⎛ 2πj ⎞ ⎤
⎟ + QA sin ⎜
⎟⎥
⎢ I A cos ⎜
M
⎝
⎠
⎝ M ⎠⎥
⎢
⎢
⎥
σ2
⎢
⎥
⎣
⎦

j =0

=

e

⎡
⎛ 2πi ⎞
⎛ 2πi ⎞ ⎤
⎟ + Q A sin ⎜
⎟⎥
⎢ I A cos ⎜
M
⎝
⎠
⎝ M ⎠⎥
⎢
2
⎢
⎥
σ
⎢
⎥
⎣
⎦

⎡
⎛ 2πj ⎞
⎛ 2πj ⎞ ⎤
⎟ + Q A sin ⎜
⎟⎥
⎢ I A cos ⎜
M
⎝
⎠
⎝ M ⎠⎥
⎢
⎥
σ2
M −1 ⎢⎢
⎥
⎣
⎦

∑e
j =0

Variable node operations in a Belief Propagation Decoder are performed as a
symbol by symbol probability multiplications, whit normalized results. Assuming
the probabilities are taken from the channel, this would look like:
⎛I ⎞
⎛I ⎞
P(mi mA )P(mi mB ) i ∈{0KM −1} m A = ⎜⎜ A ⎟⎟ m B = ⎜⎜ B ⎟⎟
α
⎝ QB ⎠
⎝ QA ⎠

1

and α is set so
M −1

1

∑ α P(m
i =0

i

m A )P(mi m B ) = 1 , that is

M −1

α = ∑ P(mi m A )P(mi m B ) .
i =0

So, the symbol probability function would look like:
1

α

P(mi mA )P(mi mB ) =

P(mi mA )P(mi mB )

M −1

∑ P(m
j =0

j

mA )P(m j mB )

where
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P (mi m A )P (mi m B ) =

e

⎡
⎛ 2 πi ⎞ ⎤
⎛ 2 πi ⎞
⎟⎥
⎟ + Q A sin ⎜
⎢ I A cos ⎜
M
⎝ M ⎠⎥
⎠
⎝
⎢
⎥
⎢
σ2
⎥
⎢
⎦
⎣

⎡
⎛ 2 πj
⎢ I A cos ⎜
⎝ M
⎢
⎢
M −1 ⎢
⎣

∑e

⎞
⎛ 2 πj
⎟ + Q A sin ⎜
⎠
⎝ M

σ

2

e

⎡
⎛ 2 πi ⎞ ⎤
⎛ 2 πi ⎞
⎟⎥
⎟ + Q B sin ⎜
⎢ I B cos ⎜
M
⎝ M ⎠⎥
⎠
⎝
⎢
⎥
⎢
σ2
⎥
⎢
⎦
⎣

e
⎞⎤
⎟⎥
⎠⎥
⎥
⎥ M −1
⎦

∑e

⎡
⎛ 2 πk
⎢ I B cos ⎜ M
⎝
⎢
⎢
⎢
⎣

⎛ 2 πk
⎞
⎟ + Q B sin ⎜
⎝ M
⎠

σ

2

⎞⎤
⎟⎥
⎠⎥
⎥
⎥
⎦

k =0

j=0

=
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⎡
⎛ 2πi ⎞
⎛ 2πi ⎞
⎛ 2πi ⎞
⎛ 2πi ⎞ ⎤
⎢ I A cos ⎜ M ⎟ + Q A sin ⎜ M ⎟ + I B cos ⎜ M ⎟ + QB sin ⎜ M ⎟ ⎥
⎝
⎠
⎝
⎠
⎝
⎠
⎝
⎠⎥
⎢
⎥
⎢
σ2
⎥
⎢
⎦
⎣

⎡
⎛ 2πk ⎞ ⎤
⎛ 2πk ⎞
⎛ 2πj ⎞
⎛ 2πj ⎞
⎢ I A cos ⎜ M ⎟ + Q A sin ⎜ M ⎟ + I B cos ⎜ M ⎟ + QB sin ⎜ M ⎟ ⎥
⎠⎥
⎝
⎠
⎝
⎠
⎝
⎠
⎝
⎢
⎥
σ2
M −1 M −1 ⎢
⎥
⎢
⎦
⎣

=

e

⎡
⎛ 2πi ⎞
⎛ 2πi ⎞ ⎤
⎢ ( I A + I B )cos ⎜ M ⎟ + (Q A + QB )sin ⎜ M ⎟ ⎥
⎝
⎠
⎝
⎠⎥
⎢
⎥
⎢
σ2
⎥
⎢
⎦
⎣

F (M , σ , I A , I B , QA , QB )

.

∑ ∑e
j =0 k =0

The function F is introduced to simplify the notation.
Adding this to Equation A.3.1 leads to
P(mi m A )P (mi mB )
M −1

∑ P(m
j =0

j

m A )P (m j mB )

e

=

⎡
⎛ 2πi ⎞ ⎤
⎛ 2πi ⎞
⎢ ( I A + I B )cos ⎜ M ⎟ + (Q A + QB )sin ⎜ M ⎟ ⎥
⎠⎥
⎝
⎠
⎝
⎢
⎥
⎢
σ2
⎥
⎢
⎦
⎣

M −1

F (M , σ , I A , I B , QA , QB )∑
j =0

e

⎡
⎛ 2πi ⎞
⎛ 2πi ⎞ ⎤
⎟ + (Q A + QB ) sin ⎜
⎟⎥
⎢ ( I A + I B ) cos ⎜
⎝ M ⎠
⎝ M ⎠⎥
⎢
⎥
⎢
σ2
⎥
⎢
⎦
⎣

⎡
⎛ 2πj ⎞
⎛ 2πj ⎞ ⎤
⎟ + (Q A + QB ) sin ⎜
⎟⎥
⎢ ( I A + I B ) cos ⎜
M
⎝
⎠
⎝ M ⎠⎥
⎢
2
⎢
⎥
σ
M −1 ⎢
⎥
⎣
⎦

e

⎡
⎛ 2πj ⎞
⎛ 2πj ⎞ ⎤
⎢ ( I A + I B )cos ⎜ M ⎟ + (Q A + QB )sin ⎜ M ⎟ ⎥
⎝
⎠
⎝
⎠⎥
⎢
⎥
⎢
σ2
⎥
⎢
⎦
⎣

F (M , σ , I A , I B , QA , QB )

= P(mi mC )

∑e
j =0

when
⎛ I ⎞ ⎛ I + IB ⎞
⎟⎟ .
mC = ⎜⎜ C ⎟⎟ = ⎜⎜ A
⎝ QC ⎠ ⎝ Q A + QB ⎠

That is, adding together two vectors that are delivered from M-PSK signalling
from an AWGN channel is equal to the Variable Node Operation in a Belief
Propagation Decoder.
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